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1. Introduction

The fuzzy set was initiated by L.A.Zadeh [15]. The membership degree of fuzzy set is defined in the
interval of [0,1]. In continue, J.A. Goguen [3] introduced L-Fuzzy set. In L-fuzzy set, the valuation set
[0,1] replaced through a complete lattice. Complete lattice may be a posset within which all subsets
have each a supremum (join) associated an infimum (meet).The membership degree[-1,1] of bipolar-
valued fuzzy set contains two parts. That is, positive membership degree(0,1] and negative membership
degree[-1,0). The membership degree (0,1] indicates that components somewhat satisfy the
property and also the membership degree [-1,0) indicates that components somewhat satisfy the
implicit counter-property. Li Hongxing [4] introduced the idea of HX group and also the
authors Luo Chengzhong, Mi Honghai, Li Hongxing [5] introduced the idea of the fuzzy HX group.
G.S.V. Satya Saibaba [14] introduced the idea of Fuzzy lattice ordered groups. Muthuraj.R,
Sridharan.M, [8] introduced the Cartesian product of bipolar fuzzy HX subgroup,

In this paper, we discuss the Cartesian product of bipolar L-Fuzzy sub £- HX group and present some
properties using the concept of homomorphism and anti-homomorphism.
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2. Preliminaries
In this section, we provide some basic definitions. Throughout this paper G=(G,*,<) could
be a lattice ordered group or a £-group, e is that the identity of G and mn we tend to mean m*n.

Definition 2.1[16]

A Dbipolar L-fuzzy subset o of G is said to be bipolar L-fuzzy sub £-group of G if for any
m,neG

i) of(mn) > o' (m)A a*(n)
i) o(mn) < o (mVai(n)
i) a'(m?) = af(m)
iv) a(m?) = a(m)
v) af(mvn) > af(m)Aa’(n)
vi) a(mvn) < o (m)Va(n)
vii) af(man) > of(m)Aa’(n)
viilaw(man) < o (m)vVa(n)
Definition 2.2 [16]

Let o be a bipolar L-fuzzy subset defined on G. Let 9<2° —{¢} be a ¢-HX group on G. A
bipolar L-fuzzy set p*defined on 9 is said to be a bipolar L-fuzzy sub £-HX group on § if for all P,Qe3S.

) (p)'PQ = () (P)A(P*)"(Q)
i) (p?)(PQ) = (p?) (P)v(p*)(Q)
i) (p*)"(P) = (PP

iv) (p)(P) = (P (P

V) (P PvQ) = (p) (P)A(P?)(Q)
vi) (P (PvQ) = (p*) (P)v(p*) (Q)
vii) (p)'(PAQ) = (p*)" (P)A(P?)'(Q)

viii)(p?) (PAQ) = (p*) (P)v(p) (Q)
Where (p*)*(P) = v{a"(m)/ for all meP < G} and (p*) (P) = A{a"(m) /for all mePc G}.

Definition2.3[13]

Let G1 and G be any two £-groups. Let 912 — {¢} and 9, 262 — {¢} be any two € - HX groups
defined on G: and G2 respectively. Let p*be a bipolar L-fuzzy sub ¢ - HX group of a € - HX group in
91. Let ¢: 91 — 32 be a function. Then p* is called @-invariant if the following conditions are satisfied.

i) ((e(P))"= ((¢(Q))" implies that (p*)*(P) = (p*)"(Q)

i) ((o(P))” = ((¢(Q))” implies that (p*)"(P) = (p*) (Q).

3. Properties and example of bipolar L-Fuzzy sub €-HX group using Cartesian product.

In this section, we discuss some of the properties and example of bipolar L-Fuzzy sub £-HX group using
Cartesian product.

