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1.  Introduction 

In 1986 Atanassov introduced oand ostudied othe oconcept oof ointuitionistic ofuzzy osets oas oa 
generalization oof ofuzzy osets. oIn 2004 Parkodefined othe onotion oof ointuitionistic ofuzzy  metric 
space owith othe ohelp oof ocontinuous ot- onorms oand ocontinuous ot- oconforms. Recently, (Alaca, 
Turkoglu, Yildiz 2004) odefined othe onotion oof ointuitionistic ofuzzy metric ospace oby omaking use 
oof ointuitionistic ofuzzy ometric osets, owith othe ohelp oof continuous ot- onorm oand continuous ot- 
oconforms oas oa ogeneralization oof ofuzzy ometric space. In 2008 Alaca, oAltun, Turkoglu, 
introduced compatible omappings oin ointuitionistic ofuzzy ometric ospace. oIn o2006, oTurkoglu oet 
oal. extended othe onotion oof ocompatible omappings oto ointuitionistic ofuzzy ometric ospace. oAlaca 
weakened othe onotion oof ocompatibility oby ousing othe onotion oof oweakly ocompatible omaps in 
ointuitionistic ofuzzy ometric ospace oand oshowed othat oevery opair oof ocompatible omappings is 
oweakly ocompatible, obut oreverse ois onot otrue. oMany oauthors ohave oproved oa onumber oof 
ofixedpoint otheorems ofor odifferent ocontractions oin ointuitionistic ofuzzy ometric ospace. oThe 
oaim oof othis opaper ois oto ointroduce oC-contractive oin oa ocomplete ointuitionistic ofuzzy ometric 
ospace, ousing oweakly ocompatible omapping. 
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2.   Preliminaries 
 
               Definition o2.1 oA omapping o XXT →: where o(𝑋𝑋,𝑀𝑀,𝑁𝑁.∗,⋄) ois an ointuitionistic ofuzzy ometric 

ospace ois osaid oto obe oa oC-contration oif othere oexists o𝛼𝛼 ∈ �0, 1
2
� osuch othat ofor oall o𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋the ofollowing 

oinequality oholds: 
.𝑀𝑀(𝑇𝑇𝑥𝑥,𝑇𝑇𝑦𝑦.𝑘𝑘𝑘𝑘)) ≥ 𝛼𝛼�𝑀𝑀(𝑥𝑥,𝑇𝑇𝑦𝑦, 𝑘𝑘) + 𝑀𝑀(𝑦𝑦,𝑇𝑇𝑥𝑥, 𝑘𝑘)� 
𝑁𝑁(𝑇𝑇𝑥𝑥,𝑇𝑇𝑦𝑦.𝑘𝑘𝑘𝑘) ≥ 𝛼𝛼�𝑁𝑁(𝑥𝑥,𝑇𝑇𝑦𝑦, 𝑘𝑘) + 𝑁𝑁(𝑦𝑦,𝑇𝑇𝑥𝑥, 𝑘𝑘)�. 

 
Definition o2.2 (Alaca oC, oAltun oI , Turkoglu oD. o2008) Let o ( , , . , )X M N ∗ ◊  obe ointuitionistic ofuzzy 

ometric ospace oand ofor oall o , ,x y X∈ 0>t and oif ofor oa onumber o )1,0(∈k , o ( , , ) ( , , )M x y kt M x y t≥ and o

( , , ) ( , , )N x y kt N x y t≤ . oThen ox o= oy.  
 
Definition o2.3 Let oT oand oS obe oself- omappings oof oan ointuitionistic ofuzzy ometric ospace: 

 (𝑋𝑋,𝑀𝑀,𝑁𝑁.∗,⋄) oand o o𝐶𝐶(𝑇𝑇, 𝑆𝑆): = {𝑥𝑥 ∈ 𝑋𝑋:𝑇𝑇(𝑥𝑥) = 𝑆𝑆(𝑥𝑥)}. oThen opair o(𝑇𝑇, 𝑆𝑆) ois ocalled oweakly ocompatible oif: 
 𝑇𝑇(𝑆𝑆(𝑥𝑥)) = 𝑆𝑆(𝑇𝑇(𝑥𝑥)) ofor oall o𝑥𝑥 ∈ 𝐶𝐶(𝑇𝑇, 𝑆𝑆). 

 
 
 

3. oMain oTheorem: 
 

Definition o3.1 A omapping o𝑇𝑇:𝑋𝑋 → 𝑋𝑋, o

where o(𝑋𝑋,𝑀𝑀,𝑁𝑁.∗,⋄) ois oan ointuitionistic ofuzzy ometric ospace 

ois osaid oto obe oweakly oC-contractive oif ofor oall o𝑥𝑥,𝑦𝑦 ∈ 𝑋𝑋, 

𝑀𝑀(𝑇𝑇𝑥𝑥,𝑇𝑇𝑦𝑦.𝑘𝑘𝑘𝑘) ≥
1
2
�𝑀𝑀(𝑥𝑥,𝑇𝑇𝑦𝑦, 𝑘𝑘) + 𝑀𝑀(𝑦𝑦,𝑇𝑇𝑥𝑥, 𝑘𝑘) − 𝜙𝜙�𝑀𝑀(𝑥𝑥,𝑇𝑇𝑦𝑦, 𝑘𝑘),𝑀𝑀(𝑦𝑦,𝑇𝑇𝑥𝑥, 𝑘𝑘)�� ,       (3.1) 

𝑁𝑁(𝑇𝑇𝑥𝑥,𝑇𝑇𝑦𝑦.𝑘𝑘𝑘𝑘) ≤
1
2
�𝑁𝑁(𝑥𝑥,𝑇𝑇𝑦𝑦, 𝑘𝑘) + 𝑁𝑁(𝑦𝑦,𝑇𝑇𝑥𝑥, 𝑘𝑘) − 𝜙𝜙�𝑁𝑁(𝑥𝑥,𝑇𝑇𝑦𝑦, 𝑘𝑘),𝑁𝑁(𝑦𝑦,𝑇𝑇𝑥𝑥, 𝑘𝑘)�� 

Where o𝜙𝜙: [0,∞)2 → [0,∞) ois oa ocontinuous ofunction osuch othat o𝜙𝜙(𝑥𝑥,𝑦𝑦) = 0if oand oonly oif o𝑥𝑥 = 𝑦𝑦 = 0. 
 
