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Abstract: We introduce the notions of anti Q- fuzzy right ideals, anti Q- fuzzy right K- ideals and
intuitionistic Q- fuzzy right K - ideals of semi rings. We investigate some of their properties and
connections with right K - ideals, Q- fuzzy right K - ideals, anti Q- fuzzy right K - ideals. We characterize
regular semi ring through intuitionistic Q- fuzzy right ideals. The semi regularity of semi rings is
characterized by intuitionistic Q- fuzzy right K - ideals.
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1. Introduction

As a generalization of rings, semi rings have been found useful for solving problems in different
areas of applied mathematics and information sciences, since the structure of a semi rings provides
an algebraic framework for modelling and studying the key factors in these applied areas. They play
an important role in studying optimization theory, graph theory, theory of discrete event dynamical
systems, matrices, determinants, generalized fuzzy computation, automate theory, formal language
theory, coding theory, analysis of computer programs, and so on. Semi ring, ordered semi rings and
semi rings appear in a natural manner in some applications to the theory of automata (see [5], [8])
and formal languages (see [1],[6],[7])-

Atanassov introduced inituitionistic fuzzy sets which constitute a generalization of the notion of
fuzzy sets [3], [4]. The degree of membership of an element in a given set, while intuitionistic fuzzy
sets give both a degree of membership and a degree of non-membership. M.Akarm and W.A.Dudek
introduced the notion of intuitionistic fuzzy left K-ideals in semi ring [2]. In this paper, we apply the
concept of intuitionistic Q-fuzzy set to semi rings. We introduced the notion of anti Q- fuzzy right
ideals, anti Q-fuzzy right K - ideals and intuitionistic Q-fuzzy right K - ideals in semi ring. We
investigate their properties and connections with right K - ideal, Q fuzzy right k- ideals, anti Q- fuzzy
right k- ideal. We describe various methods of constructions of intuitionistic Q-fuzzy right ideal. The
semi regularity of semi rings is characterized by intuitionistic Q-fuzzy right K- ideal.
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2. Preliminaries
In this section, we refer to some elementary aspects of the theory of semi rings and fuzzy
algebraic systems that are necessary for this paper.

Definition 2.1
A non empty set R together with two binary operations ” + ” and ”.” is said to be a semi ring if
(i) (R,*)is a commutative semigroup,
(i) (R,.) is asemigroup
(iii) a(b +c) =ab + ac and (a + b)c = ac + bc for all a,b,c €R.

Definition 2.2

A nonempty set S together with two associative binary operations called addition and
multiplication (denoted by + and . respectively ) is called a semi ring if (S,+) is a commutative
semigroup, (S,.) is a semigroup and multiplication distributes over addition both from the left and the
right, i.e., a(b + c) =ab + ac and (a + b)c = ac + bc for all a,b,c,eS

Definition 2.3.
A semi ring R has a zero if there exits an element 0 €R such that 0x = x0 = 0 and
0+x=x+0=xforall x eR.

Definition 2.4
A nonempty subset S of R is said to be a sub semi ring of R if S is closed under the operation
of addition and multiplication in R.

Definition 2.5
A sub semi ring | of a semi ring R is called an right(left)ideal of R if for all r € R, x €l,
Xr €l, (rx € ).

Definition 2.6
A sub semi ring | of a semi ring R is called an ideal of R if it is both left and right ideal.

Definition 2.7
A right ideal B of a semi ring R is called a right k-ideal of R if x +y,y € B implies x €B.

Definition 2.8 [9] [10]
A mapping i : M ——[0,1], where M, are an arbitrary non-empty set, is called a fuzzy set of
M.

Definition 2.9 [11]
A mapping 1 : M x Q —[0,1], where M,Q are an arbitrary non-empty semi ring and
semigroup respectively , is called a Q-fuzzy set of M.

Definition 2.10 [9] [10]

An upper level set of a fuzzy set p denote by U(p;t) is defined as U(p;t) = {x € M|u(x) > t}
and a lower level set of a fuzzy set 1 denote by L(l;t) is defined as L(p;t) = {x € Mju(x,q) < t}, for all
t € [0,1].