Definition3.1

Let p*= ((p®)*, (p*)") and of= ((oP)*, (oP)") be bipolar L-fuzzy subsets of 31 and 9, respectively.
Then a product p*xoP=((p*xo)*,(p**xoP)7), Where (p*xoP)* :91x9,—L and (p*xoP):91x93,—L are
mappings defined by

i) (p*>0)*(P,.Q) =(p*)"(P)N")*(Q)

ii) (p*xP)(P,Q) =(p*) (P)V(»*)(Q) for all Pe 31,Qe 9>
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Theorem3.2

Let p*=((p*)*,(p*)") and oP=((wP)*,(wP)") be bipolar L-fuzzy sub ¢-HX groups on £-HX groups
91 and 9 respectively. Then p*xof is a bipolar L-fuzzy sub £-HX groups on ¢-HX groups 91x9>.
Proof. Assume (P,Q),(R,S)e31x93;

i) (p*xP)"((P.Q)(R,S)) (p*xf)"(PR,QS)

(p*)"(PR)A(0")*(QS)
((P*) " (P)A(P*) " (R) () (Q)A () *(S))
((P*) " (PIA(@®) (AP (R)A () (S))
(p*x )" (P,Q)A((p**0)*(R,S)
(p*x )" (P,Q)A((p** )" (R,S)
(p*xef)"(PR,QS)
(p*) (PR)V(”)(QS)
((P*) (P)V(p*) (R)V((@”) (Q)V(") (S))
((P*) PV (") (QYV((p?) (R)V(") (S))
(p*x") (P,QV((p*x") (R,S)
(p*x ) (PQ)V((p**x) (R,S)
(p*xf)"(P1,Q™)
(P)"(PHA(")*(QY)
(P (P)A)"(Q)
(p*x")*(P,Q)
(p*xe") (P*,QY)
(P (PHV(@")(QY)
(P (P)V(0")(Q)
(p*x”)"(P,Q)
(p*xwP)*(PVR,QVS)
(P?)" (PVR)A(0f)"(QVS)
(P (P)A(P?)* (R)A () (Q)A(w) (S)
((P™)* (PYM @) (Q)A(p*) (R)A (@) *(S))
(p*x )" (P,Q)A(p*x0")*(R,S)
(p*xP)*(P,Q)A(p*x0")*(R,S)
(p*x@P)(PVR,QVS)
(P (PVR)V(eP)(QVS)
(P*) (P)V(p?) (R)V(e") (Q)V(0)(S)
((P*) PYV(&P) (QYV((p?) (R)V(") (S))
(p*xP) (PQ)V(p*>x0) (R,S)
(p*xP) (PQ)V(p*>x0) (R,S)
(p*x®P)*(PAR,QAS)
(P*)" (PAR)A(w0”)*(QAS)
(P (PIA(P?)*(R)A () (Q)A(P) (S)
((P*) (PIA(@®) (QNA((P?) " (R)A () (S))
(p*x")*(P,Q)A(p"xw0)*(R,S)
(p*x )" (P,Q)A(p*x0")*(R,S)
(p*x®P)~(PAR,QAS)
(P?) (PAR)V&F) (QAS)
(P (P)V(p*) (R)V((0") (Q)V(a")(S))
((P*) PYV(P) (QYV((p?) (R)V(") (S))
(p*x") (P,QV(p*x0) (R,S)

(p*xP) ((P.QA(R.S)) (p*xP) (PQ)V(p*>wf) (R,S)
Hence, a product p*xoP is a bipolar L-fuzzy sub ¢-HX group on3:1x3..

mn1miv nnu

(P> aP)((P.Q)(R.S))
i) (PP ((P.Q)(R.S))

(P> aP)((P.Q)(R.S))

i) (pxeP)((P.Q)")

(p*x")*((P,.Q)Y)
v)  (p*xef)((P.Q)7)

(p*x0)((P.Q)7)
v) (p*xef)"((P,QV(R,S))

1 Y 1 1 I 1 1 1 A 1 I | A /AN B | B AV

(P*x0f)"((P,QV(R,S))
vi)  (p"xof) ((P,QV(R,S))

I 1miA 1 niv

(P*x0f)((P,QV(R,S))
vii)  (p"xof)"((P.QAR.S))

(p*xP)*((P.Q)A(R,S))
viii) - (p*xe”)((P.Q)A(R.S))

| T AV N T | A AV I I 1 I /AN

IA 101 IA
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Theorem 3.3
Let axpB be a bipolar L-fuzzy sub €-group on GixG then the bipolar L-fuzzy set Q** is a
bipolar L-fuzzy sub £-HX group onS:1x9..

