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Abstract : Let G = (V,E) be a simple graph. A subset S of E(G) is a strong (weak) efficient
edge dominating set of G if |Ns[e] NS | =1 for all e € E(G)( | Nu[e] » S | =1foralle e
E(G)) where Ns(e) ={f/ f € E(G) and deg f>dege} (Nw(e) ={f/f € E(G) and deg f < deg €})
and Ns[e]=Ns(e) u{e}(Nw[e] = Nw (e) u{e}). The minimum cardinality of a strong efficient
edge dominating set of G (weak efficient edge dominating set of G) is called a strong efficient
edge domination number of G and is denoted by y's.(G) (v',,,(G)). In this paper, the strong
efficient edge domination number of some subdivision graphs is studied.
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strong efficient edge domination.
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1. Introduction

Throughout this paper, only finite, undirected and simple graphs are considered. Two volumes on
domination have been published by T. W. Haynes, S. T. Hedetniemi and P. J. Slater [8, 9]. Edge
dominating sets were studied by S. L. Mitchell and S. T. Hedetniemi [11]. A set F of edges in a graph
G is called an edge dominating set of G if every edge in E — S is adjacent to at least one edge in F. The
edge domination number y'(G) of a graph G is the minimum cardinality of an edge dominating set of
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G. The degree of an edge was introduced by V. R. Kulli [7]. The concept of efficient domination was
introduced by D.W. Bange et al [3, 4]. The concept of strong domination graphs was introduced by E.
Sampath Kumar and L. Pushpalatha [12] and efficient edge domination were studied by C. L. Lu et al
[10] G. Santhosh [13] and D. M. Cardoso et al [5]. The strong efficient edge domination was
introduced by M. Annapoopathi and N. Meena [1,2]. For all graph theoretic terminologies and
notations, Harary [5] is referred to. The strong (weak) domination number y's(G)( y'w(G)) of G is the
minimum cardinality of a strong (weak) dominating set of G and I's(G) is the maximum cardinality of
a minimal strong dominating set of G. A subset D of E (G) is called an efficient edge dominating set if
every edge in E (G) is dominated by exactly one edge in D. The cardinality of the minimum efficient
edge dominating set is called the efficient edge domination number of G. In this paper, the strong
efficient edge domination numbers of some subdivision related graphs are studied.

Definition 1.1 [1]
Let G = (V,E) be a simple graph. A subset S of E(G) is a strong (weak) efficient edge
dominating set of G if [Ng[e] nS| =1 for all e € E(G)[|INy,[e] S| =1 for all e € E(G)] where

Ng(e) = {£ € E(G) and degf > deg e}(Nw(e) = {; € E(G) and degf < deg e}) and Ng[e] = Ng(e) U

{e}(Ny[e] = Ny /(e) U {e}). The minimum cardinality of a strong efficient edge dominating set of G
(weak efficient edge dominating set of G) is called a strong(weak) efficient edge domination number
of G and is denoted by Y'sc (G) (Y'we(G)).

Note: [1] y',,(C3n) = n, Vn € N.

Definition 1.2
If G1 and G2 are graphs and G1 has n vertices then the corona of G1 and G2 denoted by

G, G, , is the graph obtained by taking one copy of G1 with an edge to every vertex in the i- th copy
of G2.

Definition 1.3

The subdivision of an edge e = uv of a graph G is the replacement of the edge e by a path (u, v, w).
If every edge of G is subdivided exactly once, then the resulting graph is called the subdivision graph
S (G).

2. Strong efficient edge domination number of subdivision Graphs

Theorem 2.1
Let G=S(P, oK, ) then 7., (G) =n,n>2.
Proof: LetG:S(Pn oKl). Let V(G) = {ui,vil,vi/ 1 <i<n}u {xi/1<i<n-1}, E(G) = {ei = ui

xi /1<i<n-1}u {fi=xiuitl,1 <i<n-1}U {gi=uivi/ 1 <i<n }u {hi=vivil, l <i<n}. Deg
ul =Degun=2,degvi=2,1<i<n,degxi=2,1<i<n-1,degvil=1,1<i<n,degui=3,2<1i
<n-1,degel=degfn-1=deggl =deggn =2, deghi=1, 1 <i<n and the remaining edges are of
degree 3. S={01, 92, g3, g4, g5 ,..., gn } is the unique strong efficient edge dominating set of G and

| S|=n,n>2. Hence 5 (G)=n,n>2.

Theorem 2.2
Let G=5(C, oK, ) then 7., (G) =n,n=3.

Proof: Let G=S ((:n o Kl). Let V (G) = {ui, vil, vi, xi/ 1 <i<n},
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E(G)={ei=uixi /1 <i<nju {fi=xiuit],]1 <i<n-1}u {fn=xnul }u {gi=uivi/ 1 <i<n }jU
fhi=vivil,1<i<n}.Degui=3,1<i<n,degxi=degvi=2,1<i<n,degvil =1,1<1i<n,deg
ei=degfi=deggi=3,deghi=1,1<i<n. S= {gi/1<1i<n} is the unique strong efficient edge
dominating set of G and | S |=n, n>3. Hence y_ (G) =n,n>3.

