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1. Introduction

The concept of intuitionistic sets in topological space was first introduced by Coker [3]. He has
studied some fundamental topological properties on intuitionistic sets. Later, he studied connectedness
[4] and separation axioms [1] in intuitionistic topological spaces. In this paper, we have defined
intuitionistic locally closed sets and using the notion of intuitionistic locally closed sets, some new
intuitionistic separation axioms are introduced. Also, the characterization of intuitionistic locally
closed set with the new intuitionistic separation axioms are investigated.

2. Preliminaries

Throughout this paper, (X,7) and (Y,9) represent intuitionistic topological spaces on which no
separation axioms are defined. We recall the following definitions, which are useful in the sequel.

Definition 2.1 [2] Let X be a nonempty set. An intuitionistic set A is an object having the
form A = (Al, A2), where Al and A2 are disjoint subsets of X . Also, Al is called the set of
members of A and A2 is the set of nonmembers of A.

Definition 2.2 [2] Let X be a nonempty set, and the intuitionistic sets A and B be in the
form A = (X, Al, A2), B = (X, B1, B2) respectively. Then:
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ASB ifand only if ALSB1 and A2=B2

A =(X, A2, Al)
ANB=(X,A,NB,,A,UB,)
AUB=(X,A,UB,,A,NB,)
A-B=ANB

6 =(X, 4, X)and X = (X, X, ¢)

Definition 2.3 [2] Let X be a nonempty set, a € X and let A = (A1, A2) be an intuitionistic
subset of X. The intuitionistic set & defined by & = ({a}, {a}c) is called an intuitionistic point in X.

Definition 2.4 [3] An intuitionistic topology on a nonempty set X is a family t of

intuitionistic subsets of X containing ¢ = (¢, X ), X = ( X, ¢#) and closed under finite infima and
arbitrary suprema. Then the pair (X, 1) is called an intuitionistic topological space.

Every member of t is known as an intuitionistic open set in X. The complement Ac of an
intuitionistic open set A in an intuitionistic topological space (X, t) is called intuitionistic closed.

Definition 2.5 [3] Let X be a nonempty set and let A be an intuitionistic subset of an

intuitionistic topological space (X, t). Then the closure of A is defined by cl (A) = ﬂ{ K/ Kisan
intuitionistic closed set of X and A — K}.

Definition 2.6 [3] Let X be a nonempty set and let A be an intuitionistic subset of an
intuitionistic topological space (X, t). Then the interior of A is defined by int (A) = U{ K /K is an
intuitionistic open set of X and K < A}.

Definition 2.7 [6] Let (X,7) be an intuitionistic topological space and A be an intuitionistic
set in X. The intuitionistic set A is called intuitionistic dense in X if ¢l (A) = X .

Definition 2.8 [5] An intuitionistic topological space (X, 7 ) is intuitionistic submaximal if
every intuitionistic dense subset of X is intuitionistic open.

3. Intuitionistic Locally Closed Sets

Definition 3.1 An intuitionistic set A of an intuitionistic topological space (X, 7) is said to
be intuitionistic locally closed if A=U NV, where U, V°e€ 7.

Lemma 3.2 Let A be an intuitionistic set of an intuitionistic topological space (X, 7). The
subsequent statements are equivalent:
M A is intuitionistic locally closed.
(i) A =UNcl (V), where U is an intuitionistic open set.

Remark. An intuitionistic set A of an intuitionistic topological space (X, 7)) is intuitionistic locally

closed if and only if A° is the union of an intuitionistic open set and an intuitionistic closed set.
Every intuitionistic open set of an intuitionistic topological space (X, 7)) is intuitionistic locally
closed.

The complement of an intuitionistic locally closed set need not be intuitionistic locally closed.
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An intuitionistic dense set is intuitionistic open if and only if it is intuitionistic locally closed.

Definition 3.3Two intuitionistic subsets A and B of an intuitionistic topological space (X, 7)
are said to be intuitionistic separated if and only if A() cI(B)=;}5 and cl(A) B = g}5 .

