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1. Introduction

In 1986 Atanassov introduced and studied the concept of intuitionistic fuzzy sets as a
generalization of fuzzy sets. In 2004 Park defined the notion of intuitionistic fuzzy metric
space with the help of continuous t- norms and continuous t- conforms. Recently, (Alaca,
Turkoglu, Yildiz 2004) defined the notion of intuitionistic fuzzy metric space by making use
of intuitionistic fuzzy metric sets, with the help of continuous t- norm and continuous t-
conforms as a generalization of fuzzy metric space. In 2008 Alaca, Altun Turkoglu,
introduced compatible mappings in intuitionistic fuzzy metric space. In 2006, Turkoglu et
al. extended the notion of compatible mappings to intuitionistic fuzzy metric space. Alaca
weakened the notion of compatibility by using the notion of weakly compatible maps in
intuitionistic fuzzy metric space and showed that every pair of compatible mappings is
weakly compatible, but reverse is not true. Many authors have proved a number of
fixedpoint theorems for different contractions in intuitionistic fuzzy metric space. The
aim of this paper is to introduce C-contractive in a complete intuitionistic fuzzy metric
space, using weakly compatible mapping.
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2. Preliminaries

Definition 2.1 A mapping T : X — X where (X, M, N.x,¢) is an intuitionistic fuzzy metric
space is said to be a C-contration if there exists a € (O, %) such that for all x,y € Xthe following
inequality holds:

M(Tx,Ty.kt) = a(M(x, Ty, t) + M(y, Tx, t))
N(Tx,Ty.kt) = a(N(x, Ty, t) + N(y,Tx, t)).

Definition 2.2 (Alaca C, Altun | Turkoglu D. 2008) Let (X M N, <>) be intuitionistic fuzzy
metric space and for all X,y € X, t>0and if for a number K €(01), M(x,y,kt)>M(x,y,t)and
N(X, y,kt) < N(X,¥,t). Thenx=y.

Definition 2.3 Let T and S be self- mappings of an intuitionistic fuzzy metric space:
(X,M,N.x,0)and C(T,S):={x € X:T(x) = S(x)}. Then pair (T, S) is called weakly compatible if:
T(S(x)) = S(T(x)) forallx € C(T,S).

3. Main Theorem:

Definition 3.1 Amapping T: X — X where (X, M, N.x,0) is an intuitionistic fuzzy metric space
is said to be weakly C-contractive if forall x, y € X,

M(Tx, Ty.kt) > %(M(x, Ty,t) + M(y,Tx,t) — p(M(x, Ty, t), M(y, Tx, t))), (3.1)

1
N(Tx,Ty.kt) < (N(x, Ty,t) + N(y,Tx,t) — p(N(x, Ty, t), N(y,Tx, t)))
Where ¢: [0,0)? — [0, ) is a continuous function such that ¢(x, y) = Oifand only if x = y = 0.

Theorem 3.2 Let (X, M, N.*,0) be a complete intuitionistic fuzzy metric space and let E be anon
empty closed subset of X. LetT, S: E — E be such that,

1
M(Tx,Sy.kt) > > (M(Rx, Sy,t) + M(Ry, Tx, t) — ¢(M(Rx, Sy, t), M(Ry, Tx, t))),

1
N(Tx,Sy.kt) < > (N(Rx,Sy,t) + N(Ry, Tx,t) — ¢(N(Rx, Sy,6), N(Ry, Tx, 1))

For every pair (x,y) € X X X, where ¢: [0,0)% — [0, ) is a continuous function such that ¢(x,y) = 0
ifandonly if x = y = Oand R: E — Xsatisfying the following hypotheses:
(1) TE € RE and SE C RE.

(i) The pairs (T,R) and (s,R)are weakly compatible.

In addition, assume that R(E)is a closed subset of X .Then, Tand RandS havea
unique common fixed point.