             Theorem 3.2 oLet o(𝑋𝑋,𝑀𝑀,𝑁𝑁.∗,⋄) obe oa ocomplete intuitionistic ofuzzy ometric ospace and olet o E be oa onon 

oempty oclosed osubset oof o .X  Let o𝑇𝑇, 𝑆𝑆:𝐸𝐸 → 𝐸𝐸 be osuch othat, 

𝑀𝑀(𝑇𝑇𝑥𝑥, 𝑆𝑆𝑦𝑦.𝑘𝑘𝑘𝑘) ≥
1
2
�𝑀𝑀(𝑅𝑅𝑥𝑥, 𝑆𝑆𝑦𝑦, 𝑘𝑘) + 𝑀𝑀(𝑅𝑅𝑦𝑦,𝑇𝑇𝑥𝑥, 𝑘𝑘) −𝜙𝜙�𝑀𝑀(𝑅𝑅𝑥𝑥, 𝑆𝑆𝑦𝑦, 𝑘𝑘),𝑀𝑀(𝑅𝑅𝑦𝑦,𝑇𝑇𝑥𝑥, 𝑘𝑘)��, 

𝑁𝑁(𝑇𝑇𝑥𝑥, 𝑆𝑆𝑦𝑦. 𝑘𝑘𝑘𝑘) ≤
1
2
�𝑁𝑁(𝑅𝑅𝑥𝑥, 𝑆𝑆𝑦𝑦, 𝑘𝑘) + 𝑁𝑁(𝑅𝑅𝑦𝑦,𝑇𝑇𝑥𝑥, 𝑘𝑘) −𝜙𝜙�𝑁𝑁(𝑅𝑅𝑥𝑥, 𝑆𝑆𝑦𝑦, 𝑘𝑘),𝑁𝑁(𝑅𝑅𝑦𝑦,𝑇𝑇𝑥𝑥, 𝑘𝑘)�� 

For oevery opair o(𝑥𝑥,𝑦𝑦) ∈ 𝑋𝑋 × 𝑋𝑋, owhere o𝜙𝜙: [0,∞)2 → [0,∞) ois oa ocontinuous o ofunction osuch othat o𝜙𝜙(𝑥𝑥,𝑦𝑦) = 0 

oif oand oonly oif o𝑥𝑥 = 𝑦𝑦 = 0and o𝑅𝑅:𝐸𝐸 → 𝑋𝑋satisfying o othe ofollowing ohypotheses: 
(i) 𝑇𝑇𝐸𝐸 ⊆ 𝑅𝑅𝐸𝐸   and o𝑆𝑆𝐸𝐸 ⊆ 𝑅𝑅𝐸𝐸. 
(ii)  oThe opairs o ),( RT  oand o ),( RS are oweakly ocompatible. o 

In oaddition, oassume othat o ( )R E is oa oclosed osubset oof o o X . Then, oT and o R and S have oa 

ounique ocommon ofixed opoint. 
Proof: Let o Ex ∈0 be oan oarbitrary.Using o(i) othere oexist otwosequences o{𝑥𝑥𝑛𝑛}𝑛𝑛=0∞

 oand o{𝑦𝑦𝑛𝑛}𝑛𝑛=0∞
 osuch o othat 

o𝑦𝑦0 = 𝑇𝑇𝑥𝑥0 = 𝑅𝑅𝑥𝑥1,𝑦𝑦1 = 𝑆𝑆𝑥𝑥1 = 𝑅𝑅𝑥𝑥2,𝑦𝑦2 = 𝑇𝑇𝑥𝑥2 = 𝑅𝑅𝑥𝑥3, . . . . . ,𝑦𝑦2𝑛𝑛 = 𝑇𝑇𝑥𝑥2𝑛𝑛 = 𝑅𝑅𝑥𝑥2𝑛𝑛+1,𝑦𝑦2𝑛𝑛+1 =
𝑆𝑆𝑥𝑥2𝑛𝑛+1 = 𝑅𝑅𝑥𝑥2𝑛𝑛+2, . . . .. 
We ocomplete othe oproof oin othree osteps. 
Step oI. oWe owill oprove othat o𝑙𝑙𝑙𝑙𝑙𝑙

𝑛𝑛→∞
𝑀𝑀(𝑦𝑦𝑛𝑛,𝑦𝑦𝑛𝑛+1.𝑘𝑘𝑘𝑘) = 0    𝑎𝑎𝑛𝑛𝑛𝑛        𝑙𝑙𝑙𝑙𝑙𝑙

𝑛𝑛→∞
𝑁𝑁(𝑦𝑦𝑛𝑛,𝑦𝑦𝑛𝑛+1.𝑘𝑘𝑘𝑘) = 0. 

Let o𝑛𝑛 = 2𝑘𝑘. oUsing ocondition o(3.1), owe oobtain othat 
𝑀𝑀(𝑦𝑦2𝑘𝑘+1,𝑦𝑦2𝑘𝑘 ,𝑘𝑘𝑘𝑘) = 𝑀𝑀(𝑇𝑇𝑥𝑥2𝑘𝑘,𝑆𝑆𝑥𝑥2𝑘𝑘+1,𝑘𝑘𝑘𝑘) 

≥
1
2 �
𝑀𝑀(𝑅𝑅𝑥𝑥2𝑘𝑘 ,𝑆𝑆𝑥𝑥2𝑘𝑘+1, 𝑘𝑘) + 𝑀𝑀(𝑅𝑅𝑥𝑥2𝑘𝑘+1,𝑇𝑇𝑥𝑥2𝑘𝑘 , 𝑘𝑘)� − 𝜙𝜙�𝑀𝑀(𝑅𝑅𝑥𝑥2𝑘𝑘, 𝑆𝑆𝑥𝑥2𝑘𝑘+1, 𝑘𝑘),𝑀𝑀(𝑅𝑅𝑥𝑥2𝑘𝑘+1,𝑇𝑇𝑥𝑥2𝑘𝑘, 𝑘𝑘)� 



 

 

 
 

700 
 

=
1
2 �
𝑀𝑀(𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘) + 𝑀𝑀(𝑦𝑦2𝑘𝑘 ,𝑦𝑦2𝑘𝑘 , 𝑘𝑘)� − 𝜙𝜙�𝑀𝑀(𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘),𝑀𝑀(𝑦𝑦2𝑘𝑘 ,𝑦𝑦2𝑘𝑘 , 𝑘𝑘)�(2) 

≥
1
2
𝑀𝑀(𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘) 

≥
1
2
�𝑀𝑀�𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘,𝑘𝑘� + 𝑀𝑀(𝑦𝑦2𝑘𝑘 ,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘)�. 

 
𝑁𝑁(𝑦𝑦2𝑘𝑘+1,𝑦𝑦2𝑘𝑘 ,𝑘𝑘𝑘𝑘) = 𝑁𝑁(𝑇𝑇𝑥𝑥2𝑘𝑘,𝑆𝑆𝑥𝑥2𝑘𝑘+1,𝑘𝑘𝑘𝑘) 

≤
1
2 �
𝑁𝑁(𝑅𝑅𝑥𝑥2𝑘𝑘 ,𝑆𝑆𝑥𝑥2𝑘𝑘+1, 𝑘𝑘) +𝑁𝑁(𝑅𝑅𝑥𝑥2𝑘𝑘+1,𝑇𝑇𝑥𝑥2𝑘𝑘 , 𝑘𝑘)� − 𝜙𝜙�𝑁𝑁(𝑅𝑅𝑥𝑥2𝑘𝑘 ,𝑆𝑆𝑥𝑥2𝑘𝑘+1, 𝑘𝑘),𝑁𝑁(𝑅𝑅𝑥𝑥2𝑘𝑘+1,𝑇𝑇𝑥𝑥2𝑘𝑘 , 𝑘𝑘)� 

=
1
2 �
𝑁𝑁(𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘) + 𝑁𝑁(𝑦𝑦2𝑘𝑘 ,𝑦𝑦2𝑘𝑘 , 𝑘𝑘)� − 𝜙𝜙�𝑁𝑁(𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘),𝑁𝑁(𝑦𝑦2𝑘𝑘 ,𝑦𝑦2𝑘𝑘 , 𝑘𝑘)�                (3.2) 

≤
1
2
𝑁𝑁(𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘) 

≤
1
2
�𝑁𝑁�𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘,𝑘𝑘� + 𝑁𝑁(𝑦𝑦2𝑘𝑘 ,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘)�.  