Proposition 3.4 Let A and B be intuitionistic locally closed sets of an intuitionistic
topological space (X, 7). If A and B are separated, then A U B € LC (X,7) (X,7) where LC (X, 7
) (X,7) denotes the set of all locally closed sets of (X,7) (X,7)

Proof. Let U and V be intuitionistic open sets such that A is equal to U intersection cl (A) and B is

equal to V intersection cl (B). As A and B are separated, U N cl(B) =V N cl(A)= ¢. AUB=
UneclA) U (vnelB))=(UU V)nel(A U B). Therefore, AU B € LC (X, 7).

Proposition 3.5 For an intuitionistic set A of an intuitionistic topological space (X, 7), the
following statements are equivalent:

A is intuitionistic locally closed,;

A =U N cl (A) for some intuitionistic open set U;

Cl (A) — A is intuitionistic closed,;

A U (cl A)cis intuitionistic open;

A cint(AU (clA)e).

Proof. The proof is obvious.

Definition 3.6 The intuitionistic local closure of an intuitionistic set A of an intuitionistic
topological space (X, 7) is the intersection of all intuitionistic locally closed sets containing A and
is denoted by Icl (A).

Lemma 3.7 Let A, B be intuitionistic sets of an intuitionistic topological space (X, 7). Then
the following properties hold:

A is intuitionistic locally closed if and only if A= Icl (A).

AClcl (A)< cl (A).

If AC B, then Icl(A) < Icl(B).

Icl(A) is intuitionistic locally closed.

Corollary 3.8 An intuitionistic topological space (X, 7) is intuitionistic submaximal if and
only if every intuitionistic subset of (X, 7) is intuitionistic locally closed.

Theorem 3.9 Let A be an intuitionistic set of an intuitionistic topological space (X, 7).
Then the following statements are equivalent :

0] A is intuitionistic locally open;
(i) A is the union of T and C where T is an intuitionistic closed set and C is an intuitionistic
open set.

Definition 3.10 An intuitionistic set A of intuitionistic topological space (X, 7) is called an
intuitionistic local difference set (intuitionistic local D-set) if there are two intuitionistic locally open

sets U, Vin (X, 7)where U is not equal to X and A is equal to U - V.

Definition 3.11 An intuitionistic topological space (X, ) isintuitionistic local D,
(intuitionistic local D, ) if for x, y € X such that X # ¥ there exists an intuitionistic local D-set
of (X, 7) containing Xbut not ¥ or (and) an intuitionistic local D-set containing ¥ but not X.
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Intuitionistic local D, if for x,y € Xsuchthat X # § there exist disjoint intuitionistic local D-sets
AandBsuchthat X € Aand ¥ € B.

Intuitionistic local T, (intuitionistic local T,) if for x, y € X such that X # ¥ there exists an
intuitionistic locally open set of (X, 7) containing Xbut not § or (and) an intuitionistic locally open
set containing ¥ but not X.

intuitionistic local T, if for x, y € X such that X # ¥ there exist disjoint intuitionistic locally open
sets Aand B such that X € Aand § € B.

Remark. If (X, 7)isintuitionistic local-T,, then it is intuitionistic local- T, ,i=1,2.
If (X, 7)is intuitionistic local- T, , then it is intuitionistic local- D, , i=0, 1,2.
D

If (X, 7)isintuitionistic local- =i, then it is intuitionistic local- D, ,i=1,2.

i-1

Theorem 3.12 Let (X, 7) be an intuitionistic topological space. The subsequent statements
hold:

(1) (X, 7)isintuitionistic local D, if and only if (X, 7) is intuitionistic local T, .
(i) (X, 7)isintuitionistic local D, if and only if (X, 7) is intuitionistic local D, .

Proof. The sufficiency for (i) and (ii) follows from the last Remark. Ncessary condition for (i):

Let (X, 7) be intuitionistic local D,. Hence for any different pair of points X , y of X,
atleast one belongs to an intuitionistic local D-set O. Hence X € Oand ¥ € O. Suppose O =U -V
for which U # X and U and V are intuitionistic locally open sets in (X, 7). This implies that X €
U.If §% O,wehave (i) ¥ £ U(ii) ¥ € Uand ¥ € V. For (i), (X, 7) is intuitionistic local- To
since X € Uand ¥ £ U. For (i), (X, 7) isalso intuitionistic local- T, since ¥ € V but X € V.