Proof: Let X, € E be an arbitrary.Using (i) there exist twosequences {x,,}»—, and {y,}r-, such that

Yo =Txg = Rx1,y1 = Sx1 = Rxp, ¥, =Tx; = Rx3,..... yYon = TXon = RXoni1, Yont1 =
Sx2n+1 - Rx2n+2, e
We complete the proof in three steps.

Step I. We will prove that limM (yy,, Yn41-kt) =0 and  limN(y,, Ynsq-kt) = 0.
n-oo n—ow
Letn = 2k. Using condition (3.1), we obtain that
M(Yak+1) Y2 kt) = M(T x5, SX2k+1, kt)

1
> 5 (M(Rxk, Sx2k41,8) + M(RX 41, TXp, 1)) — (M (Rxk, SX2p41, £), M(RX 111, T2, 1))
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> (MY2r-1, Y2141, 8) + MVai, V2 ) — ¢(M V=1, Vares 1, 0 M Vo, Var 1)) (2)
1

v

EM(YZk—l'YZk+1r t)

1

E (M(J’Zk 1 Y21,t) + MVar, Vars1, f))

N(Y2k+1, Y2k kt) = N(Tx2k, Sxpp41, k)

< > (N(RXZk: Sx2k+1,t) + N(RXgp41, Tx2k, t)) - ¢(N(Rx2k: Sx2k+1, ), N(RX g 41, Tx 2k, t))
=5 (N(y2k—1:y2k+1: t) + N2k Y2k t)) - ¢(N(y2k—1: Vak+1, £ Nk Yok t)) (3.2)

1

EN(ka—lJy2k+1J t)
1
2

IA

(N(ka 1, Y2k, f) + N2k, V2k+1s t))

(y2k+1’ Yok ’kt) >M (ka’ kafl’t)
Hence, '
N (Y2k+1’ Yax 'kt) <N (y2k ' y2k*1’t)
If n=2k+1 similarly we can prove that
M (y2k+2’ Yousa s kt) >M (y2k+1' Ya 't)
N (ka+21 Yoksa s kt) <N (y2k+1’ Yo ’t)

Thus M (Y,.., Y., KE), N(Y,.,., ¥, Kt) is a decreasing sequence of nonnegative real numbers and hence
convergent.

Assume that, limM (y,41, Yo, kt) =1,
n—-oo

£%N(yn+1:yn: kt) =r.
From the above argument we have

1
M(Yn+1' Yo kt) = EM(Yn—errle t)
1
= E (M(yn—l: Yn, t) + M(yn: Yn+1 t))
1
N(Yn+1:yn: kt) < EN(yn—liyn+1: t)

1
S E (N(yn—ll ynJ t) + N(yn: yn+1’ t))'
if N — oo, we have

1
r < limEM(yn_l,ynH,kt) <r
n—oo
L1
r < lmoNn-1,Ynsr kt) <7,

Therefore, imM(Yp_1, Vns1, kt) = 2r
n—-oo

}lizgoN(yn—liyn+1: kt) = 2r.
We have proved in (3.2):

M(Y2k41, Y2k, kt) = M(Tx2k, Sx2k41, k)
= > (M(yak-1,Yar+1,©) + MVak, Vo t))

—d(M(Ya—1, Y2141, 0 M V21, Y21, £))-
N(Yak+1, Yok, kt) = N(Txzx, Sxok 41, kt)

1
< > (Nak-1,Yar+1,8) + Nak, Vars t))

~(NW2k-1, Y2410 N2k Yaior 1)
Now, if k — oo and using the continuity of ¢ we obtain
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r < %21‘ - ¢(2r,0),
and consequently, ¢(2r,0) = 0. This gives us that:
r = lUmMy, Ve, kt) = 0,7 = imN (Y, Yne1, kt) =0 (3.3)
By our assumption abgl;[w(p. A
Step II. {Y,}is Cauchy.

