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Abstract. The family of all fuzzy filters of a lattice FFF(L) is discussed and some of their
properties are studied. The concept of union, intersection of two fuzzy filters and complement
of a fuzzy filter are defined and it is proved that intersection of two fuzzy filters is also a fuzzy
filter. As an immediate consequence of intersection, the study of “union of fuzzy filters” of a
lattice is carried out. Further, the complement of a fuzzy filter is developed and it is shown that
the complement of a fuzzy filter of a lattice need not be a fuzzy filter of that lattice. Further
shown that the set of all fuzzy filters FFF(L) of a lattice L is a complete lattice under the

relation ”<”. The sup and inf of any subfamily {pi/ie O} of fuzzy filters are{u {ui/lieQ2}) and
N{uilieQ} respectively.
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1. Introduction

The notion of fuzzy sets was introduced by Lofti. A. Zadeh in 1965. Zadeh had initiated
fuzzy set theory as a modification of the ordinary set theory. In1971, Rosenfeld introduced fuzzy sets
in the realm of group theory and formulated the concept of a fuzzy subgroup of a group. Since then,
researchers in various disciplines of mathematics have been trying to extend their ideas to the broader
framework of the fuzzy setting. In 1982, Liu developed the concept of fuzzy subrings as well as fuzzy
filters in ring. The concept of lattice was first defined by Dedekind in 1897, and then developed by
Birkhoff G. in 1933.Here we made an attempt to study the algebraic nature of fuzzy subset of lattice
especially fuzzy filters, by using the ideas of fuzzy theory and lattice theory.

2. Preliminaries
Some well — known definitions and preliminary results are recalled here.
Definition 2.1
A relation defined on a set S which is reflexive, antisymmetric and transitive is called a
partial ordering on S. A set S with a partial ordering p defined on it is called a partially ordered set or a
poset and is denoted by (S, p).
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Definition 2.2
Let (P, <) be a poset. Let A be a non—empty subset of P. An element u € P is called an upper
bound of A if a <u for all acA. An element ue P is called the least upper bound (l.u.b.) of A if
(i) u is an upper bound of A.
(i) if v is any other upper bound of A, thenu <v.
An element le P is called the lower bound of A if1<a for all a €A. An element le P is called
the greatest lower bound (g.l.b.) of A if
(i) I'is a lower bound of A.
(it) if mis any other lower bound of A, then m < 1.

Definition 2.3
A lattice is a poset in which any two elements have a g.1.b. and al.u.b. We denote the l.u.b. of
aVbandglb.byaAb.

Example 2.4 Consider the poset {1, 2, 3, 4} with the usual <. Here 1 <2 <3 <4 and 2 covers 1 and 3
covers 2 and 4 covers 3. Hence we obtain the diagram for this poset. This is also a lattice.
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Definition 2.5

Let (L, v, A) be a lattice. A non—empty subset S of L is called a filter of L if it satisfies the
following conditions:
(i) X,yeS=xaAyeS.
(ii) xeS andre Lwithr>x=reS.

Definition 2.6
Let X be a non—empty set. A mapping : X = [0, 1]is called a fuzzy subset of X.

Definition 2.7
Let pu be any fuzzy subset of a set X and p = {(x;, ti) / i =1 to n and tie [0, 1]}. Then,
{ti/ i =1to n} is called the image set of i and is denoted by Im .

Definition 2.8

Let p be any fuzzy subset of a set X and t elm p. Then the set g = {xeX /u(x) >t} is called
the level subset of L.

Clearly, e ps whenever t > s.

Definition 2.9
A fuzzy subset p of a lattice L, is called a fuzzy sub lattice of L, if the following conditions

are satisfied: For all X,y € L,
(i) H(X v y) = min {p(x), p(y)}
(i) pxAy)zmin {u(x), p(y)}-

Definition 2.10
A fuzzy subset p of a lattice L, is called a fuzzy lattice filter or fuzzy filter of L if, for all x,

yeL the following conditions are satisfied:
(i) H(x v'y) 2 max {u(x), n(y)}
(i)  pxAy)=Zmin {ux), K(y)}
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Theorem 2.11 [Characterization Theorem]
A fuzzy subset p of a lattice L, is a fuzzy filter of L if and only if, the level subsets
Mi, t elm p are filters of L.