Hence,  o

( ) ( )
( ) ( )

2 1 2 2 2 1

2 1 2 2 2 1

, , , ,

, , , ,
k k k k

k k k k

M y y kt M y y t

N y y kt N y y t
+ −

+ −

≥

≤
. 

If o o ,12 += kn similarly owe ocan oprove othat 

( ) ( )
( )

2 2 2 1 2 1 2

2 2 2 1 2 1 2

, , , ,

( , , ) , ,
k k k k

k k k k

M y y kt M y y t

N y y kt N y y t
+ + +

+ + +

≥

≤
. 

Thus o ),,(),,,( 11 ktyyNktyyM nnnn ++ is oa odecreasing osequence oof ononnegative oreal onumbers oand ohence 

oconvergent. 
 oAssume othat, o𝑙𝑙𝑙𝑙𝑙𝑙

𝑛𝑛→∞
𝑀𝑀(𝑦𝑦𝑛𝑛+1,𝑦𝑦𝑛𝑛,𝑘𝑘𝑘𝑘) = 𝑟𝑟,            𝑙𝑙𝑙𝑙𝑙𝑙

𝑛𝑛→∞
𝑁𝑁(𝑦𝑦𝑛𝑛+1,𝑦𝑦𝑛𝑛,𝑘𝑘𝑘𝑘) = 𝑟𝑟. 

From othe oabove oargument owe ohave 

𝑀𝑀(𝑦𝑦𝑛𝑛+1,𝑦𝑦𝑛𝑛,𝑘𝑘𝑘𝑘) ≥
1
2
𝑀𝑀(𝑦𝑦𝑛𝑛−1,𝑦𝑦𝑛𝑛+1, 𝑘𝑘) 

≥
1
2 �
𝑀𝑀(𝑦𝑦𝑛𝑛−1,𝑦𝑦𝑛𝑛, 𝑘𝑘) + 𝑀𝑀(𝑦𝑦𝑛𝑛,𝑦𝑦𝑛𝑛+1, 𝑘𝑘)�. 

𝑁𝑁(𝑦𝑦𝑛𝑛+1,𝑦𝑦𝑛𝑛,𝑘𝑘𝑘𝑘) ≤
1
2
𝑁𝑁(𝑦𝑦𝑛𝑛−1,𝑦𝑦𝑛𝑛+1, 𝑘𝑘) 

≤
1
2 �
𝑁𝑁(𝑦𝑦𝑛𝑛−1,𝑦𝑦𝑛𝑛, 𝑘𝑘) + 𝑁𝑁(𝑦𝑦𝑛𝑛,𝑦𝑦𝑛𝑛+1, 𝑘𝑘)�. 

if o ,∞→n we ohave 

𝑟𝑟 ≤ 𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

1
2
𝑀𝑀(𝑦𝑦𝑛𝑛−1,𝑦𝑦𝑛𝑛+1,𝑘𝑘𝑘𝑘) ≤ 𝑟𝑟 

𝑟𝑟 ≤ 𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

1
2
𝑁𝑁(𝑦𝑦𝑛𝑛−1,𝑦𝑦𝑛𝑛+1,𝑘𝑘𝑘𝑘) ≤ 𝑟𝑟, o 

Therefore, 𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

𝑀𝑀(𝑦𝑦𝑛𝑛−1,𝑦𝑦𝑛𝑛+1,𝑘𝑘𝑘𝑘) = 2𝑟𝑟 
𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

𝑁𝑁(𝑦𝑦𝑛𝑛−1,𝑦𝑦𝑛𝑛+1,𝑘𝑘𝑘𝑘) = 2𝑟𝑟. 
We ohave oproved oin o(3.2): 

𝑀𝑀(𝑦𝑦2𝑘𝑘+1,𝑦𝑦2𝑘𝑘 ,𝑘𝑘𝑘𝑘) = 𝑀𝑀(𝑇𝑇𝑥𝑥2𝑘𝑘,𝑆𝑆𝑥𝑥2𝑘𝑘+1,𝑘𝑘𝑘𝑘) 

≥
1
2 �
𝑀𝑀(𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘) + 𝑀𝑀(𝑦𝑦2𝑘𝑘 ,𝑦𝑦2𝑘𝑘 , 𝑘𝑘)� 

−𝜙𝜙�𝑀𝑀(𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘),𝑀𝑀(𝑦𝑦2𝑘𝑘 ,𝑦𝑦2𝑘𝑘 , 𝑘𝑘)�. 
𝑁𝑁(𝑦𝑦2𝑘𝑘+1,𝑦𝑦2𝑘𝑘 ,𝑘𝑘𝑘𝑘) = 𝑁𝑁(𝑇𝑇𝑥𝑥2𝑘𝑘 ,𝑆𝑆𝑥𝑥2𝑘𝑘+1,𝑘𝑘𝑘𝑘) 

≤
1
2 �
𝑁𝑁(𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘) + 𝑁𝑁(𝑦𝑦2𝑘𝑘 ,𝑦𝑦2𝑘𝑘 , 𝑘𝑘)� 

−𝜙𝜙�𝑁𝑁(𝑦𝑦2𝑘𝑘−1,𝑦𝑦2𝑘𝑘+1, 𝑘𝑘),𝑁𝑁(𝑦𝑦2𝑘𝑘 ,𝑦𝑦2𝑘𝑘 , 𝑘𝑘)�. 
Now, oif o𝑘𝑘 → ∞ oand ousing othe ocontinuity oof oϕ  owe oobtain 
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𝑟𝑟 ≤
1
2

2𝑟𝑟 − 𝜙𝜙(2𝑟𝑟, 0), 
and oconsequently, o (2 ,0) 0.rϕ = This ogives ous othat: 

𝑟𝑟 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

𝑀𝑀(𝑦𝑦𝑛𝑛,𝑦𝑦𝑛𝑛+1,𝑘𝑘𝑘𝑘) = 0, 𝑟𝑟 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