Theorem 2.3
LetG=S(W, oK) then y,,(G) =n,n>4.

Proof: LetG =S (W, oK, ). Let V (G) = {ui, xi, vil, vi, yi, u, v, w/ 1 <i<n - 1}, E(G) = {ei = ui xi /
I1<i<n-1}u {fi=xiuit+tl,1 <i<n-2} U {fn-1=xnul }u { gi=uivi/ 1 <i<n-1}u {hi=vi
vil, 1 <i<n-1}u {ai=uiyi/1<i<n-l1}u{bi=uyi,1<i<n-1}0u {e=uv, f=vw }. Degui=
4,1<i<n-1l,degxi=2,1<i<n-1,degvi=2,degvil =1,degyi=2,1<i<n-1,degu=n,degv
=2,degw=1,degei=degfi=deggi=4,deghi=1,1<i<n-1,degai=2,degbi=n,1<i<n-
1,dege=n,degf=1.S={e gi/1<i<n-1}isthe unique strong efficient edge dominating set of G
and |S|=n,n>4.Hence y,, (G)=n,n>4.

Theorem 2.4
Let G=S(K,, oK, ) then y,,(G)=n+1n=>1,

Proof: Let G:S(KLn OKl). LetV (G) ={u, v, w, ui, xi, vil, vi/ 1 <i<n}, E(G) = {e=uv, f=vw }

U {ei=uxi, fi=xiui, gi=uivi,hi=vivil,/1 <i<n}.Degu=n+1,degv=2degw=1, degxi =
degui=degvi=2,degvil =1,1<i<n,degfi=deggi=2,deghi=1,1<i<n,degei=n+1,1<i
<n,dege=n-+1.S={e, gi/ 1 <i<n} is the unique strong efficient edge dominating set of G and
|S|=n+1,n>1.Hence y_ (G)=n+1nz=>1.

Theorem 2.5:
Let G=S(D, oK, ) then 3., (G)=r+s+2, r,s>L.

Proof: Let G=S (D, oK, ). Let V (G)= { u, v, w, x1, X2, y1, y2, x1i, uli, vIi, v1i(1) / 1 i<} U

{ x2ji, u2j, v2j, v2j(1) / 1 < j<s}, E(G)={el =uxl,e2 =x1x2,e=uw, f=wv, fl=vyl, 2=
yly2 } u {eli = u x1i, fli = xliuli, gli = ulivli, hli=vli vli(i), / 1 <i<r} U {e2j =u x2j, f2] =
x2julj, g2j =u2jv2j, h2j = v2j v2j(j),/ 1 <j<s}.Degu=r+2,degv=s+2,degw=2,degxl =
degyl =2, deg x2 =deg y2 = 1, deg x1i = deg x2j = deg uli = deg u2j = deg vli= deg v2j= 2, deg
vli(l)=deg v2j(1)= 1,1<i<r,1<j<s,degel = dege=r+2,degfl = degf=s+2, dege2 =
degf2 = 1,degeli=r+ 2, dege2j=s+ 2, degfli=degf2j =2, deg gli=deg g2j =2, deg hli=
degh2j=1,1<i<r,1<j<s.S={el, fl,gli,g2j/1<i<r,1<j<s} is the unique strong efficient
edge dominating set of G and | S | =r+s+2,r,s>1.Hence 7/;e (G)=r+s+2, r,s>1.

Theorem 2.6: LetG:S(Kn o Kl) then y. (G)=n, n>2.

Proof: LetG=S(K, oK, ). Let V(G) = {ui, vi, vI(i) / 1 Si<n} U {vli/ 1< i<n-1,v2i/ 1< i<

n-2,v3i/1<i<n-3,vdi/1<i<n-4,...,v(n-1) 1}, E(G) = {fi=vivl(i), ei=uivi/ 1 <i<n
Ju{feli=ulvli/ 1< i<n-1}u {e2i=u2v2i / 1<i<n-2}u{edi=ud3v3i/ 1<i<n-3}
Ufedi=udvdi / 1< i<n-4}u...ufe(m-1)1l=u(m-1)v(n-1)1}u {fli=uitlvli / 1< i<n-
1Ju{f2i=uit2v2i / 1< i<n-2J U {f8i=uit3v3i / 1< i<n-3}u {fdi=uitdvdi / 1< i<
n-4} v ... U {f(n-1)1 = un v(n-1)1 }. Deg v1(i) = 1, deg vi =2, degui =n, I <i<n and the
remaining vertices are of degree 2, deg fi = 1, deg ei = n, 1 <1i < n and the remaining edges are of
degree n. S = {ei/ 1 <i<n} is the unique strong efficient edge dominating set of G and |S(£T= n,n>