Proposition 2.12 Let p and 0 be any two fuzzy filter of L.
If u(x) < 0(x) and u(y) < 0(y), then p(xvy) < 0(xvy) for some x, y L.

Proposition 2.13 Let p be any fuzzy filter of L. u(x) > u(y) whenever x <y, where x,y € L.

3. Lattice of fuzzy filters in a lattice
Here, FFF(L)denotes the family of all fuzzy filters of a lattice L and the properties of
FFF(L)are established. The necessary and sufficient condition for the equality of two fuzzy filters is
proved. It is shown that the intersection of two fuzzy filters of a lattice is also a fuzzy filter. Further,
the study of union of fuzzy filters of a lattice is carried out. The lattice of all fuzzy filters of a lattice is
also presented.

Proposition 3.1 Two fuzzy filters u and 6 of a lattice L such that Card Im p <oo, Card Im0<oco are
equal if and only if, Im p = Im@ and F', = Ff.

Definition 3.2

The union of two fuzzy filters p and 0 of a lattice L, denoted by puu0 is a fuzzy subset of L
defined by (LuB)(X) = max{u(x), 6(x)}, forall x e L.

The intersection of two fuzzy filters L and 6 of a lattice L, denoted by pun0is a fuzzy subset of
L defined by (un6)(x) = min{u(x), 6(x)}, for all x € L.

Definition 3.3
The complement of a fuzzy filter i of a lattice L, denoted by (~) is defined by:
(~W)(x) =1 -p(x), v xeL.

Definition 3.4

Let p and O be any two fuzzy filters of a lattice L. Then p is said to be contained in®,
denoted by p <0 if u(x) < 0(x), v xeL. If p(x) = 6(x) for all x € L, then p and 0 are said to be equal
and we write gL = 6.

Remark: Let pand 0 be any two fuzzy filters of a lattice L. If p <6, then w6 = 6 and pm6 = L.
Remark: Let p and 6 be any two fuzzy filters of a lattice L. Then pu6o pune.

Theorem 3.5
Intersection of any two fuzzy filters of a lattice L, is again a fuzzy filter of L.
Proof: Assume that p and 6 are any two fuzzy filters of L. Then,

() H(X v y) = max {u(x), W(y)}

| (i) uXAy)Zmin {px), p(y)} --w-meeememeee > (1)
an

(i) O(x v y)>max {8(x), O(y)}

(iv)  B(xAy)>min {8(x), B(y)} ------------mmmms N

We have to prove  un0 is also a fuzzy filter. Clearly un0 is a fuzzy subset of L.
Let Im (u"6) = {uy, Uy, ..., Up}. It is enough to prove that (,u N 0)uk are filtersof L, k=1 to p.

That is to prove:
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)% ye(un t9)uk = xny € (un Q)uk
(ii) xe (,u N G)Uk and ri>x, then rie (,u N Q)Uk

For (i):
Letx,y e(un Q)uk be arbitrary.
= (MNB)(x) = uk and (LNO)(y) = ux > )
By the definition, (u0)(x) = min{u(x), ()} and (LAO)(y) = min{p(y), O(y)} ----------- > (4)
Now, (Ln)(xAy) = min {(U(xAy), B(XAY)} -----mrmmremmm > ()

Case (i) Let min {u(x), 6(y)} = u(x) and min {u(y), 6(y)} = u(y)
= w(x) < 0(x) and u(y) < 0(y)
= U(XAy) < 0(xay), by Proposition 2.12
=min{u(xAy), 6(XAY)} = H(XAY) ----mmmmmmmmmmmmee -2 (6)
Now (4) = (HM6)(X) = H(x) and p6)(y) = H(Y), (3) = u(x) = uk and p(y) = ux
Again (1) = H(xAy) = min {u(x), p(y)} = uk,.
Now (6) = min {1(xAY), 0(XAY)} > uk, (5) = (LNO)(XAY) > u=>XAY € (,u N G)Uk .

