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1. Introduction

Theory of intuitionistic fuzzy set as a generalization of fuzzy set [8] was introduced by
Atansov [7]. George and Veeramani [1] have pointed out that the definition of Cauchy sequence for
fuzzy metric spaces given by Grabiec [9] is weaker and they gave one stronger definition of Cauchy
sequence and termed as M-Cauchy sequence. The definition of Cauchy sequence given by Grabiec [9]
has been termed as G-Cauchy sequence. With the help of fuzzy w-contractive mappings defined by
Dorel Mihet[5], we define intuitionistic fuzzy w-¢ contractive mappings. Our definition of
intuitionistic fuzzy w-¢ contractive mapping is more general than the definitions of intuitionistic

generalized fuzzy contractive mapping given by Abdul Mohamad [2] and by this contraction we prove

48


mailto:rpselvi@gmail.com
mailto:jeya.math@gmail.com

an intuitionistic fuzzy Banach contraction theorem for M-complete non-Archimedean intuitionistic
generalized fuzzy metric spaces. We also prove intuitionistic generalized fuzzy Elelstein contraction
theorem for non-Archimedean intuitionistic generalized fuzzy metric spaces by intuitionistic fuzzy y-¢

contractive mappings.

2. Preliminaries

Definition: 2.1.
A binary operation*: [0,1]x[0,1]— [0, 1]is continuous t - norm if * satisfies the

following conditions:

(i) *is commutative and associative,

(i) *is continuous,

(iii) a*l=a,forallae[0,1],

(iv) a*b<c*dwhenevera<c,b<danda,b,c,d€[0, 1].

A few examples of continuous t-norm are a *b = ab, a *b = min{a, b},
a*b =max{a+b—-1, 0}.

Definition: 2.2.
A binary operation 0: [0,1]x[0,1]— [0, 1]is continuous t-conorm if ¢ satisfies the
following conditions:

(i) ¢ is commutative and associative,

(i) ¢ is continuous,

(iii) a00=a,(forallaeg[0,1],

(iv) adb <c ¢d whenevera<c,b<danda,b, c, d €[0, 1].

A few examples of continuous t-conorm are a Ob=a + b — ab, abb=max{a, b},
adb =min{a + b, 1}.

Definition: 2.3.

A 5-tuple (X, u, v, *,0) is said to be an intuitionistic generalized fuzzy metric space if X is an
arbitrary set,*is a continuous t-norm,0 is a continuous t-conorm, p and v are fuzzy sets on X3x(0,00)
and p denotes the degree of nearness, v denotes the degree of non-nearness between x and y relative to
t satisfying the following conditions: for all X, y, z €X, s,t >0,

(i) Xy, z ) +vx,y,z, ) <1

(i) nx, y, z,0) = 0;

(iii) wx,y,z,ty=1lifand only if x = y =z;

(iv) wx,y, z, t) = uw(p{x, y, z}, t), when p is the permutation function;
v) HX, Y,z t+8) = uX, y, & t) *u(a, z, z, 8);

(vi) Wx,y,z ) :[0,00) — [0, 1] is left-continuous;

(vii) v(x,y,2,0)=1;

(viii) v(x,y,z t)=0ifand only if x =y =7;

(ix) v(X, Y, z, t) = v(p{X, ¥, z}, t), when p is the permutation function;
) v(x,y,z t+s)<v(X,y,a, t) 0v(a, z, , S);

(xi) v(X,Y,z.):[0,0) — [0, 1] is right-continuous.

Remark: 2.4.

If in the above definition the triangular inequalities (v) and (x) are replaced by
W x,y,z, max{t, s} ) > wx,y, a, t) *v(a, z, z, s) and
v(x,y,z,max{t, s} ) <v(x,y, a, t) Ov(a, z, z, s). Or, equivalently,
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wx,y, z, t) > WX, y, a, t) *u(a, z, z, t) and
v(X,Y,Z,t) <V(X, Y, a, t) Ov(a, z, z, t).
Then (X, p, v, *, 0) is called non-Archimedean intuitionistic generalized fuzzy metric space.

Definition: 2.5.
Let (X, u, v, *, 0) be an intuitionistic generalized fuzzy metric space. A
mapping f : X — X is intuitionistic fuzzy contractive if there exists k €(0, 1) such that

1 1 1 1
< - > —
r(F )L ). (2).1) 1< k(u(x,y,z,t) 1) and v COf).f(2).8) = l/k(\»(x,y,z,t) 1)
forall x, y eX and t > 0. (k is called contractive constant of f.