Theorem 3.4

If p%,0f, Q" are bipolar L-fuzzy sub ¢-HX groups of 91,9, ,31x9; induced by Bipolar
L-fuzzy sub €-groupsa.,p and axp of Gi, G, andGix G respectively. Then Q¥ = pexP
Proof: Let p*=((p)*,(p%)") and oP=((o®)*,(w")") be bipolar L-fuzzy sub €-HX groups of 91 and 9.
Then p®xw® is a bipolar L-fuzzy sub ¢-HX group of ¢-HX group 9:1x9, and n®® is a bipolar L-fuzzy
sub ¢-HX group of 31x3; induced by pxo of Gix Go.
Now

@) MN) V{ (axB)*(m,n)/MmeMcG1,neNcG2}

V{(a" (M)A(a)"(n))/meMcG1,neNcG2}
(V{a"(m)/meMcGiHA(V {0)*(n)/neNSGo})
(P?)" (M)A(@")*(N)
(p*xe")*(M,N)
(p*xe")*(M,N)
A{ (axB)(M,n)/meMcGi,neNc G.}
A (m)V (o) (n))/meMcG1,neNcGa}
(A (M)/meMcG1})V(a{o) (n)/neNSGo})
(P*) (M)V(e") (N)
(p*xP)"(M,N)

Q@) (MN) = (p"x0f) (M,N)
Hence, Q%® = poxwP.

Q*P)"(M,N)
ii) (Q¥PY-(M,N)

Example 3.5 The above result illustrated clearly in this example.

Let (G1,.8,5)=({1,3,5,7},.8,<) be a £-group where G is the non-negative integer relatively prime to 8and
(G2,.12,)=({1,5,7,11},.12,<) be a L-group where G; is the non-negative integer relatively prime to
12.Then:
G1xG2>={(1,1),(1,5),(1,7),(1,11),(3,1),(3,5),(3,7),(3,11),(5,1),(5,5),(5,7),(5,11),(7,1),(7,5),(7,7),(7,11) }.
For all meG, we define the bipolar L-fuzzy subsets p and o is on G1 and G- respectively as,

a*(m)=( 0.5, form=1 o (m)= —0.4, form=1 p*(m)= 0.8, for m=13-(m) ¥ 0.7, for m=1
0.4, for m=3 , -0.3, for m=3, 0.7, for m=5, -0.6, for m=5
0.3, for m=5 —0.2,for m=50. 6, for m=7 0.5, for m=7
0.3, for m=7 —-0.2, for m=70. 6, for m=11 0.5, for m=11
Clearly,a. and Bare bipolar L-fuzzy sub €-group of Giand Go.
(axB)*(m,n)= 0.5, for (m,n) =(1,1),(1,5),(1,7),(1,11)

0.4, for (m,n) =(3,1),(3,5),(3,7),(3,11)
0.3, for (m,n)=(5,1),(5,5),(5,7),(5,11)
0.3, for (m,n)=(7,1),(7,5),(7,7),(7,11)
and
(axpB)~(m,n)= —-0.4, for (m,n) = (1,1),(1,5),(1,7),(1,11)
—0.3, for (m,n) = (3,1),(3,5),(3,7),(3,11)
-0.2, for (m,n) = (5,1),(5,5),(5,7),(5,11)
-0.2, for (m,n) = (7,1),(7,5),(7,7),(7,11)
Clearly, axf isa bipolar L-fuzzy sub £-group ofGi1xGo.
Case(i): if [IM|=1, for all Me 3
Let9,={P,Q,R,S},Where P={1},Q={3},R={5},S={7}and9,={l,J,K,Z}, Where
I={1},J={5} K={7},Z2={11} are £-HX groups for all Me3 with |M|=1, Define the bipolar L-fuzzy
subsets p*and o on 3 as,
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(P *(M)= 0.5, for M=P (P9 (M)= —0.4,for M=P
0.4, for M=Q , -0.3, for M=Q
0.3, for M=R -0.2,for M=R
0.3, for M=S -0.2, for M=S
(0P)*(M)= 0.8, for M=l (0P)"(M) = -0.7, for M=l
0.7, for M=], -0.6, for M=J
0.6, for M=K —-0.5,for M=K
0.6, for M=Z —-0.5,for M=Z