1. Hence 7, (G)=n, n>2.
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Theorem 2.7:
LetG=S(K,, ) then y,, (G)=m+(n—1), m, n=1,m=n,
Proof: LetG:S(Km‘n ), m, nz1, M#N " Without loss of generality, m < n. Let V (G) = {ui, vj,

ul(i), v1(), xij, xi,yj /1<i<m, 1< j<n}, E(G)={eij=uixij /1<i<m, 1< j<n}uU{fij=v]
xjj / 1<i<m,1< j<n}. Degui=m,degvj=n,1<i<m,1< j<n,degxij =2,degeij =m,

degfij =n, 1 <i<m, 1< j<n. Sl11={ell,e2l,e31, ....,eml, f12, f13, fl4, ....., fln }, S12 =
{e12, €22, €32, .....,em2, f11, f13, f14, ....., fin }, S13 = {el13, €23, €33, ..... , em3, 11, f12, f14,
..... ,fln},..., SIn = {eln, e2n, e3n, .....,emn, f11, f12, f13, ....., f1(n-1) }, are some strong efficient

edge dominating set of S(Kmyn ) and |Slj |= m+mn-1),1< j<nandm,n>1, M= n. Hence
7. (G)<m+(n-1), m, n>1, m=n. Suppose T is any strong efficient edge dominating set of
S(K
adjacent with ekj 1=k, 1<i, j<n, at least one of elj, 2], €3j, e4j,....., enj, | < j <n belong to T.

Without loss of generality, let ell, e21, e31, ..., em1 belong to T. Also f11 is strongly dominated by
ell. To strongly dominate the other edges, at least one of 2j, f3j, f4j,....., fnj, 1 < j <n belong to T

and |T|= m+ (n-1), acontradiction. Hence y_, (G) =m+(n—1), m, n>1, m=n.

m,n

) with |T|<m + (n - 1). Since deg eij =m = A'(S(Km'n))and any of eij is not

Theorem 2.8
LetG=S(K,, oK, ) then y, (G) =m+n, mn>1.

Proof: Let G=S(K,,, oK, ), m, n>1. Let V (G) = {ui, vj, uil, vj1, xij,xi,yj /1<i<m, 1< j<n},

E(G)={fi=xiuil/1<is<m}ufei=uixi/l1<i<m}u{g=vjy] /1<j<n}uih=yjvjl/1=<
j<n}u{eij=uixij, fij=vjxij / 1<i<m, 1< j<n}. Degui=n+1,1<i<m,degvj=m+1,1
<j<n,deguil=1,1<i<m,degvjl=1, 1 <j<n,degxij =degxi =degyj =2,1<i<m,1<j<
n,degfi=1,degei=n+1,deggj=m+1,deghj=1,1<i<m, 1< j<n,degeij =n+1,degfij =
m+1,1<i<m 1< j<nS={e,g/1<i<m, 1< j<n} is the unique strong efficient edge
dominating set of Gand |S|= m+n, m, n> 1. Hence 7o (G)=m+n, mn>1.

Theorem 2.9
LetG=S(P, oK, ) then y,,(G) =2n,n>2.
Proof: Let G:S(Pn ° Kz). Let V (G) = {ui, vil, vi2, wil, wi2, wi3 /1 <i<n}u {xi/ 1 <i<n- 1},

E(G) = {ei = ui xi, fi = xiui+1,1 <i<n-1}u {gil = uiwil, gi2 = uiwi2, hil = wilvil, hi2 = wi2vi2,
lil = vilwi3, li2 = wi3vi2 /1 <i<n }. Degul = Deg un =3, degui =4,2 <i<n-1and the
remaining vertices have degree 2, deg el = deg fn - 1 = deg g11 = deg g12 = deg g1n = deg g2n = 3,
deg gil =deggi2=4,2<i<n-1,degei=4,2< i<n-1,degfi=4,1< i<n-2and the
remaining edges have degree 2. S, ={gil N N n} 'S, :{gi2 A, 1<i < n} are some strong
efficient edge dominating sets of G and | S1|= |S2|= 2n. Therefore 7., (G) < 2n,n>2. There are

n copies of C,in G. y,, (C,) =2. Therefore y_ (G) >2n, n>2. Hence . (G) =2n,n>2.

Theorem 2.10
LetG=S(C, oK,) then y,, (G) =2n,n>3.
Proof: LetG=5(C, oK, ). Let V (G) = {ui, vil, vi2, wil, wi2, wi3, xi / 1 <i<n }, E(G) = {ei = ui

xi/ 1 <i<n, fi =xiui+l,l <i<n-1, fn = xnul}u { gil = uiwil, gi2 = uiwi2, hil = wilvil, hi2 =
wi2vi2, lil = vilwi3, li2 =wi3vi2 /1 <i<n }. Deg ui = 4, 1 <i < n, and the remaining vertices have
degree 2, deg ei = deg fi = deg gil = deg gi2 =4, 1 <i < n and the remaining edges have degree 2.
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S, ={gi1,li2,1§ I < n},S2 ={gi2,|il,1§ i < n} are some strong efficient edge dominating sets of G
and |S1|= |S2|=2n. Therefore y,, (G)< 2n,n>2. There are n copies of Cyin G. y. (C;)=2.
Therefore y_ (G) > 2n, n>2. Hence y_ (G) =2n,n>2.