Definition: 2.6. [2]
Let (X, u, v, *, 0) be an intuitionistic generalized fuzzy metric space. We will say that the
sequence {Xn}n in X is intuitionistic fuzzy contractive if there exists k € (0, 1) such that

1 1
1< k( - 1) and
U(Xn+1.Xn+2Xn+3t) U(XnXn+1.Xn+2,0)
1>1/kl|l——— - 1)for allt>0andneN.
V(Xn+1.Xn+2.Xn+3,t) V(XnXn+1.Xn+2,t)

3. Intuitionistic Generalized Fuzzy y— ® Contractive Mappings

Definition: 3.1.
Let (X, w, v, *,0) be an intuitionistic generalized fuzzy metric space.
(i) A sequence {Xn}n in X is called M-Cauchy sequence, if for each e€(0, 1) and t > O there
existsno€EN such that p (Xn, Xm, Xm, t) > 1—€ and v(Xn, Xm, Xm, t) <€ for all m, n > n.
(i) A sequence {Xn}n in X is called G-Cauchy sequence if lim p ( Xn, Xn+m, Xn+em, t) =1 and
n—-oo
limv (Xn, Xn+m ,Xn+m, t) = 0 foreach m eN and t > 0.
n—-oo
Definition: 3.2.

A sequence {Xn}n in an intuitionistic generalized fuzzy metric space (X, p, v, *,0) is said to
converge to X eX if limp ( xn, X, X, t)=1and limv ( xn, X, X,t) =0 forall t> 0.
n-—-oo n—-oo

Definition: 3.3.

Let ¥ be the class of all mappings y: [0, 1] — [0, 1] such that v is continuous, non-decreasing
and y(t) < t, for all t €0, 1). Let ¥ be the class of all mappings ¢: [0, 1] — [0, 1] such that ¢ is
continuous, non-decreasing and ¢(t) > t, for all t €0, 1). Let (X, w, v, *, 0) be an intuitionistic
generalized fuzzy metric space and y €Y and ¢ €®. A mapping f: X — X is called an intuitionistic
generalized fuzzy y-¢-contractive mapping if the following implications hold:

Hx, y, z, 1) > 0 =y (p (f(x), f(y),f(2), 1) > w(x, y, z, t)

V(X, Y, 2, 1) < 1 =% (v (f(x), f(y), f(2), 1) < v(x, y, z, ).

Example:3.4.
Let (X, p, v, *, 0) be an intuitionistic generalized fuzzy metric space and f:X— X satisfies

1 1 1 1
< - > -
u(f ).f W).f (2).) b= k(u(x,y,zlt) 1) and v(f (). (¥).f(2).t) Iz 1/k(v(x.y,z,t) 1)
for all x, y,z € X and t > 0.Then for some k €(0, 1) with k > 1 —t, f is an intuitionistic fuzzy y-¢-
contractive mapping, with y(t) = 1 — k, ¢(t) =t/(1 — k)t + k.

Example: 3.5.
Let X be a non-empty set with at least two elements. If we define the intuitionistic generalized
fuzzy set (X, p, v, *, 0) by w(x, x, x, t) = 1 and v(x, X, X, t) = 0 for all x eX and t> 0 and
0, ift<1 1, ift<1
WX, ¥, 2, 1) :{1, ift> 1’V(X’ Y. % t):{O, ift>1
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for all x, y €X, X # y# z, then (X, y, v, *, 0) is an M-complete non-Archimedean intuitionistic
generalized fuzzy metric space under any continuous t-norm * and continuous t-conorm .

Now, let w(x,y, z, t) <1
=u(x,y, 7z t)=0
=y (W), f(y),f(2), ) =2 WX, y, z, t) = 0 and
v(X,y,2z,1)>0
(X, y, 7z t)=1
=0 (v(f(x), f(y), f(2), 1) < v(X,y,z,t) = 1
Therefore every mapping f: (X, u, v, *, 0) — (X, w, v, *, ) is an intuitionistic generalized fuzzy
y-¢-contractive mapping.

Definition: 3.6.

An intuitionistic fuzzy y-¢-contractive sequence in an intuitionistic generalized fuzzy metric
space (X, W, v, *, 0) is any sequence {Xn}n in X such that y (i (Xn+1, Xn+2,Xn+3, 1)) > P(Xn+2, Xn+1, Xn, t)
and ¢ (v (Xn+1, Xn+2,Xn+3, 1)) < V(Xn+2, Xn+1, Xn, t). An intuitionistic generalized fuzzy metric space (X, p,
v, *, 0) is called M-complete (or, G-complete) if every M-Cauchy (or, G-Cauchy) sequence is
convergent in X.