Clearly, p“and wPare bipolar L-fuzzy sub ¢-HX group of 31 and 9..
(p*x@P)*(M,N)= (0.5, for (M,N)=(P,1),(P,J),(P,K),(P,Z)
0.4, for (M,N)=(Q,1),(Q.J),(Q.K).(Q.Z)
0.3,for (M,N)=(R,1),(R,J),(R,K),(R,Z)
0.3,for (M,N)=(S,1),(S,9),(S,K),(S,2)
and
(p*x@P)~(M,N)= (—0.4, for (M,N)=(P,1),(P,J),(P,K),(P,Z)
0.3, for (M,N)=(Q,1),(Q.9),(Q.K).(Q.Z)
0.2, for (M,N)=(R,1),(R,J),(R,K),(R,2)
0.2, for (M,N)=(S,1),(S,J),(S,K),(S,2)
Clearly,p®xoP is a bipolar L-fuzzy sub ¢-HX group of 91x3-.
Let Q¥P =((Q*P)*,(Q**)") be a bipolar L-fuzzy sub ¢-HX group of 91x9, induced by a bipolar L-
fuzzy set axp of GixGz,where
Q¥ Py (M,N)=v{(axB)*(m,n)/meMcG,neNcG}
(Q¥PY-(M,N)=A{(axB)"(M,n)/meMcG,neNcG}
So,
QP (M,N)= [ 0.5, for (M,N)=(P,1),(P,d),(P.K),(P,Z)
0.4, for (M,N)=(Q,1),(Q,J),(Q.K),(Q.Z)
0.3,for (M,N)=(R,1),(RJ),(R,K),(R,2)
0.3,for (M,N)= (S,1),(S,9),(S,K).(S,2)

(Q¥Py-(M,N) = —0.4, for (M,N)=(P,1),( P,J),(P.K),(P,Z)
—0.3, for (M,N)=(Q,1),(Q.J).(Q.K),(Q.Z)
-0.2, for (M,N)=(R,1),(R,J),(R,K),(R,2)
-0.2, for (M,N)=(S,1),(S,9),(S,K),(S,2)
Clearly, Q*P =px P
Case (ii): if [M[>2, for all Me3
Let 91={P,Q},where P={1,3},Q={5,7}and 3,={1,J},where 1={1,5},J={7,11}are £-HX groups,
for all Me 8 with [M[>2, Define the bipolar L-fuzzy subsets p*,of on 9 as,

(PH*M)= [ 04,forM=P, (p*)(M)= { - 0.3, for M=P
0.3, for M=Q —0.2,for M=Q

(@P)*(M)= (~ 0.7, for M=I, (0P)~(M) = — 0.6,for M=I
0.6, for M=J -0.5, for M=J

Clearly, p*and o are bipolar L-fuzzy sub ¢-HX group of 31 and 9.
(p*x®P)*(M,N)= (0.4, for (M,N)=(P,1),(P,J)

0.3,for (M,N)=(Q,1),(Q,J)
(p*x®P)~(M,N)= [-0.3, for(M,N)=(P,I),(P,J)

—0.2, for (M,N)=(Q,1),(Q,J)
Clearly,p®xoP is a bipolar L-fuzzy sub ¢-HX group of 91x3o.

(Q¥PY*(M,N) ={ 0.4, for (M,N)=(P,1),(P,J)
0.3,for (M,N)=(Q,1),(Q,J)
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(Q*PY-(M,N) = (-0.3 for (M,N)=(P,1),(P,J)

{ —0.2 for (M,N)=(Q,1),(Q.J)
Clearly, Q*P =px b,
Hence, by cases (i) and (ii),Q*? = p*xwP is proved.