𝑁𝑁(𝑦𝑦𝑛𝑛,𝑦𝑦𝑛𝑛+1,𝑘𝑘𝑘𝑘) = 0       (3.3) 
By oour oassumption oabout o o .ϕ  

Step oII. o }{ ny is oCauchy. 
Since o𝑀𝑀(𝑦𝑦𝑛𝑛+1,𝑦𝑦𝑛𝑛+2.𝑘𝑘𝑘𝑘) ≥ 𝑀𝑀(𝑦𝑦𝑛𝑛,𝑦𝑦𝑛𝑛+1,𝑘𝑘𝑘𝑘), and   
𝑁𝑁(𝑦𝑦𝑛𝑛+1,𝑦𝑦𝑛𝑛+2.𝑘𝑘𝑘𝑘) ≤ 𝑁𝑁(𝑦𝑦𝑛𝑛,𝑦𝑦𝑛𝑛+1,𝑘𝑘𝑘𝑘) oit ois osufficient oto oshow othat othe osubsequence o }{ 2ny is oa oCauchy 

osequence. oSuppose othat o }{ 2ny  ois onot oa oCauchy osequence. oThen othere oexists o 0>ε for owhich owe ocan ofind 

osubsequence o }{ )(2 kmy and o }{ )(2 kny of o }{ 2ny  osuch othat o )(kn is othe oleast oindex ofor owhich o𝑛𝑛(𝑘𝑘) > 𝑙𝑙(𝑘𝑘) >
𝑘𝑘 and o o𝑀𝑀�𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘� ≥ 𝜀𝜀,   𝑁𝑁�𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘� ≤ 𝜀𝜀. 
This omeans othat: 

𝑀𝑀�𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘)−2,𝑘𝑘𝑘𝑘� < 𝜀𝜀,𝑁𝑁�𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘)−2,𝑘𝑘𝑘𝑘� < 𝜀𝜀  . 
From otriangle oinequality: 

𝜀𝜀 ≤ 𝑀𝑀(𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘) > 𝑀𝑀(𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘)−2,𝑘𝑘𝑘𝑘) 
+𝑀𝑀(𝑦𝑦2𝑛𝑛(𝑘𝑘)−2,𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑘𝑘𝑘𝑘) + 𝑀𝑀(𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘)(7) 
≥ 𝜀𝜀 + 𝑀𝑀(𝑦𝑦2𝑛𝑛(𝑘𝑘)−2,𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑘𝑘𝑘𝑘) + 𝑀𝑀(𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘). 
𝜀𝜀 ≤ 𝑁𝑁(𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘) < 𝑁𝑁(𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘)−2,𝑘𝑘𝑘𝑘) 
+𝑁𝑁(𝑦𝑦2𝑛𝑛(𝑘𝑘)−2,𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑘𝑘𝑘𝑘) + 𝑁𝑁(𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘) 
≤ 𝜀𝜀 + 𝑁𝑁(𝑦𝑦2𝑛𝑛(𝑘𝑘)−2,𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑘𝑘𝑘𝑘) + 𝑁𝑁(𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘). 

 o o oLetting o ∞→k and ousing  (3.3)  owe ocan oconclude othat : 
𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞

𝑀𝑀�𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘� = 𝜀𝜀,    𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞

𝑁𝑁�𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘� = 𝜀𝜀  .           (3.4) 
Moreover, owe ohave 

�𝑀𝑀(𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘)+1,𝑘𝑘𝑘𝑘) −𝑀𝑀(𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘)� ≥ 𝑀𝑀�𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘)+1𝑘𝑘�    (3.5) 
�𝑁𝑁(𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘)+1,𝑘𝑘𝑘𝑘) −𝑁𝑁(𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘)� ≤ 𝑁𝑁�𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑦𝑦2𝑛𝑛(𝑘𝑘)+1𝑘𝑘� 

and o 
�𝑀𝑀(𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑘𝑘𝑘𝑘) −𝑀𝑀(𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑘𝑘𝑘𝑘)� ≥ 𝑀𝑀�𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘)−1, 𝑘𝑘�     (3.6) 
�𝑁𝑁(𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑘𝑘𝑘𝑘) −𝑁𝑁(𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑘𝑘𝑘𝑘)� ≤ 𝑁𝑁�𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘)−1, 𝑘𝑘� 

and o 
�𝑀𝑀(𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘)−2,𝑘𝑘𝑘𝑘) −𝑀𝑀(𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑘𝑘𝑘𝑘)� ≥ 𝑀𝑀�𝑦𝑦2𝑚𝑚(𝑘𝑘)−2,𝑦𝑦2𝑚𝑚(𝑘𝑘)−1, 𝑘𝑘�     (3.7) 
�𝑁𝑁(𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘)−2,𝑘𝑘𝑘𝑘) −𝑁𝑁(𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑘𝑘𝑘𝑘)� ≤ 𝑁𝑁�𝑦𝑦2𝑚𝑚(𝑘𝑘)−2,𝑦𝑦2𝑚𝑚(𝑘𝑘)−1, 𝑘𝑘� 

Using o(3.3), o(3.4) , o(3.5), (3.6) and o(3.7)  owe oget: 
𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞

𝑀𝑀(𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘) = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞

𝑀𝑀(𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑘𝑘𝑘𝑘) 
= 𝑙𝑙𝑙𝑙𝑙𝑙

𝑘𝑘→∞
𝑀𝑀�𝑦𝑦2𝑚𝑚(𝑘𝑘)−2,𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘� = 𝜀𝜀            (3.8) 

𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞

𝑁𝑁(𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘) = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑘𝑘→∞

𝑁𝑁(𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑘𝑘𝑘𝑘) 
= 𝑙𝑙𝑙𝑙𝑙𝑙

𝑘𝑘→∞
𝑁𝑁(𝑦𝑦2𝑚𝑚(𝑘𝑘)−2,𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘) = 𝜀𝜀. 

Now, ofrom (3.1)  owe ohave: 
𝑀𝑀(𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘) = 𝑀𝑀(𝑇𝑇𝑥𝑥2𝑛𝑛(𝑘𝑘), 𝑆𝑆𝑥𝑥2𝑚𝑚(𝑘𝑘)−1,𝑘𝑘𝑘𝑘) 

≥
1
2
�𝑀𝑀�𝑅𝑅𝑥𝑥2𝑛𝑛(𝑘𝑘), 𝑆𝑆𝑥𝑥2𝑚𝑚(𝑘𝑘)−1, 𝑘𝑘� + 𝑀𝑀�𝑅𝑅𝑥𝑥2𝑚𝑚(𝑘𝑘)−1,𝑇𝑇𝑥𝑥2𝑛𝑛(𝑘𝑘), 𝑘𝑘�� 

−𝜙𝜙�𝑀𝑀�𝑅𝑅𝑥𝑥2𝑛𝑛(𝑘𝑘), 𝑆𝑆𝑥𝑥2𝑚𝑚(𝑘𝑘)−1, 𝑘𝑘�,𝑀𝑀�𝑅𝑅𝑥𝑥2𝑚𝑚(𝑘𝑘)−1,𝑇𝑇𝑥𝑥2𝑛𝑛(𝑘𝑘), 𝑘𝑘�� 

=
1
2
�𝑀𝑀�𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑦𝑦2𝑚𝑚(𝑘𝑘)−1, 𝑘𝑘� + 𝑀𝑀�𝑦𝑦2𝑚𝑚(𝑘𝑘)−2,𝑦𝑦2𝑛𝑛(𝑘𝑘), 𝑘𝑘�� 