4. Main Results

Theorem: 4.1.

Let (X, u, v, *, 0) be an M-complete non-Archimedean intuitionistic generalized fuzzy metric
space and f: X — X be an intuitionistic fuzzy y — ¢ - contractive mapping. If there exists x €X such
that p (x, f(x),f(x), t) > 0 and v (x, f(x),f(x), t) < 1 for all t > 0, then f has a unique fixed point.

Proof: Let x €X be such that p(x, f(x),f(x), t) > 0 and v(x, f(x),f(x), t)< 1, t > 0 and x, = f'(X), NEN, we
have for all t > 0,

H(Xo, X1,X2, 1) < W(p(x1,X2, X3, 1)) < p(X1,Xz, X3, 1)

V(Xo,Xl, X2, t) > ¢(V(X1,X2, X3, t)) > V(Xl,Xz, X3, t) and

H(Xl,Xz, X3, t) < W(H(XZ,X& Xa, t)) < H(XZ’X3’ X4, t)

V(X1,X2, X3, t) > d(V(X2,X3, X4, t)) > V(X2,X3, X4, 1)

Hence by induction for all t > 0, p(xn, Xn+1,Xn+2, t) < W(Xn+1, Xn+2,Xn+3, t) and

V(Xn, Xn+1,Xn+2, t) >V(Xn+1, Xn+2,Xn+3, t).

Therefore, for every t > 0, {u(xn, Xn+1,Xn+2, t)} IS @ Nnon-decreasing sequence of numbers in (0, 1] and
{Vv(xn, Xn+1,Xn+2, )} IS @ non-increasing sequence of numbers in [0, 1).

Fix t> 0. Denote 7lli_r)rgou(xn, Xn+1,Xn+2, t) by I and 7lli_r>ro1ov(xn, Xn+1,Xn+2, 1) Dy m.

Then we have Ie[ 0, 1 ] and m €[ 0, 1 ]. Since y (1 (Xn+1, Xn+2,Xn+3, 1)) > W(Xn, Xn+1,Xn+2, t) and y is

continuous, y(l) > I. This implies | = 1. Also, since ¢ (v (Xn+1, Xn+2,Xn+3, 1)) < V(Xn, Xn+1,Xn+2, t) and ¢ is

continuous, ¢(m) < m. This implies m = 0. Therefore, lim p(xn, Xn+1,Xn+2, t) = 1 and limv(xn, Xn+1,Xn+2, t)
n—oo n—-o0

= 0. If {Xn}n is not a M-Cauchy sequence then there are e€(0, 1) and t > 0 such that for each k €N
there exist m(k), n(k) €N with m(k) > n(k) > k andp(Xme), Xnw),Xnk), t) < 1 — € and v(Xm), Xn(k),Xn(K), t)
> e. Let for each k, m(k) be the least positive integer exceeding n(k) satisfying the above property, that
iS,u(Xm(k).l, Xn(k),Xn(k), t) >1-€and ],l(Xm(k), Xn(k)s Xn(k), t) <l-€. A|SO, V(Xm(k).l, Xn(k)sXn(k), t) < e and
V(Xm@), Xng),Xn), t) = € . Then for each positive integer k, 1 — €> p(Xmgg, Xnw),Xn@), )= U(Xm(-1,
X, Xngk)s ) * P(Xmgo-1, Xy, Xm(o, 1) = (1 = €) * p(Xmgo-1, Xmg,Xm(), 1) and € < v(Xmq, XngeXngey, =<
V(Xm(k)-1, Xn(),Xnk), ) O V(Xm(o-1, Xm(, Xy, 1)< €0 V(Xmgi)-1, Xm(, Xk, 1).

Taking limit as k — oo we have:

Lim {(1 =€) * u(Xmo-1, Xmo: Xmeioy 1)3= (1 =€), lim u(Xmgg-1, Xmgig Xmag, )= (1 =€) , 1= (1 — €) and

Lim {€0v(Xm(g-1, Xm(g,Xm(g, 1) 3= QM V(Xmg-1, Xm(ig Xmeg, 1)= €0 0 = €.
It follows that]}{im K(Xm(k), Xn(sXn(k), t) = 1 — €and Il{imV(Xm(k), Xn(k)Xn(k), t) = €.
) -0
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Now, WXmm), Xnw:Xnk), 1) < Y(UXme+1, Xngo+1,Xn+1, 1)) and v(Xmgy, Xng:Xngy, ) = d(V(Xmgo+1,

Xn()+1,Xn(k)+1, 1))

Since y and ¢ are continuous taking limit as k — oo we have:
l-e<y(l-—€)<1-eande>{(€) >e,

which are contradictions. Thus{xn}n is a M- Cauchy sequence.