Since MYn+1, Yn+z-kt) 2 My, Yni1, k), and
N1 Ynsz-kt) < Nn, Yner, kt) it is sufficient to show that the subsequence {Y,,}is a Cauchy

sequence. Suppose that {Y,,} is not a Cauchy sequence. Then there exists & > 0 for which we can find
subsequence {Y, o }and {Yanuo} of {Y,,} such that n(k) is the least index for which n(k) > m(k) >
k and M(yZm(k):yZn(k): kt) 2 &, N(yZm(k):yZn(k): kt) <&

This means that:

M(Yamey Yanto-2-kt) < & N(Vamy Yanto-2 kt) < € .
From triangle inequality:

€ < M(Yam(ky Yon(i) k) > M Vamiy, Yan(i)—2, kt)
+M (Yon(i)-2) Yonk)—1, k) + M YVa2ne) -1, Yan(xy, k) (7)
= €+ MYVon)-2 Yonk)—1 k) + M Voo -1, Yan(x), kb
€ < N(Vam(ky Yanky kt) < NVam(iy Yan(i)—2, kt)
+NVongi)-2) Yonk)—1, k) + N Vango -1, Yanik) kt)
< €+ NV2noy-2 Yon) -1 k) + NVano-1, Yaniiy kt)-
Letting k — oo and using (3.3) we can conclude that :
’lci_T)ZloM(YZm(k):yZn(k):kt) =g ]lciI?ON(yZm(k):yZn(k):kt) =e. (3.4)
Moreover, we have
IM V2@ Yanio+1, k) = MVzmey Yanciey k)| 2 M(Vanaeoy Yango+1t)  (3.5)
IN2miey Yano+1, kt) = NV2mey Yangoy KO| < N(Vangey Yango +1t)
and
|MYangey Yamao -1, k) = MYVzniy, Yamciy k)| = M(Vam@ Yamao-1,t) (3.6
INWaniey Yamo -1, kt) = NOzngey Yamaey k0| < N(Vamae Yamo-1t)
and
|M(y2n(k)»)’2m(k)—2: kt) — M (Yan(ky Yoamao-1- kt)| = M(yZm(k)—Z:yZm(k)—li t) (3.7)

INaney Yamao -2 kt) = NOzngiey Yamaey-1 k)| < N(Vamy-2 Yamky-1, t)
Using (3.3), (3.4) , (3.5), (3.6) and (3.7) we get:

i%M(VZm(k)—1, Yan(i) kt) = ]IC%M(yZm(k)—l: Yan(i)-1, kt)
= IZC%M(yZm(k)—Z:yZn(k)J kt) = ¢ (3.8)
MmN (Yam -1 Yan, kt) = UMN Yam -1, Yan o -1, kt)
= MmN am)-2 Yan, kt) = &
Now, from (3.1) we have:
M (Yom(i)-1, Yonk) kt) = M(TX2n a0y, SXam(k)-1, kt)
1
z3 (M(RXZn(k)r SxX2me)-1,t) + M(RXamge-1, TX2ngi0)s t))
—¢ (M(RxZn(k): SxX2m(e)-1,£)s M(RXam@e) -1, TX2n iy f))
1
=3 (M(YZn(k)—l' Yam@y-1t) + M(Vam@o-20 Yankys f))

—¢ ((M(YZm(k)—lJ Yam(k)» t), M(}’Zm(k)» Yam(k)+1» f))
N(Yomr)-1 Yon(i) k) = N(TX2nx10), SX2me)-1, kt)
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Ib—\'e'l\.)lr—x

(N(Rx2nqey Sxamey-1t) + N(Rxzm(ty-1, TXangi t) )
N(Rzniy Sxam(icy-1 ) N (RXzmey-1 TXan(ioy )
(NG2nto-1Y2mao-1:8) + N(Vamgo -2, Vanger £))

¢ (N (Vamgo-1:Y2mr ) N Vamge Vamaosn:t))-

if k — oo in the above inequality, from (3.8) and the continuity of ¢, we have:

ES%(8+8)—(0(8,8),

and from the last inequality 9(&,&) = 0. By our assumption about ¢, we have & =0which is a

contradiction.