Case (i) Let min {u(x), 6(y)} = 8(x) and min {p(y), 6(y)} = 6(y)
=0(x) < u(x) and 0(y) < p(y)
=0(XAy) < u(xay), by Proposition 2.12
=min {H(XAY), O(XAY)} = B(XAY) --------------- 2> ()
Now (4) = (LMB)(X) = 6(X) and pMB)(y) = B(y), (3) =06(x) > u and 6(y) > ux
Again (2) =0(xAy) = min {0(X), 0(y)} > uk
Now (7) = min {H(xAY), 0(XAY)} > uk, (5) = (UNO)(XAY) = u=>XAY € (,u N H)U

Case (iii) Let min {p(x), 0(x)} = p(x) and min {u(y), 6(y)} = 6(y)

k

= 1(3) < 0(X) &N B(y) < (y) ~-nnrorrererememererer oo > (®)
(4) = (UN6)(x) = K(x) and (L) (y) = O(y)

(3) = w(x)>ukand 6 (y) > ux = (9)
From (8) and (9), we have 6(x) > ux and p(y) > uk --------------- - (10)

=min {p(x), w(y)} = ux and min {6(x), 6(y)} > ux, by (9) and (10)
Now (1) = H(XAy) > uk, and (2) =0(xAy) > uk . Therefore,
min {L(XAY), 0(XAY)} > uk, (5) = (LNO)(XAY) > uk =XAY € (y N H)Uk

Case (iv) Let min {u(x), 6(y)} = 6(x) and min {u(y), 6(y)} = p(y)

=6(x) < u(x) and p(y) < 6(y) - (11)
(4) = (UM6)(x) = 6(x) and (UNB)(y) = H(y)

(3) =06(x) > uk and p(y) > Uk ==============mmmmmmmmmmmmneeeeeeee -2 (12)
From (11) and (12), we have u(x) > ux and 6(y) > ug ------------ -2 (13)

Hence, min {u(x), w(y)} > ux and min {0(x), 6(y)} > ux, by (12) and (13)
Now (1) = H(XAy) > uk, and (2) =0(xAy) > uk
Therefore, min {u(xAy), 8(xAy)} > uk, (5) = (HNO)(xAY) > we =xAY € (1M ),

For (ii): Letx (,u N 0)uk and ugelm (uN0); e Rand r <x.
To prove rie (,u N Q)Uk That is, to prove  (UM0)(r1) > ux . Here X (,u N H)Uk = (UMO)(X) > uk

=min {p(x), 6(x)} > uk ------- -2 (14)
As 1 and 6 are fuzzy filters of L, and ri> X, by Proposition 2.13, we have,
u(x) < p(ry) ------ = (15)
0(x) < 0(ry) ------ - (16)
Case (i) Let min {p(x), 6(x)} = p(x) and min {p(rs), 6(re)} = pu(ra)
Now (14) = pu(x) > uk --------- =2 (17)
Again (UN0)(ry) = min {u(r1), 6(r1)}, by Definition 3.2
= M(ry), by the assumption in this case > u(x), by (15)
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= (UNO)(r) > w, by (17), = e (1N 0),,
Case (ii) Let min {p(x), 6(x)} = p(x) and min {p(rz), 6(re)} = 6(r1)
Now (14) = p(x) > uk - (18)
By assumption in this case p(x) < 0(X) --------- - (19)
Again (UNB)(ry) = min {u(ry), 6(r1)}

= 0(r1), by the assumption in this case > 6(x), by (16)

> 1(x), by (19) > uy, by (18) = (MNO)(r) > we= ne (1M 0),

Case (iii)Let min {pu(x), 6(X)} = 6(x) and min {p(ry), 6(r1)} = p(ry)
Now (14) =0(x) > uk - (20)
By the assumption in this case, p(x) > 0(X) -------- 2> (21)
Again (UN0)(ry) = min {p(r1), 6(r1)} = p(r1), by the assumption in this case

> p(x), by (15)> 0(x), by (21) > uk, by (20) = rne (un6),
Case (iv)Let min {u(x), 6(x)} = 6(x) and min {p(r1), 6(r1)} = 6(r1)
Now (14) =6(x) > uk 2 (22)
Again (UN0)(ry) = min {p(r1), 6(r1)} = 6(ry), by the assumption in this case

> 0(x), by (16) > ug, by (22) = (Un0)(r1) > we=> ne (1 M 6),,

Thus rie (i N H)Uk in all the cases.

Hence un0 is a fuzzy filter of L.
Thus the intersection two fuzzy filters of L, is again a fuzzy filter of L.