If lim X, =y then from vy (W(f(y), f(Xn),f(Xn), t)) > (Y, Xn,Xn, t) and ¢ (v(f(y), f(Xn),f(Xn), t)) < v(y, Xn,Xn,

n—-oo

t) it follows that X.+1 — f(y). Therefore, we have:

u(y, f(y).f(y), t) = p(y, Xn,Xn, t) * p(Xn, Xne1,Xne1, £) * p(xnes, £y),f(y), t) — 1 asn — oo.
This implies w(y, f(y),f(y), t) = 1.

v(y, f(y),f(y), t) < v(y, Xn,Xn, t) O V(Xn, Xn+1,Xn+1, t) O V(Xn+1, f(y),f(y), t) — 0 as n — oo.
This implies v(y, f(y),f(y), t) = 0. Hence, f(y) = .
If X, y, zare fixed points of f then

r(E), f(y).f(2), ) = u(x, y, z, t) < y(uf(x), f(y),f(z), t))and
v(f(x), f(y),f(2), t) = v(X, y, z, t) = d(v(f(x), {(y),{(z), t)), for all t > 0.

If x # y#£z then u(x, y, z, s) <1 and v(x, y, z, s) > 0 for some s > 0 i.e., 0 <pu(x,y,z s) < land 0 < v(x,
Y, 2,5) < L hold, implying p (f(x), f(y),f(2), s) < w(s (f(x), f(y),f(2), 8)) < R(ACx), f(y),6(@), 5) and v (f(x),
f(y),f(z), s) = d(v (f(x), f(y),f(2), s)) > v(f(x), f(y),f(z), s), which are contradictions.
Thus x =y = z. This completes the proof.

Lemma: 4.2.
Let (X, u, v, *, 0) be a non-Archimedean intuitionistic generalized fuzzy metric space. If
{Xntn, {yntn and {z.}» be two sequences in X converges to X, y and z respectively then

limp ( Xn, Yn,Zn, t) = (X, y, z, t) and lim v (Xn, Yn,Zn, t) =V (X, Y, 7, t).
n—ow n-o

Proof: Since (X, u, v, *, 0) be a non-Archimedean intuitionistic generalized fuzzy metric space,
therefore w (Xn, Yn,Zn, t) = pu(xn, X, Y, t) *u(x, v, z, t) *w(z, yn, Zn, t)
=limp (Xn, Yn,Zn, 1) > 1 *u(x, v, z, t) *1 = u(x, y, z, t) and
n—oo

vV (Xn, YniZn, 1) < V(Xn, X, Y, 1) OV(X, v, 2, t) OW(Z, Y, Zn, 1)
=limv (Xn, Yn,Zn, <0 Ov(x,y, 2, 1) 00 =v(X, y, 7, 1) .
n—-oo

Also, (X, Y, Z, ) = W(X, Y, Xn, t) *W(Xn, Yn,Zn, 1) * (2, yn,Zn, 1)
=>|,L(X, Yy, z, t) >1*lim l.l(Xn, YniZn, t)*l = lim H(Xn, Yn,Zn, t)and
n—oo n—-oo
V(X, Y, Z, t) > V(X, ¥, Xn, t) OV(Xn, YnZn, t) OV(Z, ¥n,Zn, 1)
=>V(X, Yy, Z, t) > 0 OlimV(Xn, yn,Zn, t)OO = limV(Xn, yn,Zn, t)
n—-oo n—oo

Hence the proof.
We prove the following theorem without the continuity condition.

Theorem: 4.3.

Let (X, w, v, *, 0) be a compact non-Archimedean intuitionistic generalized fuzzy metric
space. Let f: X — X be an intuitionistic fuzzy y-¢-contractive mapping. Then f has a unique fixed
point.