Definition 2.11 [11]
An upper level set of a Q-fuzzy set p denote by U(l;t) is defined as U(p;t) = {x € M|u(x,q) >
tvg € Q} and a lower level set of a Q-fuzzy set p denote by L(u;t) is defined as
L(u;t) = {x € Mju(x,q) <tvq € Q}, for all t € [0,1].
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As an important generalization of the notion of fuzzy sets in M, Atanassov [3],[4] introduced
the concept of An intuitionistic fuzzy set ( IFS for short) defined on a non-empty set M as objects of
the form A = {< x,uA(X),MA(x) >x € M}, where the functions p : M —[0,1] and A : M ——[0,1]
denote the degree of membership ( namely pA(x)) and the degree of non-membership ( namely AA(x))
for each element x € M to the set A, respectively, and 0 < pA(x) + AA(x) < 1 for each x € M.

Obviously, every fuzzy set 1L we can have intuitionistic fuzzy set : A = {< X,Ma(X),(1 —Ha)(X) >|x
eM}.

Definition 2.12 [11]

An intuitionistic Q-fuzzy set ( IQFS for short) defined on a non-empty set M as objects of
the form A = {< pA(x,9),AA(X,q) >x EM,q € Q}, where the functions pA : M x Q ——[0,1] and AA :
M x Q —[0,1] denote the degree of membership ( namely pA(x,q)) and the degree of non-
membership ( namely AA(X,q)) for each element x € M,q € Q to the set A, respectively, and 0 <
HA(x,q) + AA(x,q) < 1 for eachx € M,q € Q.

Obviously, every Q fuzzy set p, we can have intuitionistic Q-fuzzy set : A = {< pA(x,q),(1 —pA)(x,q)
>|x € M,q € Q}.

Remark. For the sake of simplicity, we shall use the symbol A = (ua,Aa) for the intuitionistic Q-fuzzy
set : A = {< pa(x,9),4a(%,q) >|x € M,q € Q}. Obviously for an IQFS A = (ua4a) in M, the IQFS Ais a
Q fuzzy set. Hence the notion of intuitionistic Q fuzzy set theory is a generalization of fuzzy set
theory.

Let A = (Ua,4a) and B = (us,48) be intuitionistic Q - fuzzy sets in a set M . We define
* ACBe (VxeMq€eQ) (MA(x,q) = pB(x,9),AA(x,q) 2 AB(x,9)).

A=Bo AcBand A2B.

ANB=(pAApBAAV AB).

AUB=(pAV uBAA A AB).

0 =(0,1)and 1 = (1,0).

3. Intuitionistic Q- Fuzzy Right Ideals
Definition 3.1
A Q-fuzzy set p of a semi ring R is said to be a Q- fuzzy right ( left ) ideal if
(D px+y,9) = pxa) Aply.o)

(i) K(xy,q) = pux,q) (M(xy,0) = K(y,9))
(i) M(X,01- G2) = U(x,01)  (KU(X,01- G2) > U(X,02)) for all X,y €R;q,01,02 €Q

a

- b o _
Example 3.2 Let” = {[0 J /”"h"' €0, l]} be the semiring @ = (Zs. @6 and) be the

goun. et = Lo ol [0 o]} 3
semigroup. Let 0o ol Lo olJ)beasubsetofSandI = [0,3] bea subset of Zs. Let
the Q-fuzzy set u defined by
0.7, if ze€Aqgel.
pz,q) = {

0.3, otherwise.
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then p is a Q- fuzzy right ideal of S.

Definition 3.3
A Q-fuzzy set p of a semi ring R is said to be a anti Q- fuzzy right ( left ) ideal if

(1) pX+y.Q) <uxa) Vuy.a)
(i) pexy,a) < px,a)  (rixy,a) < piy.a))
(i) px,0:- g2) < U(x,01) (M(X,01 - 02) < U(x,02)) forall x,y €R;q,01,02 €Q.

Example 3.4

a

b
LetS - {[u J /a‘b' celo, ll} be the semi ring and? = (Z6. ©) be the

A={[s ol W}
semigroup. Let” — Llo ol Lo olJ beasubsetofSandI = [0,3] be asubset of Zg. Let
the Q-fuzzy set u defined by

03, if ze€Aqel.
p(x,q) =

0.7, otherwise.

then W is a anti Q- fuzzy right ideal of S.