Theorem 3.6
Let a=(a*, a”) and B=(B*,p") are bipolar L-fuzzy subsets of the sub £-groups of G; and G, respectively.
Let p°=((p%)",(p*)") and oP=((wf)*,(wP)") be bipolar L-fuzzy sub ¢-HX groups of the ¢-HX groups 91
and 93, respectively. Suppose that g1 and g, are the identity elements of 31 and 3, respectively. If a
product p*xmP is a bipolar L-fuzzy sub ¢-HX groups of 3:1x3; then at least one of the following two
statements must hold.
i) (@) (e2) 2(p*)*(M), (") (E2) <(p*) (M)YM e,
i) (P9 (Er) 2(0")*(N), (p*) (k1) (") (N)VNeS2.
Proof: Let p*xof=((p*xof)*,(p*xnP)”) be a bipolar L-fuzzy sub €-HX groups of 9:x9, By
contraposition, suppose that none of the statements (i) and (ii) holds. Then we can find M in 3;and N
in 82 such that (p*)*(M)>(0")*(E2), (p*) (M)<(0) (E2) and (o")*(N)>(p%)* (1), (@) (N)<(p*) (E1). We
have:
D (p*xaP)" (M,N) =(p*)" (M)A(e")"(N)
>(0f) (e2)A(p*)" (k1)
= (p%) () (") (E2)
>(p*x )" (1,E2)
and
i) (P*x@P) (M,N) = (p%) (M)V() (N)
<(o”) (2)V(p®) (k1)
= (%) (e)V(0") (E2)
< (p*x ") (B1,E2)
Thus the product p*xw® is not a bipolar L-fuzzy sub ¢-HX groups of 9:1x3,,
Hence, either (of)*(£2)>(p*)*(M), (o) (E2)<(p*)"(M)for all Me 94
(or)
(P (E=(0)*(N),(p%) (E)=<(>) (N)for all Ne 3.

Theorem 3.7
Let p*and P be bipolar L-fuzzy subsets of the sub £-HX groups of 3;and 9. respectively. Such

that (p%)*(M)<(®P)*(E2), (p*) (M)>(w®)(£2) for all Me 91k, be the identity element of 9.. If a product
p“xwP is a bipolar L-fuzzy sub £-HX groups of 31x9; then p is a bipolar L-fuzzy sub £-HX groups of
91.
Proof: Let p*xwP= ((p*x0P)",(p**xn®)") be a bipolar L-fuzzy sub £-HX groups of 31x3.andM,Ne9.
Then (M,E2),(N, E2) €31x32 Given:
i) (P)*M) <(0P)*(E2), ii)(p*) (M) >(wP)(E2) for all Me 9,
We have:

i) (p*)"(MN) (P*) (MN)A(0P)*(E2E2).....bY (i)
(anwB)Jr((M’ Ez),(N,Ez))

I 1miv nnu

(p*x")*(M,E2)A(p“x )" (N, E2)
((P*) (M)A(@P)* (E))A((P*) (N) (") (E2))
(P*) (M)A(p*)"(N)
(p*)"(MN) 2 (P*)" (M)A(p*)"(N)
i) (P (MN) = (P*) (MN)V(®P) (E2E2)...... by (ii)
= (anCOB)_((M,Ez),(N,Ez))
< (p*x ") (M,E2)V(p“x @) (N, E2)

((P™y MV(P) (E2))V((P?) (N)V(0P) (E2))
(P M)V(p*)~(N)
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(p*) (MN)
iii) (p?)"(M™)

(P9 (M)
iv) () (M1

() (M™)
V) (P)"(MVN)
(P*)*(MVN) >
Vi) (P*) (MVN)
(P*)(MVN) <

vii) (P *(MAN)

()" (MAN)
Vi) (p%) (MAN)

(p*) (MAN)

{1 | AV 1 T 1 - 1 I 1 7N 1 O I O - I O 1 I 1 1 1 1 1 O Y 1 O 1 O 1 R VA

| 1 S /AN I | B | BV

IA

(P*) - (M)V(p*)~(N)

(P (MHA(@P)*(E2Y)...... by (i)
(P*xP)* (M1, B2 )
(p*x@P)*((M,E2)™)

(p*x@P)*(M,E2)

(PY) (M)A(0P)*(E2)

(PN (M)

(P®) “(MYHV(0P) () ...... by (ii)
(p**x0P)" (ML)

(p*x@P) ((M.E2)™)

(p*x@P) (M, E2)

(P*) M)V(0P) (k2)

(P*) (M)

(P9 MVN)A(0P) (E2VED) ...... by (i)
(P*xP)*( (MVN),(E2VE2))
(P*x@P)*((M,E2)V(N,E2))
((p*>x@P)*(M,E2))A((p“x@P)*(N,E2))
((P*) (M)A (@P) " (E2))A((P*)" (N) A () *(E2))
(P9 (M)A(P*)*(N)