Proof: Let x €X and X, = f'(x), n EN. Assume Xq# Xn+1 for each n (if not f(x,) = Xn).
Now assume Xn#Xm (n # m), otherwise for m<n we get

I.L(Xn, Xn+1,Xn+2, t) = I.L(Xm, Xm+1,Xm+2, t) < \Y (H(Xm+1, Xm+2,Xm+3, t))

<p(Xm+1, Xm+2,Xme3, £) <+ + = < W(Xn, Xn+1,Xn+2, t) and

V(Xn, Xn+1,Xn+2, t) = V(Xm, Xm+1,Xm+2, t) > (1) (V(Xm+1, Xm+2,Xm+3, t))

> V(Xm+1, Xm+2,Xm+3, £) >+« > v(Xn, Xn+1,Xn+2, t), @ contradiction.
Since X is compact, {Xn}n in X has a convergent subsequence {x };en (say). Let {x,, };en cOnverges to
y. We also assume that y, f(y) €{x.: n N} (if not, choose a subsequence with such a property).
According to the above assumptions we may now write foralli eNandt >0

RO, Yo ¥ 1) S w(u (f(xn), f(y), f(y), ) < p (f(xn,), f(y), f(y), 1)
V(%X Yo Y 1) 2 0(v (), f(y).1(y), 1) > v (fxn,), £(y), f(y), 1)
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Since y and ¢ are continuous for all x, y, zEX. From lemma (4.2) we obtain
HmuCen, , y, y, ) < limp (e, ), 7). 5(y), O
=1 < limp (e, ), 1), 1(y), 1)
=limp (fCxn, ), f(y),f(y), ) = 1and
Hmv(xey,, y, y, ) 2 limv (foc,), 1(y),1(y), 1)
=0 2 limv (flxy, ), f(y),T(y), 1)
=limv (flx,), 1(y).f(y), ) = 0.
ie., f(xn,) — f(y) (4.1)
Similarly, we obtain
P(xn,) — F(y) (4.2)
Now, we see that
u(xnla f(xn1 )vf(xn1 )b < W(u(f(xnl)v fz(xnl)vfz (xnl)a t)) < u(f(xnl)v fz(xnl)afz (xnl)a )< <
n (xni J f(xni)’f(xni)a t) < lvl(f(xni)’ fz(xni)’fz(xni)’ f)<---<land
V(xn1 ) f(xn1 )af(xnl )v t)Z ¢(V(f(xn1)v fz(xnl)afz (xnl)a t)) > V(f(xni)a fz(xni)v t)>' T2
V(xni ' f(xni)'f(xni)9 t) > V(f(xni)! fz(xni)'fz(xni)! t)>. v 0
Thus {p (xp, , f(xn,), f(x,), D}ien and  {p (F(xn,), £2(xp,), £2(xn,), D}ien CONVerges to a common
limit..
Also, {v (xn, , f(n,), f(x0), O}ien  and{v (f(xn,), £ (xn,), £%(xn,), t)}iencOnverges to a common
limit.
So, by (4.1), (4.2) and lemma (4.2) we get
w(y, f(y), f(y), ) = plimacy, , f(limxy, ), f(limoxy,, ), 1)
= ll_)rgli (xTLL' 1 f(xni)'f(xni)' t)
= Hmu(fCen,), P, 0,), 1)
= u(fllimxy, ), (limax,,).R(limx, ), 1
= u(f(y), f4(y),fA(y), t)and
V(Y) f(y)af(y)9 t) = V(%i_)rgxni ’ f(%i_)lgxni)’fqi_)rgxni)’ t)
= %i_)rgv(xni 1 f(xni)'f(xni)' t)
= Hmv(fCen,), P, Pon,), 1)
= v(fllimxy,), Fimxy, ), F(limx, ), 1
=v(f(y), f2(y),fA(y), t)for all t > 0.
Suppose f(y) #y, then we have p(y, f(y), f(y), t) < w((f(y), £(y),F(y), 1)) < p(f(y), £(y),F(y), 1)
And v(y, f(y), f(y), t) > o(v(f(y), £2(y),F(y), 1)) > v(f(y), £(y),F(y), 1), t > 0, a contradiction.
Hence y = f(y) is a fixed point.
If X, y, zare fixed points of f then p(f(x), f(y).f(2), t) = WX, v, z, t) < y(u(f(x), f(y),f(z), t)) and

V(f(x), f(y).f(2), t) = v(x, y, z, t) = d(v(f(x), f(y).{(2), 1)), V 1 > 0.
Ifx #y#z then u(x,y, z,s) <1 and v(x, y, z, s) > 0 for some s >0 i.e., 0 < w(x,y,z 8) <1

and 0 <v(x, y, z, s) < 1 hold, implying p (f(x), f(y),f(2), s) < w(u (f(x), f(y).f(2), 5)) < p(f(x), f(y).f(2),
s) and v (f(x), f(y),f(2), s) > &(v (f(x), f(y),f(2), s)) > v(f(x), f(y),f(2), s), which are contradictions.
Thus x =y = z. This completes the proof.
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