Definition 3.5

An intuitionistic Q- fuzzy set A = {< x,q,Ma(X,0).4a(X,q) >[x €R,q €Q} is called an
intuitionistic Q- fuzzy right (left) ideal of R if

0] HA(X +Y,0) = Ha(x,0) Apa(y,q)

(i) Ha(xy,g) = Ha(x,0) (Ha(xy,q) = Ha(y,q))

(iii) HA(X,01 - 02) > Ha(X,01) (MA(X,01 * 02) > Ha(X,02))

(iv) Aa(X +Y,0) < Aa(x,9) V Aa(y,0)

) Aa(XY,q) < 2a(X,0)  (Za(xy,q) < 2a(Y,q))

(vi) 2a(X%,01 - G2) < 2a(X,q1) (Aa(X,01 - 02) < Aa(X,02)) forall X,y €R;q,01,02 €Q.

Definition 3.6
An intuitionistic Q-fuzzy set A = (Ua,4a) is called an intuitionistic Q-fuzzy ideal of R if it is
both intuitionistic Q-fuzzy right and left ideal.

Definition 3.7.
Let A = (Ua,4n) be an intuitionistic Q-fuzzy set in R and let s,t € [0,1].
(s)
Then the set Ra = {X€ R|pa(x,q) > s,4a(x,q) < t ,q€Q} is called a (s,t)- level set of A = (pa4a). The

set{(s,t) €Im(pa) x Im(Aa)s + t < 1} is called image of A = (pa,4a).
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Theorem 3.8.
A Q- fuzzy set pis a Q - fuzzy right (left) ideal of a semi ring R if and only if 1 —p1 is an anti
Q- fuzzy right (left) ideal of a semi ringR.
Proof: Let (1 be a Q-fuzzy right ideal in a semi ring R. Let x,y € R,q €Q. Then:
(X +y,0) > H(x,0) Au(y,0)
X+ y,0) < —[rx,a) Aol
—H(x +y,0) < —u(x,0) V (y.q)
L-px+y,q)<1-px,q) V 1(y,0) .
Therefore, 1 —p(x+y,0)<1-px,q) V 1(y,q).
Similarly, we can prove
1 —p(xy,@) < 1 —p(x,q) and 1 —p(X,d1 - G2) < 1 —(X,0q).
Hence 1 — is an anti Q- fuzzy right (left) ideal of a semi ring R.
Conversely, we can prove that pis a Q - fuzzy right (left) ideal of a semi ring R in similar manner.

Definition 3.9

An upper level set of a Q-fuzzy set 1 with respect to the semi ring R, denote by U(u;t) is
defined as U(;t) = Nge{Uq(w, t)} where Uq(p,t) = {XEM|u(x,q) > t} and an upper level set of a Q-
fuzzy set p  with respect to the semigroup Q, denote by U’(u;t) is defined as

U (5:1) = Mocr { U205y porelt (1) = {g € Qluter,q) > 1),
We have U(;t) = {x € R|u(x,9) 2 tVq € Q}and U (i;t) = {q € Q|u(x,q) = t¥x € R}.
Similarly, we defined a lower level set of a Q-fuzzy set p as

L(wt) = {x € R|u(x,q) < tvq € Qtand L’ (w;t) = {q € Q|u(xq) s tvx € R}.

Definition 3.10

An upper level set of a Q-fuzzy set 1 with respect to the semi ring R, denote by U(u;t) is
defined as U(;t) = {x € R|u(x,q) = tv¥q €Q} and an upper leveloset of a Q-fuzzy set u with respect to
the semigroup Q, denote by U’(i;t) is defined as U’ (;t) = {q €Q|u(x,q) >t WX €eR}.
Similarly, we defined a lower level set of a Q-fuzzy set | as:

L(w;t) = {x €RJu(x,q) <t Vg €Q} and L’(;t) = {q €Q|u(x,q) <t Vx €R}.

Lemma 3.11

A Q- fuzzy set p in a semi ring R is a Q- fuzzy right (left) ideal if and only if U(u;t) and
U’(u;t) are a right (left) ideal of a semi ring R and semigroup Q respectively for all t € [0,1],q €Q
whenever nonempty.