Remark: Intersection of any family of fuzzy filters of a lattice L is also a fuzzy filter of L.

Proposition 3.6 (FFF(L), M) is a semi lattice.

Now, the study of “union of fuzzy filters” of a lattice L is carried out. Also the complement of a
fuzzy filter is discussed.
Remark 3.10:Let p and 6 be any fuzzy filters of a lattice L. Then w6 need not be a fuzzy filter of L.
Proof: We prove this by giving a counter example. Let L be any lattice. Let A and B be two filters of
L such that A UB is not a filter of L. Now define the fuzzy subsets 1 and 6 by

,u(X):{OifXEA H(X):{OifXEB
9if xeL~A Tif xeL~B
Clearly p and 0 are fuzzy filters of L.

Oif xe A
Now, (LWe)(x) = <.7if xe B A°

.9 otherwise

Heret=.7¢lm (u WO)
And (LWB) = {x/ (LUWB)X)>.7}

={x/xeAandx € (B A9}

={x/Ixe Au (B A}

={x/x e AU B}, which is not a filter of L, since A u B is not a filter of L.
Then, (1 LO) is not a fuzzy filter of L.

Proposition 3.7 The complement of a fuzzy filter need not be a fuzzy filter of L.

Proof: We prove this by giving a counter example. Consider the lattice defined in Example 2.4
Now define the fuzzy subset p of L by

590



9if x=1
H(X)=<.6 if x=2

4 if x=3,4
Then u is a fuzzy filter of L.
dif x=1
Here (~)(X) = 1.4 iIf x=2
6 if x=3,4

Lett=.6 elm (~u)
Then (~): = {X/ (~p)(x) > .6}= {x / x =3, 4}, which is not a filter of L
= (~M) is not a fuzzy filter of L.

Proposition 3.8 Let [ be a fuzzy filter of a lattice L. Then (~) is also a fuzzy filter of L if and only if
M is a constant function. Hence (~p) is also a constant function.

The following Remark shows the deviation from the classical theory.

Remark: Let | be a fuzzy filter of a lattice L. Then pn(~p) # ¥, and pu(~p) # ¥..
Proof: We prove these by giving an example.

Consider the lattice defined in Example 1.4. Now define the fuzzy subset u of L by

9if x=1
H(x)=<.6 if x=2
4 if x=3,4
Then u is a fuzzy filter of L.
dif x=1
Here (~p)(x) = 1.4 if x=2
6 if x=3,4
9if x=1
= [MUEWIX)=<.6if x=2
6 if x=3,4
dif x=1
And [UN(~W]IX) =<4 if x=2
4 if x=3,4

But ¥4(x) = 0, for all xeL and ¥.(x) = 1, for all xeL.
Then pN(~p) # ¥, and pu(~) # ¥..

Now, the lattice of all fuzzy filters of a lattice is presented in the following Theorem.
Theorem 3.9
The set of all fuzzy filters FFF(L) of a lattice L is a complete lattice under the relation ”c”.
The sup and inf of any subfamily {ui /ieQ} of fuzzy filters are (U {W/ieQ}) and N{u/ieQ}
respectively.
Proof: Let |, 6 and ceFFF(L) be arbitrary, let X € L be arbitrary.
(1) Reflexive
px) <u(x) forallx € L

= U W

(2) Antisymmetric
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Let u <6 and 6 .
=u(x) < 0(x) and 6(x) < u(x), for all x € L.

(3) Transitive

Let u cbandbco.
= u(x) < 0(x) and 6(x) < o(x)
= Wx) < 0(x) < o(x)
= U co.

(4) Least upper bound

Now (LuB)(x) = max {H(x), 8(x)}
Then pu(x) < (LuB)(x) and B(x) < (WUB)(X)
E kT andoc puo
= MU0 is the upper bound of p and ©.
Suppose o is another upper bound of p and 6
Then p coandfco
= u(x) < o(x) and 6(x) < o(X)
=max {u(x), 0(x)} < o(x).
= (HUB)(x) < o(X)
= puUbco

Hence puo is the least upper bound of p and ©.
(5) Greatest lower bound

Now (HN6)(x) = min {u(x), 6(x)}
Then p(x) < (uMB)(X) and B(x) < (LNB)(X)
= UMOc W and pNOcH
= UMO is the lower bound of p and 6.