P (M)A(p*)*(N)

(P (MVN)V(0P) (E2VED) ...... by (ii)
(P“x@P) ((MVN),(E2VE2))
(anQ)B)_((M,Ez)\/(N,Ez))

((p**x0P) (M,E)V((p*x@P) (N, E2))

((P*) M)V(0P) (E))V((p*) (N)V(0P) (E2))
(P M)V(p*)(N)

P%) " (M)V(p*)(N)

(P (MAN)A(0P)*(E2AED) ... by (i)
(p*x@P)*((MAN),(E2AE2))

(p*x@P)*((M,E2) A(N.E2))

((p*>x@P)*(M,E2)) A((p“x@P)*(N,E2))

((P*) (M)A (@P) (E2))A((P)" (N) A () *(E2))
(P*)*(M)A(p*)*(N)

(P*)*(M)A(p*)*(N)

(P (MAN)A(0P) (E2AED) ...... by (ii)
(p*x@P) ((MAN),(E2AE2))
(anQ)B)_((M,Ez)/\(N,Ez))

((p*>x ") (MLE2))V((p*x ") (N,E2))

((P*Y MV(P) (E))V((P?) (N)V(0P) (E2))
(P*) = (M)V(p*)~(N)

(P*) " (M)V(p*)~(N)

Hence,p* is a bipolar L-fuzzy sub £-HX group of 9.

Theorem 3.8

Let p* and oP be bipolar L- fuzzy subsets of the sub ¢-HX groups of 3:and 9. respectively.
Such that (of)*(M)<(p*)*(E1), (o) (M)>(p*) (1) for all Me3,Eibe the identity element of 3. If a
product p*xwP is a bipolar L-fuzzy sub ¢-HX groups of 9:x3, then wPis a bipolar L-fuzzy sub ¢-HX

group of 9.

Proof: Let p*xwP=((p*xof)*,(p*x»®)") be a bipolar L-fuzzy sub ¢-HX groups of 3:x3,and M,Ne9,,

then (E1,M),(E1,N) € 31x 9.
Let i) (0P)"(M)<(p*)*(E1),

We have:

i) (@P) " (M)=(p%) (£1) for all Me 9,
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i)

vi)

vii)

viii)

(@) (MN)

(@) (MN)
(@) (MN)

(@) (MN)
(@) (M)

(@)"(M?)
(@) (M)

(@) (M)
(@P)*(MVN)

(@) (MVN)
(@) (MVN)

(@) (MVN)
(@) (MAN)

(@) (MAN)
(@) (MAN)

I | AV | B I R 1|

o IA I IA I v

| T AN 1 /AN 1 I 1 A A AV | B 1 B AV

[ AN 1 | I A VAR § B | B AV

(P (E1E)A(@P)(MN) .....by (i)
(p*x@P)*((E1E1),(MN))
(anwB)Jr((El’M)’(El’N))

(p*x@P)* (1, M)A(p“x ") (E1,N)

((p?)* (L) A(@P) (M)A((P)* (E) M) (N))
(@) (M)A(0P)"(N)

(") (M)A(0P)"(N)

() (E1E1)V(®P)(MN)...... by (ii)
(an(DB)_((El,M),(El,N))

(p**x0P) (B M)V(p*xf)~(ELN)

(P (EV(@P) M)V ((p*) () V() (N))
(") (M)V(e")(N)

(@) (M)V(0P)(N)

(P (EHA(@P)'(MD)...... by (i)

(p*>x0P)* (e M)

(p*x0P)*((E2,M)™)

(p*x@P)*(E1, M)

(P (E)A (@) (M)

(") (M)

((P*) (ErHV(eP)(M?)......by (ii)

(p*>x0P) (e M)

(p*>x@P)((E1,M)™)

(p*>x0P) (E1,M)

(P*) (1) V(0F) (M)

(") (M)

(PY)*(E1V ED)A(0P) (MVN) ...... by (i)
(p*xP)*( (E1VEL),(MVN))

(p*>x@P)*((EL, M)A(ELN))

((p*xP)* (B, M))A((p** @) (E1,N))

((P*)* () A(@P) (M)A((P)* (E1) M) (N))
(@) (M)A(eP)*(N)