−𝜙𝜙�(𝑀𝑀�𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑦𝑦2𝑚𝑚(𝑘𝑘), 𝑘𝑘�,𝑀𝑀�𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘)+1, 𝑘𝑘�� 
𝑁𝑁(𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑦𝑦2𝑛𝑛(𝑘𝑘),𝑘𝑘𝑘𝑘) = 𝑁𝑁(𝑇𝑇𝑥𝑥2𝑛𝑛(𝑘𝑘),𝑆𝑆𝑥𝑥2𝑚𝑚(𝑘𝑘)−1,𝑘𝑘𝑘𝑘) 
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≤
1
2
�𝑁𝑁�𝑅𝑅𝑥𝑥2𝑛𝑛(𝑘𝑘), 𝑆𝑆𝑥𝑥2𝑚𝑚(𝑘𝑘)−1, 𝑘𝑘� +𝑁𝑁�𝑅𝑅𝑥𝑥2𝑚𝑚(𝑘𝑘)−1,𝑇𝑇𝑥𝑥2𝑛𝑛(𝑘𝑘), 𝑘𝑘�� 

−𝜙𝜙�𝑁𝑁�𝑅𝑅𝑥𝑥2𝑛𝑛(𝑘𝑘), 𝑆𝑆𝑥𝑥2𝑚𝑚(𝑘𝑘)−1, 𝑘𝑘�,𝑁𝑁�𝑅𝑅𝑥𝑥2𝑚𝑚(𝑘𝑘)−1,𝑇𝑇𝑥𝑥2𝑛𝑛(𝑘𝑘), 𝑘𝑘�� 

=
1
2
�𝑁𝑁�𝑦𝑦2𝑛𝑛(𝑘𝑘)−1,𝑦𝑦2𝑚𝑚(𝑘𝑘)−1, 𝑘𝑘� + 𝑁𝑁�𝑦𝑦2𝑚𝑚(𝑘𝑘)−2,𝑦𝑦2𝑛𝑛(𝑘𝑘), 𝑘𝑘�� 

−𝜙𝜙�(𝑁𝑁�𝑦𝑦2𝑚𝑚(𝑘𝑘)−1,𝑦𝑦2𝑚𝑚(𝑘𝑘), 𝑘𝑘�,𝑁𝑁�𝑦𝑦2𝑚𝑚(𝑘𝑘),𝑦𝑦2𝑚𝑚(𝑘𝑘)+1, 𝑘𝑘�� . 
 oif o ∞→k in othe oabove oinequality, ofrom o(3.8)oand othe ocontinuity oof oϕ , owe ohave: 

),()(
2
1 εεϕεεε −+≤ ,  

and ofrom the last inequality o ( , ) 0.ϕ ε ε = By oour oassumption oabout oϕ , owe ohave o 0=ε which ois oa 

ocontradiction. 
 o o oStep oIII. o ST , and o R have oa ocommon ofixed opoint.  oSince o ( , , . , )X M N ∗ ◊ is ocomplete oand o }{ ny is 

oCauchy, othere oexists o Xz∈ such othat: lim .nn
y z

→∞
=  oSince o E is oclosed oand o ,}{ Eyn ⊆  owe ohave o .Ez∈  

oBy oassumption o )(ER is oclosed, oso othere oexists o Eu∈ such othat   .Ruz =  
For oall o ,n N∈  

𝑀𝑀(𝑇𝑇𝑇𝑇,𝑦𝑦2𝑛𝑛+1,𝑘𝑘𝑘𝑘) = 𝑀𝑀(𝑇𝑇𝑇𝑇, 𝑆𝑆𝑥𝑥2𝑛𝑛+1,𝑘𝑘𝑘𝑘) 

≥
1
2 �
𝑀𝑀(𝑅𝑅𝑇𝑇, 𝑆𝑆𝑥𝑥2𝑛𝑛+1, 𝑘𝑘) + 𝑀𝑀(𝑅𝑅𝑥𝑥2𝑛𝑛+1,𝑇𝑇𝑇𝑇, 𝑘𝑘)� 

−𝜙𝜙�𝑀𝑀(𝑅𝑅𝑇𝑇, 𝑆𝑆𝑥𝑥2𝑛𝑛+1, 𝑘𝑘),𝑀𝑀(𝑅𝑅𝑥𝑥2𝑛𝑛+1,𝑇𝑇𝑇𝑇, 𝑘𝑘)� 

=
1
2 �
𝑀𝑀(𝑧𝑧, 𝑦𝑦2𝑛𝑛+1, 𝑘𝑘) + 𝑀𝑀(𝑦𝑦2𝑛𝑛,𝑇𝑇𝑇𝑇, 𝑘𝑘)� 

−𝜙𝜙�𝑀𝑀(𝑅𝑅𝑇𝑇, 𝑆𝑆𝑥𝑥2𝑛𝑛+1, 𝑘𝑘),𝑀𝑀(𝑅𝑅𝑥𝑥2𝑛𝑛+1,𝑇𝑇𝑇𝑇, 𝑘𝑘)� 
𝑁𝑁(𝑇𝑇𝑇𝑇,𝑦𝑦2𝑛𝑛+1,𝑘𝑘𝑘𝑘) = 𝑁𝑁(𝑇𝑇𝑇𝑇, 𝑆𝑆𝑥𝑥2𝑛𝑛+1,𝑘𝑘𝑘𝑘) 

≤
1
2 �
𝑁𝑁(𝑅𝑅𝑇𝑇, 𝑆𝑆𝑥𝑥2𝑛𝑛+1, 𝑘𝑘) + 𝑁𝑁(𝑅𝑅𝑥𝑥2𝑛𝑛+1,𝑇𝑇𝑇𝑇, 𝑘𝑘)� 

−𝜙𝜙�𝑁𝑁(𝑅𝑅𝑇𝑇, 𝑆𝑆𝑥𝑥2𝑛𝑛+1, 𝑘𝑘),𝑁𝑁(𝑅𝑅𝑥𝑥2𝑛𝑛+1,𝑇𝑇𝑇𝑇, 𝑘𝑘)� 

=
1
2 �
𝑁𝑁(𝑧𝑧, 𝑦𝑦2𝑛𝑛+1, 𝑘𝑘) + 𝑁𝑁(𝑦𝑦2𝑛𝑛,𝑇𝑇𝑇𝑇, 𝑘𝑘)� 

−𝜙𝜙�𝑁𝑁(𝑅𝑅𝑇𝑇, 𝑆𝑆𝑥𝑥2𝑛𝑛+1, 𝑘𝑘),𝑁𝑁(𝑅𝑅𝑥𝑥2𝑛𝑛+1,𝑇𝑇𝑇𝑇, 𝑘𝑘)� 
If o o ,∞→n  

𝑀𝑀(𝑇𝑇𝑇𝑇, 𝑧𝑧,𝑘𝑘𝑘𝑘) ≥
1
2 �
𝑀𝑀(𝑧𝑧, 𝑧𝑧, 𝑘𝑘) + 𝑀𝑀(𝑧𝑧,𝑇𝑇𝑇𝑇, 𝑘𝑘)� − 𝜙𝜙�𝑀𝑀(𝑅𝑅𝑇𝑇, 𝑧𝑧, 𝑘𝑘),𝑀𝑀(𝑧𝑧,𝑇𝑇𝑇𝑇, 𝑘𝑘)� 

