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Abstract. In this study, we discuss the existence results for damped second order neutral integral
equation with impulses and infinite delay in Banach spaces (BS). We use fixed point(fp) theorem of
Sadovskii’s combined with the theories of cosine function(fn).

1. Introduction

Differential equations from both theoretical and practical angles are a very significant mathematical
topic. The practical significance is provided by the fact that differential equations describe the most
significant time-dependent science, social and economic issues. The existence results for damped
second order neutral integral equation with impulses and infinite delay have appeared over the
previous several years as a popular explanation of identified evolution events of certain actual life
issues. Some of the basic ideas from [3, 4, 12, 15, 19] will be used, and for more data on this paper
we referto [1, 2, 5, 9, 10, 13, 16, 17, 20, 21, 24].

Throughout this document, (X,k.k) is a BS and A" is the infinitesimal generator of a strongly
continuous(cts) cosine fam[ly (C(1)).erR of bounded linear operator(BLO) on X. We define sine fn
(S ))er by & (W = [y E(s)wds.w € Xt € R Assume kC'()k< M", kS ()k< N', Vi €] =
[0,P] where M” >0, N” >0 and B is the phase space, for more information on the reference document
[6, 7, 8, 20, 21, 22, 23, 24] .A mild solution(ms) is derived from the fixed-point theorem of the
sadovskii [18].
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2. Existence of solutions
2.1. Damped impulsive system

The damped integrodifferential equation of second order with impulses and infinite delay of the
form

W"(1) = Aw(t) + D' (1) + I (:,g w,,,/ol b(.',,sgw,q)ds)

eJ=[0,B], t #tz, T=1,2,...,n, (2.1.1)
wo= ¢€ B, w(0) =€ X, (2.1.2)
’ (2.1.3)
Aw(ir) = 1'r(w,), r=12,..n,
Aw() =Jr(ws),  r=12..n, (2.1.4)
D isa BLO on X along D(D) < D(A"). For : € J, w, denotes the fn w, : (~©,0] — X defined by
@,(0) = o(116), —0 < 6 < 0 that belonging to B, I, : JxBxX — X and b : JxJxB — X are suitable
fns. The moments of momentum {z-} are given s.t. 0 = o< 13 <-+- <1, <141 =P,
“r:B— X, Jr:B — X, A{@) indicates the jump of a fn £at ¢, that is explained by
I

A1) = E07) — &@), where &) and &) the left and the right limits of & at z. The ms of
(2.1.1)-(2.1.4).

Definition 2.1
Afno: (—o,P] - Xiscalled a ms of (2.1.1)-(2.1.4), if @y = ¢€ B,

, J . . . I
“r(oy),Ao0 () = roy),r =1,.2,...,n, o|; € PC, the impulsive conditions (condn) Aw(i) = are
fulfilled and

j—1
w(t) = €(L)p(0) + &(1)(€) + Z { — 1) Dw(ip, ) — S — i-,:)Dw({.;_)}

~é. —;-)’Dw(j)+/ &1 — s)Duwl(s)ds + /'6(;.—3)3-2(3,%.[ h(s,f',wf)df)ds

0 J0

+ Z Es,—z,, Irwf) Z C:—: J;w) L€ J, VL€ Ly, Lj41]
O<ep<t 0<ey

(2.1.5)

Remark: We can write the ®(1) as

w(t) = €()e(0) + &) (€) +/0 S(1 — s)Dw'(s)ds +‘/0 St — s)i'g(s Ws /0 b(s, T, wT)(f'r)(fs
+ Z l;.‘(s, - .f,f)f;{w,,,,,) - Z b(r — 1y ( W)y LEJ.

0<ip<t 0<ep<t

Now we use the integration by parts method to understand that w(-) is a ms of (2.1.1)-(2.1.4).

Remark 3.3. In what follows, it is convenient to introduce the function E‘; D (—o0,a] = X
o(t), if te(—o0,0],

defined by a(f) =
C(t)e(0), f teld

Also consider the assumptions stated below:
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(Hy) Thefnl,:J x B x X — X fulfilled:
() Let w : (—o,P] —» X bes.t. wy=¢€ Band w|;€ PC. For each: €,

lo(t,+,+): B— X iscts, 1t = o (x.,w,,._ jﬂ' b(e, s,wg)ds) is highly measurable.
(i) The fn I,: [0,P] x B x X — X is completely(comp) cts.

(ili) 3 a non-decreasing cts fn Q : [0,00) — (0,0) and an integrable fn m : J — (0,00)
s.t.