Suppose y is another lower bound of p and 6. Then yc p and yc<.

=7Y(x) < p(x) and y(x) < 6(x)
=7y(x) < min {u(x), 6(x)}
=7(x) < (kNO)(X) =y< (HN6)

Hence pu0 is the greatest lower bound of p and 6.

(6) Completeness

Consider any subfamily {pi /ieQQ} of the family of fuzzy filters FFF(L).Then the sup
of {pi/ieQ} is (U{uilieQQ}) and the inf of {uilieQ} is Nl 1eQQ}.

Thus the set of all fuzzy filters of a lattice L is a complete lattice under the relation ”<”.

References

[1] N. Ajmal and K. V. Thomas, Fuzzy lattices, Inform. Sci. 79 (1994) 271 — 291.

[2] T.Ali, A. K. Ray, Fuzzy Sublattices and Fuzzy ldeals, F.S.A.l., Vol.10, Nos.1 - 2, pp. 5 — 13,
2004.

[3] G. Birkhoff, On the Lattice Theory of Ideals, Bull. Amer. Math. Soc. 40 (1934) 613 — 619.

[4] G. Birkhoff and O. Frink, Representations of Lattices by Sets, Trans. Amer. Math. Soc. 64
(1948) 299 - 316.

[5] V. N. Dixit, Rajesh Kumar and Naseem Ajmal, Level Subgroups and Union of Fuzzy
Subgroups, Fuzzy Sets and Systems 37 (1990) 359 — 371.

[6] George Gratzer, General Lattice Theory, Birkhauser Verlag, 1978.

[71 J. Hashimoto, Ideal Theory for Lattices, Math. Japan, 2 (1952), 149 — 186.

(8]

S. Mohanavalli, On Fuzzy Prime Filters of a Lattice, International Journal of Applied
Mathematical Sciences, Vol.9, No.1, (2016), 45 — 59.

592



[9] J. N. Mordeson and D. S. Malik, Fuzzy Commutative Algebra, World Scientific Publishing Co.
(1998).

[10] A. Rosenfeld, Fuzzy Groups, J. Math. Anal. Appl. 35 (1971) 512-517.

[11] Branimir Seselja, Lattice of Partially Ordered Fuzzy Subalgebras, Fuzzy Sets and Systems 81
(1996) 265 — 269.

[12] B. Seselja, A. Tepavcevic, Representation of Lattices by Fuzzy Sets, Inform. Sci. 79 (1994) 171
-180.

[13] U. M. Swamy, D. Viswanadha Raju, Algebraic Fuzzy Systems, Fuzzy Sets and Systems, 41,
187 — 194 (1991).

[14] B. Yuan, W. Wu, Fuzzy Ideals on a Distributive Lattice, Fuzzy Sets and Systems 35 (1990) 231
- 240.

[15] L. A. Zadeh, Fuzzy sets, Inform. Cont. 8 (1965) 338-353.