𝑁𝑁(𝑇𝑇𝑇𝑇, 𝑧𝑧,𝑘𝑘𝑘𝑘) ≤
1
2 �
𝑁𝑁(𝑧𝑧, 𝑧𝑧, 𝑘𝑘) + 𝑁𝑁(𝑧𝑧,𝑇𝑇𝑇𝑇, 𝑘𝑘)� − 𝜙𝜙�𝑁𝑁(𝑅𝑅𝑇𝑇, 𝑧𝑧, 𝑘𝑘),𝑁𝑁(𝑧𝑧,𝑇𝑇𝑇𝑇, 𝑘𝑘)� 

 oand ohence o o o o o 

𝜙𝜙(0,𝑀𝑀(𝑧𝑧,𝑇𝑇𝑇𝑇,𝑘𝑘𝑘𝑘)) ≥
1
2

(𝑀𝑀(𝑇𝑇𝑇𝑇, 𝑧𝑧,𝑘𝑘𝑘𝑘)) ≥ 0, 

𝜙𝜙(0,𝑁𝑁(𝑧𝑧,𝑇𝑇𝑇𝑇,𝑘𝑘𝑘𝑘)) ≤
1
2

(𝑁𝑁(𝑇𝑇𝑇𝑇, 𝑧𝑧,𝑘𝑘𝑘𝑘)) ≤ 0. 

Therefore o ( , , ) 0, ( , , ) 0M z Tu kt N z Tu kt= = . Therefore .zTu =  
 Similarly o .zSu =  oSo o .zRuSuTu === Since othe opairs  ),( TR and o ),( SR are oweakly ocompatible, 

owe ohave o .RzSzTz ==  
Now owe ocan ohave 

𝑀𝑀(𝑇𝑇𝑧𝑧,𝑦𝑦2𝑛𝑛+1,𝑘𝑘𝑘𝑘) = 𝑀𝑀(𝑇𝑇𝑧𝑧, 𝑆𝑆𝑥𝑥2𝑛𝑛+1,𝑘𝑘𝑘𝑘) 

≥
1
2 �
𝑀𝑀(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑥𝑥2𝑛𝑛+1, 𝑘𝑘) + 𝑀𝑀(𝑅𝑅𝑥𝑥2𝑛𝑛+1,𝑇𝑇𝑧𝑧, 𝑘𝑘)� 

−𝜙𝜙�𝑀𝑀(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑥𝑥2𝑛𝑛+1, 𝑘𝑘),𝑀𝑀(𝑅𝑅𝑥𝑥2𝑛𝑛+1,𝑇𝑇𝑧𝑧, 𝑘𝑘)� 

=
1
2 �
𝑀𝑀(𝑅𝑅𝑧𝑧,𝑦𝑦2𝑛𝑛+1, 𝑘𝑘) + 𝑀𝑀(𝑦𝑦2𝑛𝑛,𝑇𝑇𝑧𝑧, 𝑘𝑘)� 
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−𝜙𝜙�𝑀𝑀(𝑅𝑅𝑧𝑧,𝑦𝑦2𝑛𝑛+1, 𝑘𝑘),𝑀𝑀(𝑦𝑦2𝑛𝑛,𝑇𝑇𝑧𝑧, 𝑘𝑘)� 
𝑁𝑁(𝑇𝑇𝑧𝑧,𝑦𝑦2𝑛𝑛+1,𝑘𝑘𝑘𝑘) = 𝑁𝑁(𝑇𝑇𝑧𝑧, 𝑆𝑆𝑥𝑥2𝑛𝑛+1,𝑘𝑘𝑘𝑘) 

≤
1
2 �
𝑁𝑁(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑥𝑥2𝑛𝑛+1, 𝑘𝑘) + 𝑁𝑁(𝑅𝑅𝑥𝑥2𝑛𝑛+1,𝑇𝑇𝑧𝑧, 𝑘𝑘)� 

−𝜙𝜙�𝑁𝑁(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑥𝑥2𝑛𝑛+1, 𝑘𝑘),𝑁𝑁(𝑅𝑅𝑥𝑥2𝑛𝑛+1,𝑇𝑇𝑧𝑧, 𝑘𝑘)� 

=
1
2 �
𝑁𝑁(𝑅𝑅𝑧𝑧,𝑦𝑦2𝑛𝑛+1, 𝑘𝑘) + 𝑁𝑁(𝑦𝑦2𝑛𝑛,𝑇𝑇𝑧𝑧, 𝑘𝑘)� 

−𝜙𝜙�𝑁𝑁(𝑅𝑅𝑧𝑧,𝑦𝑦2𝑛𝑛+1, 𝑘𝑘),𝑁𝑁(𝑦𝑦2𝑛𝑛,𝑇𝑇𝑧𝑧, 𝑘𝑘)�. 
 
If o o ,∞→n  osince o RzSzTz == , owe oobtain 

𝑀𝑀(𝑇𝑇𝑧𝑧, 𝑧𝑧,𝑘𝑘𝑘𝑘) =
1
2 �
𝑀𝑀(𝑇𝑇𝑧𝑧, 𝑧𝑧, 𝑘𝑘) + 𝑀𝑀(𝑧𝑧,𝑇𝑇𝑧𝑧, 𝑘𝑘)� − 𝜙𝜙�𝑀𝑀(𝑇𝑇𝑧𝑧, 𝑧𝑧, 𝑘𝑘),𝑀𝑀(𝑧𝑧,𝑇𝑇𝑧𝑧, 𝑘𝑘)�(16) 

𝑁𝑁(𝑇𝑇𝑧𝑧, 𝑧𝑧,𝑘𝑘𝑘𝑘) =
1
2 �
𝑁𝑁(𝑇𝑇𝑧𝑧, 𝑧𝑧, 𝑘𝑘) + 𝑁𝑁(𝑧𝑧,𝑇𝑇𝑧𝑧, 𝑘𝑘)� − 𝜙𝜙�𝑁𝑁(𝑇𝑇𝑧𝑧, 𝑧𝑧, 𝑘𝑘),𝑁𝑁(𝑧𝑧,𝑇𝑇𝑧𝑧, 𝑘𝑘)� 

Hence, o𝜙𝜙�𝑀𝑀(𝑇𝑇𝑧𝑧, 𝑧𝑧, 𝑘𝑘),𝑀𝑀(𝑧𝑧,𝑇𝑇𝑧𝑧, 𝑘𝑘)� = 0,𝜙𝜙�𝑁𝑁(𝑇𝑇𝑧𝑧, 𝑧𝑧, 𝑘𝑘),𝑁𝑁(𝑧𝑧,𝑇𝑇𝑧𝑧, 𝑘𝑘)� = 0 oand oso o𝑀𝑀(𝑇𝑇𝑧𝑧, 𝑧𝑧, 𝑘𝑘) =
0,𝑁𝑁(𝑇𝑇𝑧𝑧, 𝑧𝑧, 𝑘𝑘) = 0. oTherefore o zTz = and ofrom o RzSzTz == we oconclude othat o .zRzSzTz ===
Uniqueness oof othe ocommon ofixed opoint ofollows ofrom o(3.1). 
 