Proof: Let 1 be a Q- fuzzy right (left) ideal of a semi ring R. Let t € [0,1] such that x,y eU(;t) and q
€Q ,implies pu(x,q) >t and p(y,q) >t. Then p(x,q) Au(y,q) >t. Thus p(x +y,q) > u(x,0) Ap(y,q) >t

implies pu(x +y,q) > t. Therefore, x +y €Uq(W;t).

Similarly, if x eU(u;t),then xy eU(u;t). If g € Q and | eU’(u;t) implies p(x,l) > t, then p(x,lq) > p(x,1)
>t. Therefore, 1g € U’ (u;t).

HenceU(u;t) and U’ (;t) are a right (left) ideal of a semi ring R and a semigroup Q
respectively for all t € [0,1],q € Q.

Conversely, if there exists x,y € R, q €Q and pu(x,q) Au(y,q) =t implies p(x,q) > t,u(y,q) >t
then x,y €U(l,t). Since U(W,t) is an right (left) ideal of R then x + y eU(j,t) implies p(x +y,q) >t =
H(x,t) Au(y,g). Therefore, p(x +y,q) = u(x,a) Ap(y,q). Similarly, p(x - y,q) = pu(x,q).

Let u(x,q1) =tand g1 € U’(u,t),02 €Q then qi - g2 €U’ (,t) implies pu(x,q1 - g2) > t.
S0 p(X,01 - G2) =t = H(x,qs). Therefore, p(x,g1- g2) = p(X,qs).
Hence | is a Q- fuzzy right (left) ideal in a semi ring R.

Lemma 3.12

A Q- fuzzy set A of a semi ring R is an anti Q- fuzzy right (left) ideal if and only if L(4;t) and
L’(4;t) are a right (left) ideal of a semi ring R and semigroup Q respectively for all t € [0,1],g € Q
whenever nonempty.
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Proof: Let 4 be an anti Q- fuzzy right (left) ideal of a semi ring R. Let t € [0,1] such that x,y €L(4;t)
and q €Q implies A(x,q) < tand A(y,q) <t. Then A(x,q) VA(y,q) <t.,

AX+y,0) <A(x,0) VA(y,q) <timplies A(x +y,q) <t.

Therefore, x +y €L(4;t).

Similarly if x €L(4;t),then xy €L(4;t). If g €Q and | €L’ (4;t) implies A(x,l) <t, then

A, 1g) =A@ 1) =T Therefore Ig €L (1:1).

Hence L(/;t) and L’(4;t) are a right (left) ideal of a semi ring R and semigroup Q respectively for all
te[0,1],q €Q.

Conversely, If there exists x,y €R , q €Q and A(x,q) VA(y,q) = t implies A(x,q) < ,A(y,q) <t
then x,y €L(4,7). Since L(4,7) is an right(left) ideal of R then x +y €L(4,7) implies A(x +y,q) <t = A(x,t)
V A(y,q). Therefore, A(x +y,q) <A(x,q) VA(Y,Q).
Similarly, A(x - y,q) < A(x,q).Let A(x,q2) =t and g1 €L’(4,7),0. €Q then 102 €L’ (4,7) implies
A(X,01 - 2) <t. S0 A(X,01 - G2) <t =A(x,q1). Therefore A(x,q1 - 02) < A(X,01).
Hence A is an anti Q- fuzzy right (left) ideal in a semi ring R.

Theorem 3.13

An intuitionistic Q- fuzzy set A = {< Ha(x,q),4a(x,q) >|x €R,q €Q}nR is an intuitionistic Q-
fuzzy right ideal in R if and only if U(ua;t) and U’(pat) are a right(left) ideal of a semi ring R and
semigroup Q and L(Aa;t) and L’(4a;t) are a right (left) ideal of a semi ring R and semigroup Q for all t
€ [0,1],9 €Q whenever nonempty.
Proof: The proof follows from Lemma3.11 and Lemma 3.12

Theorem 3.14
An intuitionistic Q- fuzzy set A = (pa,4a) in R is an intuitionistic Q- fuzzy right ideal in R if

sth, .
and only ifR_(a is a right ideal for all s,t € [0,1] whenever nonempty.
s,t
Proof: Let A = (pa4a) be an intuitionistic Q- fuzzy right ideal in R. Clearly R{l : =U(ha;s)NL(Aa,L).