Theorem 2.11

Let G=S(W, oK, ) then 7=
Proof: Let G=S(Wn ° Kz), n>4. Let V(G) = {u,ui, xi,yi /1<i<n-13}u{vil, vi2, wil, wi2,
wi3/1<i<n},E(G)={ei=uixi/ 1 <i<n-1}u {fi=xiui+tl,1 <i<n-2,fn-1=xn-1ul}u {ni
=uyi,mi=yiui, | <i<n-13}U {gil =uiwil, gi2 =uiwi2 /1 <i<n-1, gnl =uwnl, gn2 = uwn2
Yo { hil = wilvil, hi2 = wi2vi2, hnl = wnlvnl, hn2 = wn2vn2} }u { lil = vilwi3, li2 = wi3vi2, Inl
= vnlwn3, In2 = vn2wn3}. Deg u = n+1, degui =5, 1 < i <n - 1, and the remaining vertices have
degree 2, deg ei = deg fi = deg gil =deg gi2 =degmi=5,1<i<n-1,deggnl=deggn2= degni=
n + 1 and the remaining edges have degree 2. S, ={gi1,li2,1s i<n-1, gnl,lnz},

(G) =2n,n >4,

S, ={gi2 ,1<i<n-1,9,,,1, } are some strong efficient edge dominating sets of G and | S1 |=
| S2|= 2n. Therefore 7., (G) < 2n,n>4. There are n copies of Cgin G. y. (C,)=2. Therefore
7.(G)>2n, n>4.Hence y. (G)=2n,n>4,

Theorem 2.12
LetG=S(K,, oK, ) then y,,(G) =2(n+1),n =1,

Proof: LetG=S(K,, oK, ), n>1. Let V (G) = {u, ui, xi /l <i<n }u {vil, vi2, wil, wi2, wi3 /1 <i
<n+1},EG)={ei=uixi/ 1 <i<n}u { fi=uxi,] <i<n}U { gil =uiwil, gi2 =uiwi2 /1 <i<n,
g(n+1)1 = uw(n+1)1, g(n+1)2 = uw(n+1)2 }u { hil = wilvil, hi2 = wi2vi2, lil = vilwi3, li2 = wi3vi2
/1<i<n+l}. Degu=n+2,degui =3, 1< i<n, and the remaining vertices have degree 2, deg ei =
3,1<i<n,degfi=nt2,1 <i<n,deggil =deggi2=3,1<i<n,deggm+l)l =deggn+l)2=n+
2 and the vremaining edges have degree 2. S, ={gi1 1, 1< <, g(ml)l,l(m)z},

S, :{giz,lil,lgiSn ’g(n+l)2’|(n+1)1} are some strong efficient edge dominating sets of G and
|S1|= |S2|= 2(n+1). Therefore y_ (G)< 2(n+1),n>1. There are n+1 copies of Cyin G.
7., (C;) =2. Therefore ¥ (G) > 2(n+1), n >1. Hence y_, (G) =2(n+1),n>1.

Theorem 2.13
LetG=S(D, , <K, ) then y,,(G) =2(r +s+2), r,s>1,

Proof: LetG=S(D,, <K, ), r,s>1. Let V (G) = {u, v, w, ui, vj, xi, yj / 1 Si<r 1<j<s}u

{wll(i), wi2(i), wi3(i), 1 <i< r+ 1, w21(j), w22(j), w23(j) /1 <j<s+1} bu {v11i(i), v12(i), 1
<i<r+1,v21()),v22(j)/1<j<s+ 1}, E(G)={e=uw,f=vw, fli=uxi, eli=uixi/ 1 <i<
ryu { £2) = vyj, €2y =yj vj, 1 <j <spu {g11(i) = uiwll(i), g12(i) = uiwl2(i), g21(j) = vjw21(j), 922(j)
=vjw22(j)/ 1 <i<r,1<j<s, gll(r+]l) =uwll(r+1), gl2(r+1) = uwl2(r+1), g21(s+1) = vw21(s+1),
g22(s+1) = vw22(s+1)}u { h11(i) = wll(i) v11(i), h12(i) = w12(i) v12(i), 111(i) = v11(i) wl3(i),
112(i) = v12(i) w13(@1) , 1 <i<r+ 1, h21() = w21() v21(), h22() = w22() v22(j), 121() = v21()
w23(), 122(j) = v22(G) w23(j), 1 <j<s+1}.Degu=r+3,degv=s+3,degw=2, degui=degvj
=3,1<1<r, 1< j<sand the remaining vertices have degree 2, deg e = deg g11(r+1) = g12(r+1) =
degfli=r+3,1< i1<r,degf=degg2l(stl)=g22(stl)=degf2j=s+3,1< j<s, deggll(i)=
gl12(1) =deg g21(j) = g22(j) =3, 1 £i<r, 1 £j <s and the remaining edges have degree 2.
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- () M ® g i i (r+1) (s+1)
Sl_{gll 1O ok 1SS 1< <8, gy Oy }

S, ={ ng(i)' gzz(j)’ln(i)'lzl(j)’ I<i<r,1<j<s, glz(Hl)f g22(3+1) }
are some strong efficient edge dominating sets of G and |S1|=|S2|=2(r+s+2). Therefore
7. (G)< 2(r+s+2),r,s>1. There are r + s + 2 copies of C,in G. y_(C,)=2.Therefore

7.(G) = 2(r+s+2), r,s>1. Hence 7= (©)=2(r+s+2),rs=1.