Step I1l. T, s and R have acommon fixed point. Since (X, M, N ., O) is complete and {Y, }is

Cauchy, there exists z € X such that: lim y, = z. Since E is closed and {y.}<E, wehave zeE.

n—oo

By assumption R(E) is closed, so there exists u € E suchthat z = Ru.

Forall n € N,

If n— oo,

and hence

M(lTu’ Yan+1 kt) = M(Tu, Sxap41, kt)
25 (M(Ru, Sxyn41,t) + M(RXzn41, T, 1))

_¢(M(Ru' Sx2n+1: t): M(Rx2n+1, Tu, t))
1
=~ (M@ Yzni0,t) + M(yzn, T, 1))

~p(M(Ru, Sxz341, ), M(RXzp 41, T, 1))
N({u’ Yan+1 kt) = N(Tu, Sx2p41, kt)

<3 (N(Ru, Sx2141,8) + N(Rxap41, T, t))
~¢(N(Ru, Sxzp41,), N(RXzp 41, T, 1))

= %(N(Z; Von+1,£) + N(Van, T, t))

—(;b(N(Ru, Sxon+1,£), N(RX2p41, T, t))

M(Tu, z, kt) = % (M(Z, z,t) + M(z,Tu, t)) - q’)(M(Ru, z,t),M(z,Tu, t))

N(Tu,z, kt) < %(N(Z, z,t) + N(z,Tu, t)) - qb(N(Ru, z,t),N(z, Tu, t))

¢(0,M(z,Tu, kt)) = %(M(Tu, z,kt)) =0,

¢(0,N(z,Tu, kt)) < %(N(Tu, z,kt)) < 0.

Therefore M (z,Tu, kt) = 0, N(z,Tu, kt) = O . ThereforeTu = z.
Similarly Su = z. So Tu = Su = Ru = z. Since the pairs (R, T) and (R, S) are weakly compatible,

we have Tz = Sz = Rz.
Now we can have

M(lTZ’ Yan+1, kt) = M(Tz,Sx2p41, kt)

25 (M(Rz,Sx3n41,t) + M(RX2141, T2, 1))
~¢(M(Rz,Sxzm41,1), M(RX2n11, T2, 1))

= %(M(RZ' Yon+1t) + M(Yz2n, T2, 1))
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—(l)(M(RZ, Yon+1) t)! M(yZnJ Tz, t))
N(Tz,yzn+1,kt) = N(Tz, SX2p41, kt)

< % (N(Rz, Sxyn41,t) + N(RXzn41, T2, 1))
—¢(N(Rz,Sx2n41,t), N(Rx2041, T2, 1))

= % (N(Rz,Yan+1,t) + N(¥2,, Tz, 1))
_‘l’(N(RZ' Yon+1, ) N(on, Tz, t)).

If n— oo, since Tz = Sz = Rz, we obtain
1
M(Tz, z, kt) = > (M(Tz, z,t) + M(z,Tz, t)) — q,')(M(TZ, z,t),M(z,Tz, t))(16)

N(Tz, z, kt) = %(N(Tz, z,t) + N(z,Tz, t)) — ¢(N(TZ, z,t),N(z,Tz, t))

Hence, ¢(M(TZ, z,t),M(z,Tz, t)) = 0,¢(N(TZ, z,t),N(z,Tz, t)) =0 and so M(Tzzt) =
0,N(Tz,z,t) = 0. Therefore Tz=zand from Tz =Sz = Rzwe conclude that Tz =Sz =Rz = z.
Uniqueness of the common fixed point follows from (3.1).