(") (M)A(ef)*(N)

(PY) (E1VEL)V(wP) (MVN) ...... by (ii)
(p*x@P) ((E1VE1),(MVN))

(p*x ") ((E,M)V(E1,N))

((p*xP) (B, M))V((p** ) (E1,N))

(P V(@) (M))V((p*) () V() (N))
(") (M)V(e")(N)

(@) (M)V(0P)(N)

(PY) " (E1AE) A (@P) (MAN) ...... by (i)
(p*x@P)*((E1AEL),(MAN))

(p*>x@P) (B, M)A(ELN))

((p*xP)* (B, M))A((p** @) (E1,N))

((P?)* (L) A(@P) (M)A((P)* (E1) M) (N))
(") (M)A(eF)*(N)

(") (M)A(0P)"(N)

(P*) (E1AEL)A(0P)(MAN) ...... by (ii)
(p*x@P) ((E1AEL),(MAN))
(p*x0P) (e, M)A(EL,N))

((p*x@P) (B, M))V((p** ) (E1,N))

(P (EV(@P) (M))V((p*) () V() (N))
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= (o) (M) V() (N)
()" (MAN) < (@) (M)V(eP) (N)
Hence,w” is a bipolar L-fuzzy sub £-HX group of 3.

Corollary 3.9. Let p* and o be bipolar L-fuzzy subsets of the sub ¢-HX groups3iand 9, respectively.
If p*xwPis a bipolar L-fuzzy sub €-HX group of 3:1x9,, then either p* is a bipolar L-fuzzy sub ¢-HX
group of 91 or w® is a bipolar L-fuzzy sub £-HX group of 3.

4. Properties of a bipolar L-fuzzy sub ¢-HX group of a -HX group under homomorphism and
anti-homomorphism

In this section, we discuss the properties of the product of bipolar L-fuzzy sub £-HX group of a
£-HX group under homomorphism and anti-homomorphism. g1 ande; are the identity elements of the
£-HX groups, 91 and 9, respectively ,(81and 3, are not necessarily commutative), and mn we mean
m*n. Over this section the finite ¢-groups G1,G2,mand 2 are not necessarily commutative and 9;=2%-
{0}, 92c29—{$},93=2'{d}, 94=2"2—{d} are their L-HX groups respectively.

Theorem 4.1 [10]

Let ¢ be homomorphism from 31x9, onto 33x34. If (p*xwP) is a bipolar L-fuzzy sub ¢-HX group
of 91x9,, then the image ¢(p*xw®) of (p*xwP) under o is a bipolar L-fuzzy sub £-HX group of 93x94, if
p% o have sup property and p* wPare g-invariant.

Theorem 4.2 [10]

Let f be homomorphism from 91x9, to 33x34 If (§"xY%) is a bipolar L-fuzzy sub ¢- HX group
of 93x94 then the pre-image ¢}(8"xY*) is a bipolar L-fuzzy sub €-HX group of 81x9,, , if A*,o have
sup property and p% wPare @-invariant.

Theorem 4.3 [10]

Let ¢ be an anti-homomorphism from 8:x9, on to 33x34. If (p*xwP) is a bipolar L-fuzzy sub ¢-
HX group 91x9, , then the image ¢(p*x®P) of (p*xwP) under ¢ is a bipolar L-fuzzy sub £-HX group of
93x94, if p*,0P have sup property and p* wPare ¢-invariant.

Theorem 4.4 [10]

Let ¢ be an anti-homomorphism from 91x92 to 93x34. If (§"xY*) is a bipolar L-fuzzy sub £-HX
group of 93x94 then the pre-image ¢}(8"xY*) is a bipolar L-fuzzy sub ¢-HX group of 91x9;, if p*of
have sup property and p% mPare g-invariant.