Theorem 2.14
LetG=5(K, oK, ) then y,, (G) =2n,n>2.

Proof: LetG=S(K, oK, ), n>2. Let V (G) = {ui, vil, vi2, wil, wi2, wi3 / 1 <i<n }u {vli/1 < i
<n-1,v2i/1<i<n-2,v3i/1<i<n-3,v4i/1<i<n-4,...,v(n-1) 1} E(G) = {eli =ul vii
/1< i<n-1}u{e2i=u2v2i / 1<i<n-2}u{edi=udv3i/ 1< i<n-3}u{edi=udvii /
I<i<n-4}u..u{e(n-1)1=u(n-1)v(n-1)1} U {fli=ui+tl vli / 1 < i<n-1} U {f2i = ui+2
V21 / 1<i<n-2}u {f3i=uit3Vv3i / 1< i<n-3}u {fdi=uitdvdi / 1< i<n-4}uU ..U
{f(n-1)1 =un v(n-1)1 }u { gil = uiwil, gi2 = uiwi2, hil = wilvil, hi2 = wi2vi2, lil = vilwi3, li2 =
widvi2 /1 <i<n}.Degui=n+1, 1 <i<n and the remaining vertices have degree 2, deg lil = deg 1i2
=deghil =deghi2 =2, 1 <i<n and the remaining edges have degreen + 1. S, ={gil,|i2,1S i< n},

S, ={gi2 A, 11 < n} are some strong efficient edge dominating sets of G and | S1 | = | S2 | =2n.

Therefore y_, (G) < 2n,n >2. There are n copies of C;in G. y_, (C,) =2. Therefore
7.(G)>2n,n>2.Hence y_ (G)=2n,n>2.

Theorem 2.15
LetG =S(Km,n ° Kz) then . (G) =2(m+n), m,n>1.

Proof: LetG:S(Kmn o Kz), m,n>1. LetV(G)={ui,vj/ 1 <i<m, 1 <j<n} u{vil(i), v12(i), 1
<i< m,v21(j), v22(j)/1<j<n,wll(@), wi2(i), w13(@i), w21(j ), w22(j ), w23(j),xij/ 1 <i<m,
1<j<n},EG)={eij=uixij,fij=xijvi/1<i<m, 1<j<n }u {gl1(i) = uiwll(i), g12(i) =
uiwl2(i), g21(j) = vjw21(j), g22(j) = vjw22(j), h11(i) = wil(i) v11(i), h12(i) = wi2(i) v12(i), h21(j) =
w21(j) v21(j), h22(j) = w22(j) v22(j), 111(i) = v11(i) wl3(i), 112(i) = v12(i) wl3(i) , 121(j) = v21(j)
w23(), 122(G) =v22(G) w23(j), 1 <i<m, 1<j<n}.Degui=nt2,degvj=m+2,1<i<m, 1<j<
n and the remaining vertices have degree 2, degeij =deg gl1(i)=gl2(i))=n+2,1<i<m, 1 <j<n,
deg fij=deg g21(j) = g22(j)=m + 2, 1 <i<m, 1 <j<n and the remaining edges have degree 2.

S, ={ gn(‘), ng“),Ilz(”,Izz“), 1<i<m,1<j< n},

S, :{ glz‘i),gzz“),lu(”,lﬂ‘“, 1<i<m,1<j< n}

are some strong efficient edge dominating sets of G and | S1|= | S2|=2(m + n). Therefore
7. (G) < 2(m+n),m,n>1. There are m + n copies of Cyin G. y_ (C,) =2 .Therefore

7. (G) > 2(m+n), m,n>1. Hence y,, (G)=2(m+n),m,n>1.