£+ Lov(§)

I2(e, v, w)|| < m(e)Q(||v]|g + ||w]]), lim inf (
£—00 £

)zA(oc

where 1 € J, (v,w) € B x X.
(iv) Jag € L'()st.
sup Kly(z,v,w)k < o,(z) for every r >0.
(H,) The impulsive fns satisfy:

“r,Jr:B— X, r=1,2,.,nare comp cts and 3 cts non-decreasing fns
(i) Themaps |
Aeslr [0,00) — (0,0), 'r=1,2,...,n, S.t

ry)k<sAekyke),  KIr(p)ks o pe(kyke),
w €B.kl

(ii) 3 a constants K; >0, K, >0s.t.
KIr(y's) = 1 ' (y )k < Kiky 'y =y oke, k3T (ys) — I r(y o)k <
Koky 1=y oKe, 'Ly € B, r=1,2,..n.

Theorem 2.2 If the inferences (H1) — (H2) are fulfilled, then (2.1.1)-(2.1.4) has a ms on J on a
particular condn

T

(”ﬁA /"l‘ m(s)ds + Z(ﬁjﬂﬂ + ‘J,U{g))] <1
0 .

h(3N" + PM’ )kDK + Kp i1

Proof. H(P) denotes the space H(P) = {y :] — «,P] — X : y|J € PC,yo = 0} endowed with the uniform
convergence topology, we define the operator ¥ : H(P) — H(P) defined by

(Py)o=0and

Wy() )+ Z (6~ 1) D(yli) + P015,1) = S — 1Dy (i) + 7))

— &L —,)Dy(]) + o)) + A'é(;,— s)D(y(s) + v(s))ds
N /@"-,(.' = s)f’.g(s,ys + Vs, / b(s, 7, y+ + yr)rh')ds -+ Z E(L—1 )Ir(s,r, +v,,)

Jo ( 0<ip<t

=+ Z (¢ —ty) Jr (Yo + Vi) LE [e.j,:.jH]. j=0,..n,
O<ee<t
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has a fp w(-), which is a ms of (2.1.1)-(2.1.4). From the hypothesis that ¥ is cts and well defined.
Next we wish to show that 3 r >0 s.t. ¥(B,(0,H(P))) € B.(0,H(P)). Suppose this statement is

T

e [ (07 + 3l + [ b tie + AR ds+ B (IR + ) — B
0 0

F=1

+ P @I+ R T, + Bue) = Te(@)ll + 177(Z0)]
F=1
P
not true, then for each r >0, we can take o' € B/(0,H(P)), j = {0,...,n} and i" € [1j,15:1] s.t. KPY'(:")k

>T.
+ MY (KpKir + [ Ir(@)]) + N (KpKor + [[7r(3,)11) Using the notation

F=1 F=1 . + @ulls < Ksgllyll + 18. 1l
, We get that:

r <kWy'(:")k < N'[kek + (3N” + PM" )KDK(r + kgk»)

<Nl + BN+ DI+ llellp) + N ]} m()2((1+ F) (Kyr + | Zollsp) + L2 ) ds
(
n PM")

B ~I3 T , }
(st / m(s)ds + 3 (MK + m@))]
and hencel <h(3N" + PM" )kDk + Kp J0 i=1

which is a contradiction.
Let r >0 be s.t. ¥(B(0,H(P))) c B,(0,H(P)). To prove ¥ is a condensing map on
B,(0,H(P)) into B,(0,H(P)). The decomposition ¥ = ¥; + ¥, where

i—1
Tiw(t) =6(1)(€) + Y [C:v{z. — )P y) + Pz, y)) — 60— 1) D(y(ef) + E}(;,_jr))|

7=0
~ &1~ 1)D(y(e]) + 5(:;)) + / €t — $)D(y(s) + D(s))ds
. . 0
+ 3 =)y + )+ S S 1) Ty + 7).
O<ep<t O<ep <t

Vaw(L) = f S(t—9)ly (8, Ys + Vs, / b(s, 7, y+ + ﬁf)d'f) ds.
0 0
From [[14], Lemma 3.1], we understand that ¥, is comp cts. That is

ID] + Ko (POR(L (1 + ) + 30 (MK + F) ) lu — vy
k\P1V - lPka = (3N, + PM’ ) i=1 )

together imply that ¥ is condensing on B.(0,H(P)).

Finally, from the fp theorem of Sadovskii’s we get a fp y of . Clearly, w =y + v is a ms of the
problem (2.1.1)-(2.1.4). Hence the proof.