     Theorem o3.3 o Let o ),.,,( ◊∗NMX be oa complete intuitionistic o ofuzzy ometric ospace oand o

ϕ,, ST and R verifying othe oconditions oof oTheorem o3.2. oAssume othat oR ois oa ocontinuous ofunction oon o .X
In oaddition ofor oall o :Xx∈  

𝑀𝑀(𝑅𝑅𝑇𝑇𝑥𝑥,𝑇𝑇𝑅𝑅𝑥𝑥,𝑘𝑘𝑘𝑘) ≥ (𝑀𝑀(𝑅𝑅𝑥𝑥,𝑇𝑇𝑥𝑥, 𝑘𝑘𝑘𝑘)  𝑎𝑎𝑛𝑛𝑛𝑛   𝑀𝑀(𝑅𝑅𝑆𝑆𝑥𝑥, 𝑆𝑆𝑅𝑅𝑥𝑥,𝑘𝑘𝑘𝑘) ≥ 𝑀𝑀(𝑅𝑅𝑥𝑥, 𝑆𝑆𝑥𝑥,𝑘𝑘𝑘𝑘) 
𝑁𝑁(𝑅𝑅𝑇𝑇𝑥𝑥,𝑇𝑇𝑅𝑅𝑥𝑥,𝑘𝑘𝑘𝑘) ≤ (𝑁𝑁(𝑅𝑅𝑥𝑥,𝑇𝑇𝑥𝑥,𝑘𝑘𝑘𝑘)  𝑎𝑎𝑛𝑛𝑛𝑛   𝑁𝑁(𝑅𝑅𝑆𝑆𝑥𝑥, 𝑆𝑆𝑅𝑅𝑥𝑥,𝑘𝑘𝑘𝑘) ≤ 𝑁𝑁(𝑅𝑅𝑥𝑥, 𝑆𝑆𝑥𝑥,𝑘𝑘𝑘𝑘) 

Then, o T and o R and S have oa ounique ocommon ofixed opoint. 
Proof: oIf owe oreview othe oproof oof oTheorem o3.2, owe oobtain othat o }{ ny  ois oa oCauchy osequence oconverging oto 

osome o o .Xz∈  
We oknow othat o 

𝑧𝑧 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

𝑦𝑦2𝑛𝑛 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

𝑇𝑇𝑥𝑥2𝑛𝑛 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

𝑅𝑅𝑥𝑥2𝑛𝑛+1 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

𝑦𝑦2𝑛𝑛+1 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

𝑆𝑆𝑥𝑥2𝑛𝑛+1 = 𝑙𝑙𝑙𝑙𝑙𝑙
𝑛𝑛→∞

𝑅𝑅𝑥𝑥2𝑛𝑛+2 

Since o R is ocontinuous, o nRy  oconverges oto .Rz  
On othe oother ohand, 

𝑀𝑀(𝑇𝑇𝑦𝑦2𝑛𝑛+1,𝑅𝑅𝑧𝑧,𝑘𝑘𝑘𝑘) ≥ 𝑀𝑀(𝑇𝑇𝑦𝑦2𝑛𝑛+1,𝑅𝑅𝑦𝑦2𝑛𝑛+2, 𝑘𝑘) + 𝑀𝑀(𝑅𝑅𝑦𝑦2𝑛𝑛+2,𝑅𝑅𝑧𝑧, 𝑘𝑘) 
= 𝑀𝑀(𝑇𝑇𝑅𝑅𝑥𝑥2𝑛𝑛+2,𝑅𝑅𝑇𝑇𝑥𝑥2𝑛𝑛+2, 𝑘𝑘) + 𝑀𝑀(𝑅𝑅𝑦𝑦2𝑛𝑛+2,𝑅𝑅𝑧𝑧, 𝑘𝑘) 
≥ 𝑀𝑀(𝑇𝑇𝑥𝑥2𝑛𝑛+2,𝑅𝑅𝑥𝑥2𝑛𝑛+2, 𝑘𝑘) +𝑀𝑀(𝑅𝑅𝑦𝑦2𝑛𝑛+2,𝑅𝑅𝑧𝑧, 𝑘𝑘) 
= 𝑀𝑀(𝑦𝑦2𝑛𝑛+2,𝑦𝑦2𝑛𝑛+1, 𝑘𝑘) + 𝑀𝑀(𝑅𝑅𝑦𝑦2𝑛𝑛+2,𝑅𝑅𝑧𝑧, 𝑘𝑘) 
𝑁𝑁(𝑇𝑇𝑦𝑦2𝑛𝑛+1,𝑅𝑅𝑧𝑧,𝑘𝑘𝑘𝑘) ≤ 𝑁𝑁(𝑇𝑇𝑦𝑦2𝑛𝑛+1,𝑅𝑅𝑦𝑦2𝑛𝑛+2, 𝑘𝑘) + 𝑁𝑁(𝑅𝑅𝑦𝑦2𝑛𝑛+2,𝑅𝑅𝑧𝑧, 𝑘𝑘) 
= 𝑁𝑁(𝑇𝑇𝑅𝑅𝑥𝑥2𝑛𝑛+2,𝑅𝑅𝑇𝑇𝑥𝑥2𝑛𝑛+2, 𝑘𝑘) +𝑁𝑁(𝑅𝑅𝑦𝑦2𝑛𝑛+2,𝑅𝑅𝑧𝑧, 𝑘𝑘) 
≤ 𝑁𝑁(𝑇𝑇𝑥𝑥2𝑛𝑛+2,𝑅𝑅𝑥𝑥2𝑛𝑛+2, 𝑘𝑘) + 𝑁𝑁(𝑅𝑅𝑦𝑦2𝑛𝑛+2,𝑅𝑅𝑧𝑧, 𝑘𝑘) 
= 𝑁𝑁(𝑦𝑦2𝑛𝑛+2,𝑦𝑦2𝑛𝑛+1, 𝑘𝑘) + 𝑁𝑁(𝑅𝑅𝑦𝑦2𝑛𝑛+2,𝑅𝑅𝑧𝑧, 𝑘𝑘) 