Theorem 2.16
LetG=S(P, <K,) then y,, (G)=3n,n>2.
Proof: LetG:S(Pn oK, ), n>2. Let V (G) = {ui, vik, wik, yik /1<i<n, 1<k<3}u {xi/1<i

<n-1}, E(G) = {ei=uixi, fi=xiuit],l <i<n-1}u{eik=uiyik/1<i<n 1<k<3}u{fil=
yilvi3, fi2 = yi2vil, fi3 = yi3vi2 / 1 <i<n }u { gil = vilwil, gi2 = wilvi3, hil = vilwi2, hi2 =
wi2vi2, lil =vi3wi3, li2 =wi3vi2/ 1 <i<n }. Degul =degun=4,degui=5,2< i<n-1, deg vik
=3,1< i<n, 1<k<3 and the remaining vertices have degree 2, deg el =degen -1 =4, deg ei =5,
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2<i<n-2degfi=5,1<i<n-2,degfn-1=4,degelk=degenk=4,1<k<3,degeik =5,2<i
<n -1, 1<k < 3 and the remaining edges have degree 2. S = { " gll,||2,1<|<n}

S, ={€, 0. l<i<ng, S, ={e, N,

sets of G and |S1|=]S2|= |S3|= 3n. Therefore y, (G)< 3n, n>2. Any strong efficient edge
dominating set S contains either the edge el or en-1 or both. Suppose the edge e, j #1,n—1 belongs

51<i< n} are some strong efficient edge dominating

to S. The edge ej strongly efficiently dominate f,, f Then f, , belongsto Sor e,

- Jl’ 12’ J3

belongs to S. Also one of the edges e ;,,,, belongs to S. Then fj and e, ,,, are strongly

e(j+1)2’e(j+1)3
dominated by two edges, a contradiction. Hence the edges e, f;,2< j <n-2do not belong to S.

Therefore any one of the edges e,;,e,;,...,€,,1< j <3 must belong to S. Without loss of generality,

nj’
let it be e,,e,,....e, belong to S. Also there are n copies of C6 exists in G andy,, (C,)=2.
Therefore y_,(G) >3n, n>2. Hence y_, (G)=3n,n>2.

Theorem 2.17
LetG=S(C, <K;) then y,, (G)=3n,n 3.

Proof: LetG=S5(C, oK;), n>3. Let V (G) = {ui, xi, vik, wik, yik /1<i<n,1<k<3},E@G)=
{ei=uixi, 1 <i<n}u {fi=xiuitl,1 <i<n-1,fn=xnul}{eik=uiyik/1<i<n,1<k<31u{
fil = yilvi3, fi2 = yi2vil, fi3 = yi3vi2 / 1 <i<n }U { gil = vilwil, gi2 = wilvi3, hil = vilwi2, hi2 =
wi2vi2, lil =vi3wi3, li2 =wi3vi2 /1 <i<n }. Degui=5,degvik=3,1< i<n, 1 <k <3 and the
remaining vertices have degree 2, deg ei = deg fi =deg eik =5, 1<i<n, I <k <3 and the remaining
edges have degree 2. S, ={ei1, Qi 1, 1<i < n}, S, ={ei2, 9., h,1<i< n}

n

S, {elg,hll,lll,lé i< n} are some strong efficient edge dominating sets of G and |Sl |= S2 |=

| S3 | = 3n. Therefore y_, (G) < 3n, n>3. Any strong efficient edge dominating set S contains either
the edge el or en-1 or both. Suppose the edge e, j #1,n—1 belongs to S. The edge ej strongly
efficiently dominate f, f, ,,e;,e,.e
the edges € ;,1,,€j.12:€j 113 belongs to S. Then f,and e,,, are strongly dominated by two edges,

;- Then f,, belongs to S or e;,, belongs to S. Also one of

a contradiction. Hence the edges e;, f;,2< j<n-2do not belong to S. Therefore any one of the

edges e;,e,;,...,€,,1< j <3 must belong to S. Without loss of generality, let it be €,e,,...,e,

belong to S. Also there are n copies of C6 exists in G and y_, (C,) =2. Therefore y__(G) >3n, n>3.
Hence y_, (G)=3n,n>3.

Theorem 2.18
LetG=S (W, <K, ) then y,, (G)=3n,n >4

Proof: LetG =S (W, K,), n>4. LetV (G) = {u, ui, xi, yi, vik, wik, yik /1 <i<n-1,1<ks<3},
E(G)={ei=uixi, 1 <i<n-1} v {fi=xiui+tl,1 <i<n-2,fn-1 =xn-lul}u{eik=uiyik/1<i<n
-1, 1 £k <3, enk =u ynk }u { fil =yilvi3, fi2 = yi2vil, fi3 =yi3vi2 /1 <i<n }u { gil = vilwil,
gi2 = wilvi3, hil = vilwi2, hi2 = wi2vi2, lil = vi3wi3, li2 =wi3vi2 /1 <i<n }. Deg u = n+2, deg ui
=5,1<i<n-1,degvik=3,1< i<n, 1<k <3 and the remaining vertices have degree 2, deg ei =
degfi=5,1<i<n-1,deggi=degeik =5,1<i<n-1,1<k<3,deghi=n+2,1< i<n-1, degenk
= nt2, 1 < k < 3 and the remaining edges have degree 3. S ={eil, Oips 15,150 < n},

Szz{eiz,giz,hiz,lsiSn} S, _{e h,,1

i31 701

sets of G and | S1 |= | S2 | = | S3 | = 3n. Therefore y_ (G)< 3n, n>4. Any strong efficient edge

51<i< n} are some strong efficient edge dominating
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dominating set S contains either the edge el or en-1 or both. Suppose the edge e, j #1,n—1 belongs
to S. The edge ej strongly efficiently dominate f,, f; ,,e;,e;,,e;. Then f,  belongsto Sor e,

belongs to S. Also one of the edges e ;,,,, belongs to S. Then f;and e, ,, are strongly

e(j+1)2’e(j+1)3
dominated by two edges, a contradiction. Hence the edges e, f;,2< j <n-—2do not belong to S.