593



	Definition 2.1
	A relation defined on a set S which is reflexive, antisymmetric and transitive is called a partial ordering on S. A set S with a partial ordering ( defined on it is called a partially ordered set or a poset and is denoted by (S, ().
	Definition 2.2
	Let (P, ≤) be a poset. Let A be a non–empty subset of P. An element u ( P is called an upper bound of A if a ≤ u for all a(A. An element u( P is called the least upper bound (l.u.b.) of A if
	Definition 2.3
	A lattice is a poset in which any two elements have a g.l.b. and al.u.b. We denote the l.u.b. of a ˅ b and g.l.b. by a ˄ b.
	Example 2.4 Consider the poset {1, 2, 3, 4} with the usual ≤. Here 1 ≤ 2 ≤ 3 ≤ 4 and 2 covers 1 and 3 covers 2 and 4 covers 3. Hence we obtain the diagram for this poset. This is also a lattice.
	Definition 2.5
	Let (L, (, () be a lattice. A non–empty subset S of L is called a filter of L if it satisfies the following conditions:
	Definition 2.6
	Let X be a non–empty set. A mapping µ: X ( [0, 1]is called a fuzzy subset of X.
	Definition 2.7
	Let µ be any fuzzy subset of a set X and µ = {(xi, ti) / i =1 to n and ti( [0, 1]}. Then,
	{ti / i =1 to n} is called the image set of µ and is denoted by Im µ.
	Definition 2.8
	Let µ be any fuzzy subset of a set X and t (Im µ. Then the set µt = {x(X /µ(x) ≥ t} is called the level subset of µ.
	Definition 2.9
	A fuzzy subset µ of a lattice L, is called a fuzzy sub lattice of L, if the following conditions are satisfied: For all x, y ( L,
	Definition 2.10
	A fuzzy subset µ of a lattice L, is called a fuzzy lattice filter or fuzzy filter of L if, for all x, y(L the following conditions are satisfied:
	Theorem 2.11 [Characterization Theorem]
	A fuzzy subset µ of a lattice L, is a fuzzy filter of L if and only if, the level subsets
	µt, t (Im µ are filters of L.
	Proposition 3.1 Two fuzzy filters µ and ( of a lattice L such that Card Im µ <(, Card Im(<( are equal if and only if, Im µ = Im( and Ffµ = Ff(.
	Definition 3.2
	The union of two fuzzy filters µ and ( of a lattice L, denoted by µ(( is a fuzzy subset of L defined by (µ(()(x) = max{µ(x), ((x)}, for all x ( L.
	Definition 3.3
	The complement of a fuzzy filter µ of a lattice L, denoted by ((µ) is defined by:
	((µ)(x) = 1 – µ(x), ( x(L.
	Definition 3.4
	Let µ and ( be any two fuzzy filters of a lattice L. Then µ is said to be contained in(, denoted by µ (( if µ(x) ≤ ((x), ( x(L. If µ(x) = ((x) for all x ( L, then µ and ( are said to be equal and we write µ = (.
	Remark: Let µ and ( be any two fuzzy filters of a lattice L. If µ ((, then µ(( = ( and µ(( = µ.
	Remark: Let µ and ( be any two fuzzy filters of a lattice L. Then µ((( µ((.
	Theorem 3.5
	Intersection of any two fuzzy filters of a lattice L, is again a fuzzy filter of L.
	Proof: Assume that µ and ( are any two fuzzy filters of L. Then,
	That is to prove:
	For (i):
	For (ii): Let x (and uk(Im (µ((); r1( R and r1 ≤ x.
	Again (µ(()(r1) = min {µ(r1), ((r1)}, by Definition 3.2
	Again (µ(()(r1) = min {µ(r1), ((r1)} = ((r1), by the assumption in this case
	Remark: Intersection of any family of fuzzy filters of a lattice L is also a fuzzy filter of L.
	Proposition 3.6 (FFF(L), () is a semi lattice.
	Remark 3.10:Let µ and ( be any fuzzy filters of a lattice L. Then µ(( need not be a fuzzy filter of L.
	Proof: We prove this by giving a counter example. Let L be any lattice. Let A and B be two filters of L such that A (B is not a filter of L. Now define the fuzzy subsets µ and ( by
	Clearly µ and ( are fuzzy filters of L.
	Now, (µ (()(x) =
	Proposition 3.7 The complement of a fuzzy filter need not be a fuzzy filter of L.
	Proof: We prove this by giving a counter example. Consider the lattice defined in Example 2.4
	Proposition 3.8 Let µ be a fuzzy filter of a lattice L. Then ((µ) is also a fuzzy filter of L if and only if µ is a constant function. Hence ((µ) is also a constant function.
	The following Remark shows the deviation from the classical theory.
	Remark:  Let µ be a fuzzy filter of a lattice L. Then µ(((µ) ( ¥(  and µ(((µ) ( ¥L.
	Proof: We prove these by giving an example.
	Theorem 3.9
	The set of all fuzzy filters FFF(L) of a lattice L is a complete lattice under the relation ”(”. The sup and inf of any subfamily {µi /i((} of fuzzy filters are (( {µi/i((}( and ({µi/i((} respectively.
	Proof: Let µ, ( and ((FFF(L) be arbitrary, let x ( L be arbitrary.
	Suppose ( is another upper bound of µ and (
	Hence µ(( is the least upper bound of µ and (.
	(5) Greatest lower bound
	Hence µ(( is the greatest lower bound of µ and (.