Then by lemma 3.11 and lemma 3.12 R(‘;” is a right ideal for all s,t € [0,1] whenever nonempty.
Conversely, let x,y €R,q €Q and pa(x,q) Apa(y,q) =s; 2a(x,q) V a(y,q) =t. Then,

X,y ERACYimplies x + y €RA®Y. Thus,

Ha(X +Y,0) > Ha(x,0) A pa(y,q) and Aa(x +Y,0) < 2a(x,0) AZa(y,q) .

Let pa(x,q) = s;2a(x,q) = tthen x €RaY implies xy € Ra®Y.

Therefore, pa(xy,q) > pa(x,9);2a(xy,q) < 1a(x,Q).

Similarly, pa(x,1 - G2) > Ha(X,01);Aa(X,01 - 02) < Aa(x,01) for a Il q1,02 €Q.

Hence A = (UaAa)is an intuitionistic Q- fuzzy right ideal in R.

Corollary 3.15

An intuitionistic Q- fuzzy set A = {< x,q,Ma(x,q),4a(X,q) >|x €R,q €Q}in R is an intuitionistic
Q- fuzzy right ideal in R if and only if pais a Q-fuzzy right ideal in a semi ring R and 4 is an anti Q-
fuzzy right ideal in a semi ring R.
Proof: The proof follows from Theorem 3.14, Lemma 3.11 and Lemma 3.12

Corollary 3.16

An intuitionistic Q- fuzzy set A = {< x,q,ua(x,0),(1 —pa)(x,0) >x €R,q €Q}in R is an
intuitionistic Q- fuzzy right ideal in R if and only if pais a Q-fuzzy right ideal in a semi ring R
Proof: The proof follows from Theorem 3.14 and corollary 3.15

Corollary 3.17

An intuitionistic Q- fuzzy set A = {< x,0,(1-4a)(%,9), 4a(X,q) >|x €R,q €Q}in R is an
intuitionistic Q- fuzzy right ideal in R if and only if 1ais an anti Q-fuzzy right ideal in a semi ring R
Proof: The proof follows from Theorem 3.14 and corollary 3.16
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4. Intuitionistic Q- Fuzzy Right k-ldeals

Definition 4.1
A right (left) ideal | is called right(left) k-ideal of a semi ring R if x +y, y €l implies x €l.

Definition 4.2
A Q- fuzzy right(left) ideal p of a semi ring R is called Q- fuzzy right(left) k ideal if for all

X,y €R,q € Q,u(x,q) = p(x +Y,0) Au(y,q).

Definition 4.3
An anti Q- fuzzy right(left) ideal 1 of a semi ring R is called anti Q- fuzzy right(left) k- ideal
if for all x,y €R,q €0,A(x,q) <A(x +y,q) VA(Y,q)-

Definition 4.4

An intuitionistic Q- fuzzy right (left)ideal A = {< pa(x,9),4a(X,q) >[x €R,q €Q} in R is said to
be an intuitionistic Q- fuzzy right(left)k-ideal if

(i) Hal%,q) 2 Ha(x +y,q) Aaly,q)

(ii) Aa(x,q) < Aa(x +y,q) VAa(y,q) for all x,y €R,q €Q.

Theorem 4.5

A Q- fuzzy set pis a Q - fuzzy right (left) k-ideal of a semi ring R if and only if 1 —pt is an
anti Q- fuzzy right (left) k-ideal of a semi ring R.
Proof: Let p be a Q-fuzzy right k-ideals in a semi ring R. Let X,y € R. Then p(x,q) > p(x + vy,q) Au(y,q)
implies —p(x,q) < —(H(x+y,d) AU(Y,q)). Thus, —u(x,q) < —H(x+y,d) VH(y,q). Therefore, 1—u(x,q) <
1—p(x+y,q) V 141(y,q). Hence 1-p(x,q) < 1-p(x+y,q) V 11i(y,q). By Theorem 3.6, 1 —pt is an anti Q-
fuzzy right (left) k-ideal of a semi ring R. By similar argument, we can prove the converse part.