Therefore any one of the edges ¢, ;,e,;,...,€,,1< j <3 must belong to S. Without loss of generality,

let it be e,,e,,....e, belong to S. Also there are n copies of C6 exists in G andy_ (C,)=2.

Therefore y. (G) >3n, n>4. Hence y_ (G)=3n,n>4.

Theorem 2.19
LetG=S(K,, oK, ) then y,, (G) =3(n+1),n >1.

Proof: LetG:S(KLn oK, ), n21. Let V (G) = {u, ui, xi / I <i<n}u {vik, wik, yik /1<i<n+
LI1<k<3}EG) ={ei=uxi,1<i<n}u {fi=xiu,l <i<nju{eik=uiyik/1<i<n 1 <k<3,
e(nthHk=uy(n+thk /1 <k <3}u {fil = yilvi3, fi2 = yi2vil, fi3 = yi3vi2 / 1 <i<n+l }u {gil =
vilwil, gi2 = wilvi3, hil = vilwi2, hi2 = wi2vi2, lil = vi3wi3, li2 = wi3vi2 /1 <i<n+l }. Degu =
nt3,degui=4,1< i<n,degvik=3,1< i<ntl, 1 <k <3 and the remaining vertices have degree
2,degei=n+3,degfi=4,1< i<n, degeik =4,1<i<n+1,1<k<3 and the remaining edges

have degree 3. S, ={ei1, Oips 1,150 < n}, S, ={ei2,gi2,hi2,ls i< n}, S, ={ei3,hi1,li1,1s I < n}
are some strong efficient edge dominating sets of G and |S1|=|S2|= |S3|= 3(n+1). Therefore
7.. (G) < 3(n+1), n>1. Any strong efficient edge dominating set S contain the edge e,,1<i<n.
Without loss of generality, let it be el. The edge el strongly dominates
€, 2<1<n, f,€,,11,€0.1)2:€nipys- AlSO any one of e,,e,,,€,belongs to S. Suppose the edge €,

Ng[f.] NS

belongs to S. Then :|{e1, e11}| =2>1, a contradiction. Suppose the edge €,, belongs to

S. Then |NS [f.] NS |:|{el,elz}| =2>1, a contradiction. Suppose the edge €, belongs to S. Then

|Ns[f1] mS|:|{e1,e13}|:2>1, a contradiction. Therefore the edge el does not belong to S.
Therefore any one of the edges e;,e,;,...,,,;,» 1< j<3 must belong to S. Without loss of
generality, let it be e,e,,...,e,,€,,,, belong to S. Also there are n copies of C6 exists in G and

7. (C;) =2. Therefore ¥ (G) > 3(n +1), n>1. Hence y_ (G) =3(n+1),n>1.

Theorem 2.20
LetG=S(D, , oK) then . (G) =3(r +5+2),r,5>1,

Proof: LetG=S(D, , oK,), r,s>1. Let V(G) = {u, v, w,ui, xi / 1 i < r }u {xik, uik, wik /1<

i<r+1,1<k<3udy),vi/1<j<s U {yik, vik, zik /1<j<s+1,1<k<3}, E(G)={e=uw,
f=wv,ei=uxi, fi=xiui, | <i<r} U{eik=uixik/1<i<r, 1 <k<3,e(rtDk=ux(rt1)k/ 1 <k <
3}u { fil = xilui3, fi2 = xi2uil, fi3 = xi3ui2 / 1 <i<r+l }u {gil = vilwil, gi2 = wilui3, hil =
uilwi2, hi2 = wi2ui2, lil = ui3wi3, li2 =wi3ui2 / 1 <i<rt1} U {gj = VvYyj, hj =yjvj, 1 <j<s} U{ajk
=vjyjk/1<j<s, 1 £k <3, a(stDk=vy(stl)k/ 1 <k <3}u {bjl =yjlvj3, bj2 = yj2vjl, bj3 =
yj3vi2 /1 <j <st+l }u {cjl = vjlzjl, cj2 = vj1z3, dj1 = vj1zj2, dj2 = zj2vj2, mjl = vj3zj3, mj2 =
zj3vj2 /1 <j<stl}. Degu=rt4,degv=st4,degw=2,degui=degvj=4,1<i<r, 1 <j<s,deg
uik=degvik=3,1<i<r,1<j<s, 1<k <3 and the remaining vertices have degree 2, deg ¢ = rt4,
deg f=st+4,degei=r+4,degfi=4,1< i<r, degeik =4, 1 <i<r, 1 <k<3,dege(rt))k =r+4, 1
<k<3,deggj=std,deghj=4,1<j<s, degajk =4,1<j<s,1<k<3,dega(stl)k =st+4,1 <k
<3 and the remaining edges have degree 3.