Necessary condition for (ii): Suppose that (X, 7) is intuitionistic local D,. Hence for any
different points X and ¥ in X there exists intuitionistic local-D sets G and E such that G contains

X but not yand E contains ¥ not X.Let G =U-V and E = W-D, where U, V, W and D are

intuitionistic locally open sets in (X, 7). By the fact that X ¢ E, we have two cases, that is either X
¢ W or both W and D contain X. If X € W, then from § ¢ G either (i) ¥ g U or (ii) y € Uand §

€ V. If (i) is the case, then it follows from X € U-V that XeU- (V U W) and also it follows from
§ € W-D that § e W- (U U D). Thus, U-(V U W)and W- (U U D) are disjoint. If (ii) is the

case, it follows that X eU-V and ¥ € Vsince § € Uand y € V. Therefore, U-V) NV = (13 f

X € W and X €D, we have ¥ eW-Dand X € D. Hence, (W-D) N D= ¢3.Therefore, (X, 7)is
intuitionistic local D, .

Theorem 3.13 If an intuitionistic topological space is intuitionistic local D, then it is
intuitionistic local T .

Proof. The proof is derived from Remark and also from Theorem 3.12.

Definition 3.14 An intuitinistic subset B of an intuitionistic topological space (X, 7) is said
to be an intuitionistic local neighbourhood of a point X iff there exists an intuitionistic locally open
set A such that X € A < B.
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Definition 3.15 Let X be an intuitionistic point in (X, 7). If Xdoes not have an
intuitionistic local neighborhood other than X , then X is an intuitionistic local neat point.

Theorem 3.16 An intuitionistic topological space (X, 7) is intuitionistic local T, iff the
singletons are intuitionistic locally closed sets.

Proof. Let X be any intuitionistic point of an intuitionistic local T, space and y € X Then Xis
not equal to . Then there exists an intuitionistic locally open set U where § € U but X¢g U

Therefore, y € U C X Thatis X = U {U/VEXC}Which is intuitionistic locally open. Hence,
singletons are intuitionistic locally closed.

Conversely, letx,y € X with X # §¥. Now X # ¥ implies § € X® . Hence X° is
intuitionistic locally open set containing ¥ but not X. Similarly, ¥ c is an intuitionistic locally open
set containing X but not§/. Therefore, X is intuitionistic local T,.

Theorem 3.17 An intuitionistic topological space (X, 7) is intuitionistic local T, iff the

intersection of all intuitionistic locally closed local neighborhoods of each point of the space is
reduced to that point.

Proof. Let (X, 7) be intuitionistic local T, and x € X. Then for eachy € € X, different from x,

there exist intuitionistic locally open sets G and H suchthat X € G, y € Hand GNH= (1; . Since
X € G < Hec, then Hc is an intuitionistic locally closed local neighborhood of X to which § does
not belong. Consequently, the intersection of all intuitionistic locally closed local neighborhoods of

X isreduced toX.
Conversely, let x, y € X with Xnot equal to §. By hypothesis, there exists an intuitionistic

locally closed local neighborhoods U of X such that ¥ does not belongs to U. Thus, there is an

intuitionistic locally open set G such that X € G < U. Thus G and Uc are disjoint locally open sets
containing X and ¥ respectively. Therefore, (X, 7) is intuitionistic local T,

Theorem 3.18 An intuitionistic topological space (X, 7)) is intuitionistic local To iff for
each pair of different points X, y of X, Icl (X) # Icl(¥).

Proof. Sufficiency: Suppose that for x,y € X, X # ¥ and Icl (X) # Icl(¥). Let Zbe a point of X
such that Z belong to Icl (X) and Z does not belong to Icl(y) . To prove that X ¢ Icl(y).
For if, X € Icl(y), then Icl (X) < Icl(y). This contradicts the fact that Z ¢ Icl(¥). Hence, X
belongs to the intuitionistic locally open set (Icl(¥))c to which ¥ does not belong.

Necessity: Let (X, 7) be an intuitionistic local T, space and X, § be any two different
intuitionistic points of X. Then there exists an intuitionistic locally open set G containing Xor y
,say X butnoty. Then Gc is an intuitionistic locally closed set which does not contain X but
contains ¥. Since Icl(y) is the smallest intuitionistic locally closed set containing y, lcl(y)c
Gc and hence X ¢ Icl(¥). Therefore, Icl (X) # Icl(¥).