Theorem 4.5
Let 51 and 92 be any two €-HX groups of the £-groups Gi and G respectively. Let

9:91x9,—933x 94 be a homomorphism onto €-HX groups. Let p*xwP be a bipolar L-fuzzy sub ¢-HX
group of 31x9; then o(p*xmP)=p(p*)xp(wP), if p* wP have sup property and p* P are @-invariant.
Proof: Let o be abipolar L-fuzzy subset of G1. Let B be a bipolar L-fuzzy sub ¢-group of G,. Let p*xwP
be a bipolar L-fuzzy sub €-HX group of 31x3,. Let (1,J)e31x3,, as ¢ is a homomorphism such that (¢
D), 0(3)) €93x Y4,

((p*x)) (¢(1),0()) (9(p*x))(¢(1,9)), as ¢ is homomorphism
(p*xa)*(1,9)
(P (1) MwP)* ()
(P (e(Nre(0) (o))
(0(p*)xp()) (o (1), 0(9))
Thgrefore, (o(p*>x))*((1),0())=(e(p*) (")) (e (1), ()
an
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(p(p* <)) (o(1),0(J)) (p(p*xP))~(¢(1,9)), as ¢ is homomorphism
(p*xf)~(1,J)

(P*) (MV(0P) ()

o(P?) (e(M)Vo (o) (¢(J))

(0(p*)xo(0")) (o(1),9())

Therefore, (o(p*xo®)) (¢(1),0())=(e(p*)xe(o") (o(1),0(J))

Hence, ¢(p*xaP)=p(p*)x¢(aP).

Theorem 4.6

Let p and o be any two bipolar L-fuzzy sub £-groups of G: and G2 respectively. Let 91 and 9,
be any two ¢-HX groups of the ¢-groups of G and G respectively. Let p* and w® be any two bipolar L-
fuzzy sub £-HX groups of the €-HX groups 9iand9: respectively. Let ¢:31x82,—33x34 be a
homomorphism. If p“xw® is a bipolar L-fuzzy sub £-HX group of9:x39,, then:
0 (p*>x0P)=p(p*)xo™(oP).
Proof: Let p®xoP be a bipolar L- fuzzy sub €-HX group of 31x3,. Let (1,J)e31x9,, since ¢ is a
homomorphism such that (¢ (1), ¢(J)) € 33x34.
(9™ (pxf))*(1,9) = (p*xeP)*(9(1,9))
= (p*x0’)"(o(1).00))
(P (@())A(@")* (0 ()
¢ H(p*) (NAp™ ("))
(9™ (p*)x@™(@"))*(1,9).
Therefore, (¢ (p"xof))*(1,9)= (¢ (p*)x¢™ (@) "(1.J).
and

(™ (p*x0P)) (1,J) = (p*xP)~(e(1,))
= (p*>xa")(o(1),0(3))

= () (eM)V(e) (e())

= (P (HVe™(0P) ()
(™ (p*)xe (wf))(1,J).
Therefore, (™ (p*>x"))(1,J) = (0™ (p*)x@™ (")) (1,J)
Hence, ¢™(p*xof)=¢™(p?) x ¢ (wP).

Definition 4.7[11]

Let p* be a bipolar L- fuzzy sub €-HX group of a £-HX group3. The set
I(p*%;T,W)={Pe8/(p*)"(P) >1, (p*)*(P)<y}, for any <t,y>€[0,1]x[-1,0] is called the bipolar level subset
of p“or <1, y> - level subset of p* or upper level subset of p or level subset of p*.

Theorem 4.8
Let p* and P be any two bipolar L- fuzzy sub €-HX groups of the ¢-HX groups9:and9,
respectively. Let <t, y>€[0,1]x[-1,0] then I(p*xw®;t, Ww)=1(p%1, W)x I(0P;T, v)
Proof: For all (M,N)el((p*xoP);t,v)
If (p*x@P)"(M,N)>1 and (p*xwP) (M, N)<y
If ((p%)* (M)A(@P)*(N))=T and ((p*) (M)V(eP) (N))<y
If (p*)*(M)=t and (0P)*(N)=1,(p*) (M)<y and (o) (N)<y
If (p*)*(M)=t and (p*) (M)<w, (of)* (N)>t and (o) (N)<y
If Mel(p%t,y) and Nel(wP; 1, v)
If (M,N)el(p*;t,) xI(o; T, )
Hence, I((p“xoP);T, w)=1(p%T, W) x (01, ).
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5. Conclusions

In this paper, we have presented some properties of the Cartesian product of bipolar L-fuzzy
subsets of a set and some results of the Cartesian product of bipolar L-fuzzy subl-HX groups of a £-HX
group under homomorphism and anti-homomorphism.
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