614



S, :{eil, hy i, 1<i<r+la;,d;,m;1<] £s+1},
S

,={€,. 05, N l<i<r+La;,, dj,, ¢, 1< j<s+1f,

Sy ={e, O oy ISiST+Lay, ¢ M, 1< j<s+1}
are some strong efficient edge dominating sets of G and | S1 | =852 | = | S3 |= 3(r+s+2). Therefore
7 (G) < 3(r+s+2), r,s>1. Also no set with less than 3(r+s+2) edges is a strong efficient edge

dominating set of G. Therefore y_ (G) > 3(r +s+2), r,s>1. Hence y_ (G) =3(r +s+2),r,s>1.

Theorem 2.21
LetG:S(Kn ° K3) then y_, (G)=3n,n>2.

Proof: LetG=S(Kn oK3), N>2.LetV(G)={ui/1<i<n}u{vli/1<i<n-1,v2i/1<i<n
-2,v3i/1<i<n-3,v4i/ 1< i<n-4,..,v(n-1)1} U {yik, xik, wik /1<i<n, 1 <k<3}, E(G)
={eli=ulvli/ I1<i<n-1}u{e2i=u2v2i / 1<i<n-2}u{e3i=u3v3i/ 1<i<n-3}uU
{edi=udvdi / 1< i<n-4}u..u{e(n-1)1=u(n-1)v(n-1)1} U {fli=uitl vli / 1 <i<n-1}
U{{f2i=uit2v2i / 1< i<n-2} U {fBi=uit3v3i / 1< i<n-3}yu{fdi=ui+tdvdi / 1< i<n-
43 o ... u{f(n-1)1 =unv(n-1)1 }u {mik=uiyik / 1< i<n, 1< k<3 } u{nil=yil xi3, ni2 =
yi2 xil ,ni3 =yil xi2 / 1< i<n} U {gil =xilwil, gi2 = xi2wi2, hil = xilwi2, hi2 = wi2xi3, lil =
xi2wi3, li2 =wi3xi3 /1 <i<n }. Deg ui = nt+2, deg xik=3, 1 <i<n, 1 £ k <3 and the remaining
vertices have degree 2, degnik=3, 1 <i<n, 1< k<3, deggil =deg gi2 = deg hil = deg hi2 = deg
lil = deg li2 = 3, 1 < i < n and the remaining edges have degree n + 2.
S, ={My.gi,. Ny, 1<i<n},S, ={m,, g, N, 1<i<n}, S, ={m, gy, h, 1<i<n| are some
strong efficient edge dominating sets of G and |[S1|=|S2|= |[S3|= 3n. Therefore
7., (G) < 3n,n>2. Also no set with less than 3n edges is a strong efficient edge dominating set of G.

Therefore y_ (G) >3n, n>2. Hence y_ (G)=3n,n>2.

Theorem 2.22
LetG =S(Km,n o K3) then y_, (G) =3(m+n), m,n>1.

Proof: LetG=5(K,, , °K;), m,n21. Let V (G) = {ui, vj,xij/ | Si<m, 1 <j<n} U

mn
(v 0 v w2 1<k <31<i<mi< j<n} , B(G)={eij=uixij, fij =xij v/ 1 <i
<m, I<j<njulel =ux{/1<i<ml<k <3fU{ £ =xPu?, P =xPu?, £, =xPuP} v
{00 —uPni?. 0 —wug,hY —uwg, o —wu 1Y ~uwg 19 ~wud 1151 <m}o
fal) = i< mask <3 =y b =~y b —yuid )

(o) ~viP2l) cff =2~z A~z ml) Pzl m —2 0 r1< j<n).
Degui=n+3,degvj=m+3,1<i<m,1<j<n,degulk(i)=degvlk(j)=3,1<i<m,1<j<n

and the remaining vertices have degree 2. Deg eij = deg elk(i) = n+3, deg fij = deg alk(j) = m+3, 1 <i
<m, 1 <j <nand the remaining edges have degree 2.

s, ={e, 0 19 all d m) 1<i<m, 1< j<nf,
s, ={e, 0, h®, a0, dP ¢, 1<i<m, 1< j<nl,

S, ={e®,h® 192D, ¢, mP, 1<i<m, 1< j<n)

are some strong efficient edge dominating sets of G and | S1 | = | S2 | = | S3 | = 3(m+n). Therefore
7. (G) < 3(m+n), mn>1. Also no set with less than 3(m+n) edges is a strong efficient edge

dominating set of G. Therefore y_ (G) > 3(m+n), m,n>1. Hence y_ (G) =3(m+n),m,n>1.
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3. Conclusion

In this paper, strong efficient edge domination numbers of some subdivision graphs are determined.
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