Corollary 2.3 If all condns of Theorem 2.2 true except that (H2) replaced by the following one,
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(C1) : 3 constants a, >0, by >0, ¢ >0, d- >0 and constants 6, - € (0,1),r =1,2,....n s.t.
for eachv € X,

kl'r'(v)k <a’+ br’(kvk)e",
and

J ,
K'r(vk<c +di(kvk)™, r=12..n.
then the system (2.1.1)-(2.1.4) is a ms on J on condn that
(3N’ + PM’ )kDk + Kp

T

h(*ﬁ}\ /“l‘ m(s)ds + Z(‘JTU\] + ‘}TKQ))]
0

i=1

<1.

2.2. Damped impulsive neutral system

The damped neutral integrodifferential equation of second order with impulses and infinite delay
of the form

[ ") — 1y (t,w,,, V/O"' al(e, s,w,,-)ds)] = Q’lw(r,) + D' (b)) + 12 (f,,w,_. [L b(e, s,w,,.)ds)

0
LePW=1[0,B], ¢t # s, *=1,2,....n, (2.2.1)
wo=pehB, wW0)=¢ecX,

de

Aw(tg) = I:r)(w,,,.‘). F=1,2 ...n, (2.2.3)
AW (15) = Jr(w,)., #=1,2,...,n, (2.2.4)
(2.2.2)

wherel;:Jx B x X — X, anda:JxJx B — X the remaining fns defined in previous session.
The ms of (2.2.1)-(2.2.4).

Definition 2.4
A fn o : (—,P] — X is called a ms of the abstract Cauchy problem (2.2.1)-
(2.2.4), if oo = ¢€ B, |, € PC, the impulsive condns

Ao(y) = I"rf(o)"'), Ao () = J'r'(mu'),r' =1,2,...,n, are fulfilled and
w(1) = €()p(0) + &(1) (g — 1,(0, ¢, n)) + / C(— )y (su, /Ra(s,?’-,wf)dv‘) ds
J0 J0O

j—1

+y [é(z.—z.fﬁ)m(&;i -6 —1 )m(;,j)} &(u - 1j)Dwl(i))

=0

+/ €1 — s)Dw(s)ds + /6(; — 5)l2 (sgw,,.,/l b(s.f,w;)ri?)(_is
) 0 0

- Z = IF (wy,) + Z 6(.* — f-.,<).f;(w,_,.,)g L€ J,
O<ep<e O<ep<t (225)

Sorall 1 € [1,1:1] and every j = 0,...,n.

Remark: (1) can be written:
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w(t) :é(a}np((]) -+ 6(:)({ - h([l,{p,())) + /(’.(: —s)l (s,ws?/h a(s,q‘,wf)df)ds
Jo _ 0
+ / 6(.‘ — 5)DuW'(s)ds +/ 6(.5 —5)ly ,‘;,wg,/ !)(.e,ﬁw,;)d'f)d.cs
-I-ZEL—L,I?LJ; ZCe—e J?w,,) L€ J.

as D<te<t O<ep<t
Now we use integration by parts method to understandd that w(-) is a ms of (2.2.1)-(2.2.4).
Remark 3.3. In what follows, it is convenient to introduce the function ¢ : (—o0,a] — X

N #(t), if te(—00,0],
defined by ¢(t) =
Ct)e(0), if teld
Also consider the assumptions stated below:
(Hs) 3 aconstant N"; >0 s.t.

/ﬁ[a-(s,, s,w) —ale, s,y)]ds

40

<M |lw -yl fori,s €3, w,y€B

and L, = Psupy, yes Ka(z,s,0)k.
(H.) 3 a positive constant Lgs.t.

kll(l,vl,Wl) - |1(1,V2,W2)k < Lg(le _Vsz + kW1 _Wzk),

where 0 < Ly <1, (,vi,w;)) € J x B x X, i = 1,2 and kg(z,u,v)k < Ly(kukg + kvk) + Lyand L, =
sup,e; kg(z,0,0)k.