Therefore 2 1 2 1lim ( , , ) 0, lim ( , , ) 0,n nn n
M Ty Rz kt N Ty Rz kt+ +→∞ →∞

= =  o oand owe ocan ohave 

𝑀𝑀(𝑇𝑇𝑦𝑦2𝑛𝑛+1,𝑆𝑆𝑧𝑧,𝑘𝑘𝑘𝑘)

≥
1
2 �
𝑀𝑀(𝑅𝑅𝑦𝑦2𝑛𝑛+1,𝑆𝑆𝑧𝑧, 𝑘𝑘) + 𝑀𝑀(𝑅𝑅𝑧𝑧,𝑇𝑇𝑦𝑦2𝑛𝑛+1, 𝑘𝑘)�

− 𝜙𝜙�𝑀𝑀(𝑅𝑅𝑦𝑦2𝑛𝑛+1,𝑆𝑆𝑧𝑧, 𝑘𝑘),𝑀𝑀(𝑅𝑅𝑧𝑧,𝑇𝑇𝑦𝑦2𝑛𝑛+1, 𝑘𝑘)� 
𝑁𝑁(𝑇𝑇𝑦𝑦2𝑛𝑛+1,𝑆𝑆𝑧𝑧, 𝑘𝑘𝑘𝑘)

≤
1
2 �
𝑁𝑁(𝑅𝑅𝑦𝑦2𝑛𝑛+1,𝑆𝑆𝑧𝑧, 𝑘𝑘) + 𝑁𝑁(𝑅𝑅𝑧𝑧,𝑇𝑇𝑦𝑦2𝑛𝑛+1, 𝑘𝑘)� − 𝜙𝜙�𝑁𝑁(𝑅𝑅𝑦𝑦2𝑛𝑛+1, 𝑆𝑆𝑧𝑧, 𝑘𝑘),𝑁𝑁(𝑅𝑅𝑧𝑧,𝑇𝑇𝑦𝑦2𝑛𝑛+1, 𝑘𝑘)� 

If o o ,∞→n  owe ohave 

𝑀𝑀(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑧𝑧,𝑘𝑘𝑘𝑘) ≥
1
2 �
𝑀𝑀(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑧𝑧, 𝑘𝑘) + 𝑀𝑀(𝑅𝑅𝑧𝑧,𝑅𝑅𝑧𝑧, 𝑘𝑘)� − 𝜙𝜙�𝑀𝑀(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑧𝑧, 𝑘𝑘),𝑀𝑀(𝑅𝑅𝑧𝑧,𝑅𝑅𝑧𝑧, 𝑘𝑘)� 
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𝑁𝑁(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑧𝑧,𝑘𝑘𝑘𝑘) ≤
1
2 �
𝑁𝑁(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑧𝑧, 𝑘𝑘) + 𝑁𝑁(𝑅𝑅𝑧𝑧,𝑅𝑅𝑧𝑧, 𝑘𝑘)� − 𝜙𝜙�𝑁𝑁(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑧𝑧, 𝑘𝑘),𝑁𝑁(𝑅𝑅𝑧𝑧,𝑅𝑅𝑧𝑧, 𝑘𝑘)� 

So, 
1
2 �
𝑀𝑀(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑧𝑧,𝑘𝑘𝑘𝑘)� ≥ −𝜙𝜙((𝑀𝑀(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑧𝑧, 𝑘𝑘), 0)), 

1
2 �
𝑁𝑁(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑧𝑧,𝑘𝑘𝑘𝑘)� ≤ −𝜙𝜙((𝑁𝑁(𝑅𝑅𝑧𝑧, 𝑆𝑆𝑧𝑧, 𝑘𝑘), 0))

 and ohence o .RzSz = We ocan oanalogously oprove othat o .RzTz = That ois, o .aRzSzTz ===  
 o oUsing oweak ocompatibility oof othe opairs o ),( RT and o ),( RS we ohave o .SaTaRa == So 

𝑀𝑀(𝑇𝑇𝑎𝑎,𝑎𝑎,𝑘𝑘𝑘𝑘) = 𝑀𝑀(𝑇𝑇𝑎𝑎, 𝑆𝑆𝑧𝑧,𝑘𝑘𝑘𝑘) ≥
1
2 �
𝑀𝑀(𝑅𝑅𝑎𝑎, 𝑆𝑆𝑧𝑧, 𝑘𝑘) + 𝑀𝑀(𝑅𝑅𝑎𝑎,𝑇𝑇𝑎𝑎, 𝑘𝑘)� − 𝜙𝜙�(𝑀𝑀(𝑅𝑅𝑎𝑎, 𝑆𝑆𝑧𝑧, 𝑘𝑘),𝑀𝑀(𝑅𝑅𝑧𝑧,𝑇𝑇𝑎𝑎, 𝑘𝑘)� 

≥
1
2 �
𝑀𝑀(𝑇𝑇𝑎𝑎,𝑎𝑎, 𝑘𝑘) + 𝑀𝑀(𝑎𝑎,𝑇𝑇𝑎𝑎, 𝑘𝑘)� − 𝜙𝜙�(𝑀𝑀(𝑇𝑇𝑎𝑎, 𝑎𝑎, 𝑘𝑘),𝑀𝑀(𝑎𝑎,𝑇𝑇𝑎𝑎, 𝑘𝑘)� 

𝑁𝑁(𝑇𝑇𝑎𝑎,𝑎𝑎,𝑘𝑘𝑘𝑘) = 𝑁𝑁(𝑇𝑇𝑎𝑎, 𝑆𝑆𝑧𝑧,𝑘𝑘𝑘𝑘) ≤
1
2 �
𝑁𝑁(𝑅𝑅𝑎𝑎, 𝑆𝑆𝑧𝑧, 𝑘𝑘) + 𝑁𝑁(𝑅𝑅𝑎𝑎,𝑇𝑇𝑎𝑎, 𝑘𝑘)� − 𝜙𝜙�(𝑁𝑁(𝑅𝑅𝑎𝑎, 𝑆𝑆𝑧𝑧, 𝑘𝑘),𝑁𝑁(𝑅𝑅𝑧𝑧,𝑇𝑇𝑎𝑎, 𝑘𝑘)� 

≤
1
2 �
𝑁𝑁(𝑇𝑇𝑎𝑎,𝑎𝑎, 𝑘𝑘) + 𝑁𝑁(𝑎𝑎,𝑇𝑇𝑎𝑎, 𝑘𝑘)� − 𝜙𝜙�(𝑁𝑁(𝑇𝑇𝑎𝑎, 𝑎𝑎, 𝑘𝑘),𝑁𝑁(𝑎𝑎,𝑇𝑇𝑎𝑎, 𝑘𝑘)�. 

That ois o ( ) ( )( ) ( ) ( )( ) 0,,,,,,0,,,,, == tTaaNtaTaNtTaaNtaTaM ϕϕ and othis oimplies othat o .aTa =  

oTherefore o o .aSaTaRa ===  
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