Theorem 3.3 Let (X, M, N.x O)be a complete intuitionistic fuzzy metric space and

T,S, @andR verifying the conditions of Theorem 3.2. Assume that R is a continuous function on X.
In additionforall x e X :
M(RTx,TRx, kt) = (M(Rx,Tx, kt) and M(RSx,SRx,kt) = M(Rx, Sx, kt)
N(RTx,TRx, kt) < (N(Rx,Tx, kt) and N(RSx,SRx,kt) < N(Rx,Sx, kt)
Then, T and R and S have a unique common fixed point.
Proof: If we review the proof of Theorem 3.2, we obtain that {,,} is a Cauchy sequence converging to
some z e X.
We know that
z = limy,, = limTxy, = limRx,,.1 = limy,,41 = limSx5,41 = limRX5,42
Nn—aoo n—oo n—aoo Nn—aoo n—oo n—o0

Since R is continuous, Ry, converges to Rz.
On the other hand,

M(Tyani1, Rz, kt) = M(TYan11, RY2n42,t) + M(RY2p42, Rz, €)

= M(TRX3n+2, RTXan42,t) + M(Ryzn42,R2, 1)

2 M(Tx2n+42, RXon42,t) + M(RY2n42,R2, t)

= MYon+2 Yon+1,t) + M(RY2n42, RZ,t)

N(Tyan+1, Rz, kt) < N(TY2pn41, RY2n+42,t) + N(RY2p42, RZ, £)

= N(TRx3n+2, RTXan42,t) + N(RYan42,R2, 1)

< N(Tx2n+42, RXan42,t) + N(RYan42,R2, 1)

= NV2n+2 Y2n+1,t) + N(RY2n42, RZ, 1)
Therefore m}o M(Ty,,.,,Rz,kt) =0, Ml N(Ty,,.,,Rz,kt) =0, andwe canhave

M(Tyzn+1,52, kt) 1
= > (M(Ry2n+1: Sz,t) + M(Rz, Typn 41, t))

— ¢(M(Ryan+1,52,t), M(Rz, Tysp41,1))
N(Tyn41,52, kt)

1
= > (N(Ry2n+1,52,t) + N(RZ, Tyz41,)) — ¢(N(RY2141,52,1), N(RZ, TY241, 1))
If n— oo, we have

1
M(Rz, Sz, kt) > > (M(Rz,Sz,t) + M(Rz,Rz,t)) — ¢(M(Rz,Sz,t), M(Rz, Rz, t))
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N(Rz, Sz, kt) < %(N(Rz, Sz,t) + N(Rz,Rz,t)) — ¢(N(Rz,Sz,t), N(Rz, Rz, t))
So,
% (M(Rz, Sz, kt)) > —¢p((M(Rz,Sz,t),0)),

% (N(RZ, Sz, kt)) < —¢((N(Rz,Sz,1),0))

and hence Sz = Rz. We can analogously prove that Tz = Rz. Thatis, Tz =Sz = Rz = a.
Using weak compatibility of the pairs (T, R) and (s, R) we have Ra =Ta = Sa. So

M(Ta,a, kt) = M(Ta, Sz, kt) = %(M(Ra, Sz,t) + M(Ra,Ta,t)) — ¢((M(Ra,Sz,t), M(Rz,Ta,t))
> % (M(Ta,a,t) + M(a,Ta,t)) — $((M(Ta,a,t),M(a,Ta,t))
VT akt) = NSz k0 = %(N (Ra,Sz,t) + N(Ra,Ta, 1)) = $((N(Ra,Sz,1),N(Rz,Ta, 1))

1
< E(N(Ta, a,t) + N(a,Ta, t)) - ¢>((N(Ta, a,t),N(a,Ta, t)).

That is @(M(Ta,a,t),N(a,Ta,t))=0,¢(N(Ta,a,t),N(a,Ta,t))=0and this implies that Ta=a.
Therefore Ra=Ta=Sa=a.
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