Theorem 2.5
If the inferences (H1)—(H4) are true, then the system (2.2.1)-(2.2.4) has a ms on J on the

condn that X n
o , L L e
Ko (PARL (1 + ) + (3% topry P11+ mz\/ﬂ m(s)ds + ;(mm +9K) )| <1

Proof. H(P) denotes the space H(P) = {y :] — «,P] — X : y|J € PC,y, = 0} endowed with the uniform
convergence topology, we define the operator ¥ : H(P) — H(P) by (¥y)o=0 and

Uy(e) = )€ — 110, 0,0)] + /'{s(i. — )l (5, + r;/ als, 7, y+ + D¢)d# ) ds

0 0

£ 5 (66— e Dllery) + 7071 — S — D) + 7))

r=0

—6(L—1,)Dy(]) + o)) + /O ¢ — s)D(y(s) + ¥(s))ds

L L4 -
+/ 6(;,—3);2(33%“;,,.,/ I)(s,v",yf—kﬁf)d?‘)ds—i— S° & — 1) Ir(y, + i)

0 0 0<Lp<t

+ Z (L — 1) Jr( Yoy + Vi), LE [ty tj41], 7=0,...,n,
O<ep<t

has a fp w(-). which is a ms of the system (2.2.1)-(2.2.4). From the hypothesis that, ¥ is cts and
well defined .

688



Next we want to show that 3 r >0 s.t. ¥(B,(0,H(P))) < B:(0,H(P)). Suppose this statement is not
true, then for each r >0, we can take o' € B,(0,H(P)), j = {0,...,n} and :" € [17j.1] s.t. KPY'()k >
r.Using the notation ky, + ¢e:ks < Kpky Kk + k¢esz, we get

J/{;a( d'r)Hdb—f—W{/ ‘z s, s, /:a(s,%_._ﬁf)dff)Hds

+(3N" + PN)[|D|(r + [|ollp)
< N'[kek + Kl1(0,4,00K] + PM Kp(Lg(1 + N"1))r + M” Z (Lg[(L + N'1)kgekp + Lo] + Ly)ds

o+ (BN" + PM" )kDK(r + kgkp) + N

[ m( 1 + 0 (Kqr + || 3] By) + Lg)(fs
/ m

-+-EDIZ

ORI+ 5l 1 [ 07,00 + G + DI, +
=1

and hence

+‘5"¢Z[IIJ7?’(yI_',..+ﬁ.,=) Tr( @) + 177 Be)]

1< Ko (PRL(1+ ) — (@)l + 11r(3.,)
f=1

PM')
r< Wy ()|

< Sllell + 110,00 + 5t [

Ru

=

als, 7, yz + ‘:5%)”77’) which is a
contradiction.

— 1 (.sg Let r >0 be s.t.
¥(B,(0,H(P))) < B,(0,H(P)). To prove that ¥ is a (o o )]
condensing map on B,(0,H(P)) into B,(0,H(P)). 1Dl +7A /U m(s)ds +§(fmm +m*r‘2))_
We study the decomposition ¥ = ¥; + ¥, where -

Uhw(e) = S0 — 10, ¢,0)] + / &1 — 8)ly (s Ys + Ve, [ a(s,#,y; + Us)d7 ) ds
JO SO
Jj—1

+ 30 [0 — ) DW s, +705,0)) — 60— 1Dy + 7))

(s +
J0O

F=0

— S —y; )Dy(; 4+ ﬁ(.fj)) -+ /U{. &t — s)D(y(s) + (s))ds

+ Y E(u — ) Ir(ye, + 7,) + > S 1) Tr(yu + D)

O<e; <t O<ep <t

Waw(e / C' (¢ — 5)32(5 Ys + Vs, / b(s, 7,y+ +UT)(f'r)ds

From [[14], Lemma 3.1], we infer that ¥, is comp cts. This
fact and the
estimate 1. N

Laie DI+ Y (ORKL + RE) ) flu = vl

(‘Ilﬂjl(Lg(l +9)) + =

r=1
klP]_V - ‘P]_Wk = KpPM' ),
together imply that ¥ is condensing on B.(0,H(P)).

Finally, from Sadovskii’s fp theorem we obtain a fp y of ¥. Clearly, @ =y + v is a ms of the
problem (2.2.1)-(2.2.4). This completes the proof.
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Corollary 2.6
If all condns of Theorem 2.5 hold except that (H2) replaced by the following one,
(C1) : 3 constants a, >0, b >0, ¢ >0, dr- >0 and constants 0, 6 € (0,1),r =1,2,....ns.t.
for each v € X,

kl'r'(v)k <a,/ + br'(kvk)"f',
and

i

- . [P , .
[K‘n (‘«Ufm(Lq(l + ) + %(3911 L D)+ 9 /U m(s)ds + > (MK +Nko) )| <1
! { ' F=1
Pk o+ di k)", 212,00,
then the system (2.2.1)-(2.2.4) is a ms on J provided that PM" ).

3. Conclusion
We used fp theorem of Sadovskii’s with a non compact condn on the cosine family of operators.
Finally we conclude that the mild solution(ms) exists for impulsive damped second order neutral
integrodifferential equations with infinite delay in a Bach spaces.
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