Lemma 4.6

A Q- fuzzy set p of a semi ring R is a Q- fuzzy right k- ideal if and only if Uq(p,t) is a right k-
ideal in a semi ring R for all t € [0,1] whenever nonempty.
Proof: Let p be a Q-fuzzy right k-ideal in a semi ring R. Let X,y €R such that x+y, y eU(l,t) then
u(x +v,q) >tand p(y,q) >t implies p(x,q) > p(x +y,q) Au(y,q) >t. Hence x € U(u,t).Therefore, by
Lemma 3.7 U(u,t)is a right k- ideal in a semi ring R.
Conversely, let u(x +vy,q) Au(y,q) =timplies u(x +y,q) >tand pu(y,q) >t. Thus x +y, y €U(u,t) and
since U(W,t) is a right k- ideal in R. p(x,q) > p(x +y,q) A p(y,q) =t implies x €U(u,q). Therefore, by
Lemma 3.7, W be a Q- fuzzy right k-ideal in a semi ring R.

Lemma 4.7

A Q- fuzzy set 1 of a semi ring R is an anti Q- fuzzy right (left) k-ideal if and only if L(Z;t) is
a right (left)k- ideal in a semi ring R for all t € [0,1],q €Q whenever nonempty.
Proof: Let A be a Q-fuzzy right k-ideal in a semi ring R. Let x,y €R such that x+y, y €L(4,7) then
A(x+y,q) <tand A(y,q) <t implies A(x,q) < A(x+y,q) VA(y,q) <t. Hence x € L(4,7). Thus L(4,7) is a right
k- ideal inasemiringR .
Conversely, let A(x +y,q) V A(y,q) =t implies A(x +y,q) <tand A(y,q) <t. Thus x +y, y € L(4¢) and
since L(4,7) is a right k- ideal in R. A(x,q) <A(x +V,q) VA(y,q) =t. Thus A be a Q- fuzzy right k-ideal in
a semiring R.

Theorem 4.8

An intuitionistic Q- fuzzy set A = {< Ha(x,q),2a(X,0) >|x €R,q €Q}in R is an intuitionistic Q-
fuzzy right k - ideal in R if and only if U(ua;t) , L(4a;t) is a right (left) k-ideals in a semi ring R for all t
€ [0,1],9 €Q whenever nonempty.
Proof: The proof follows from Lemma 4.6 and Lemma 4.7
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Theorem 4.9
An intuitionistic Q- fuzzy set A = (pa,4a) in R is an intuitionistic Q- fuzzy right k-ideal in R if

s,t)
and only ifR.(.-i is a right k-ideal for all s,t € [0,1] whenever nonempty.
Proof: Let A = (Ua/a) be an intuitionistic Q- fuzzy right k-ideal in R. Clearly,

s,
RGY =U(ua;s) N L(Aat). Then by Lemma 4.6 and Lemma 4.7, Ra®Vis a right k - ideal for all
s,t € [0,1] whenever nonempty.
Conversely, A = (4a,44) in R is an intuitionistic Q- fuzzy right k-ideal |n R Let x,y €R,q EQ and

Ha(X +Y,0) AHa(y,q) = SiAa(X +V,q) Va(y,q) =t. Then® + 4,4 € R |mpI|esf e RS Thus

Ha(X,d) > Ha(x+y,q) Aa(y,d) and Za(x,) < Za(x+y,q) VAa(y,q) .
Hence A = (uaAa) is an intuitionistic Q- fuzzy right k-ideal in R.

Corollary 4.10

An intuitionistic Q - fuzzy set A = {< pa(X), Aa(X) >|x €R, q €Q} in R is an intuitionistic Q-
fuzzy right k - ideal in R if and only pais a Q-fuzzy right k- ideal in a semi ring R and Aais an anti Q-
fuzzy right k - ideal in a semi ring R.
Proof: The proof follows from Theorem 4.8 and Lemma 4.6 and Lemma 4.7.

Corollary 4.11

An intuitionistic Q- fuzzy set A = {< x,q,ua(X),(1-pa)(X) >x € R, g €Q}in R is an
intuitionistic Q- fuzzy right k - ideal in R if and only pais a Q- fuzzy right k- ideal in a semi ring R.
Proof: The proof follows from Theorem 4.5 and Corollary 4.10.

Corollary 4.12

An intuitionistic Q- fuzzy set A = {< x,0,(1-2a)(X),4a(X) >x €R, q €Q}in R is an
intuitionistic Q- fuzzy right k - ideal in R if and only 1ais an anti Q - fuzzy right k ideal in a semi ring
R.
Proof: The proof follows from Theorem 4.5 and Corollary 4.10.
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