Definition 3.19 An intuitionistic topological space (X, 7) is intuitionistic local regular if for
each intuitionistic locally closed set A and any intuitionistic point X belonging to (X -A), there
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exist disjoint intuitionistic locally open sets U and V such that A is contained in U and X belongs to
V.

Theorem 3.20 An intuitionistic topological space (X, 7)) is intuitionistic local regular if for
each x € X and each intuitionistic locally open set U containing X, there exists an intuitionistic
locally open set V for which X belongs to VV contained in Icl (V) < U.

Proof. Let X be intuitionistic local regular and letx € X, U € LO (X, X). Then X -U s
intuitionistic locally closed and X ¢ X - U. By intuitionistic local regularity of X, there exist
disjoint intuitionistic locally open sets V and W such that X € Vand X-U < W. (ie) V
c X -Wand X -W < U.Then X € V < Icl(V) € lcl (X -W)= X -W < U. Therefore, X
eV clcl(V) c U

Conversely, assume that for each x € X and for each intuitionistic locally open set U
containing X, there exists an intuitionistic locally open set V such that X € V < lcl (V) < U. Let
F be an intuitionistic locally closed set of X and X € X - F. Then there exists an intuitionistic
locally open set V such that X € V < Icl (V) = X -F. Therefore, Xe Vand F c X -lcl

(V). The intuitionistic sets V and X - Icl (V) are intuitionistic locally open and are disjoint. Hence,
X is intuitionistic local regular.

Definition 3.21 If every intuitionistic locally open set of an intuitionistic topological space
contains the intuitionistic local closure of each of its singletons then the intuitionistic topological

space X is said to be intuitionistic local R,.

Definition 3.22 An intuitionistic topological space X is said to be intuitionistic local T1 if
2

every singleton is intuitionistic locally open or intuitionistic locally closed.

Theorem 3.23 Let (X, 7) be an intuitionistic topological space. Then,
0] Every intuitionistic local- T, space is intuitionistic local R,.
(i) (X, 7)is intuitionistic local T1 and intuitionistic local R, if and only if (X, 7)is

2

intuitionistic local T, .

Proof. (i) Let U be any intuitionistic locally open set of X. Then, for each intuitionistic point
X € U, lcl (X) = X € U. Hence, X is intuitionistic local R,,.
(i) Necessity: Letx € X.
Case 1: Xis intuitionistic locally open. Since (X, 7) is intuitionistic local R,
Icl (X ) < Xand hence Xis intuitionistic locally closed.
Case 2: Xis intuitionistic locally closed. Thus, every singleton is intuitionistic locally

closed.
Sufficiency: Obvious from (i).

Theorem 3.24 For an intuitionistic local R, intuitionistic topological space (X, ), the
following are equivalent:
0] (X, 7)is intuitionistic local T,;
(i) (X, 7)is intuitionistic local T, ;
(iii) (X, 7)(X, 7)is intuitionistic local Tl.

2
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Proof. It is suffices to prove only that (i) = (ii): Let X # ¥ and as (X, ) is intuitionistic local
T,, XxeucX -Y for some U eLO(X, 7). Then X ¢lcl (y) and hence ¥ ¢ Icl (X). Hence there

exists V € LO(X, 7)suchthaty e V < X- X and thus (X, 7)is intuitionistic local T, .

Definition 3.25 An intuitionistic topological space (X, 7)) is said to be intuitionistic local
R, if for x, y in X with Icl (X) # Icl (), there exist disjoint intuitionistic locally open sets U and V

such that Icl (X)< Uand Icl (§)c V.
Proposition 3.26 If (X, ) is intuitionistic local R, , then (X, ) is intuitionistic local R,

Proof. Let U be intuitionistic locally openand X eU. If § ¢ U, thensince X ¢ Icl (), lcl(X)
# Icl (§). Hence, there exists an intuitionistic locally open set V' such that Icl ()<= V and X €
V' which implies ¥ ¢ Icl (X). Thus Icl (X) < U. Hence, (X, 7) is intuitionistic local R,.

Theorem 3.27 Let (X, 7 ) be an intuitionistic topological space. Then (X, 7)is

intuitionistic local T, and intuitionistic local R, if and only if (X, 7) is intuitionistic local T, .
2
Proof. Necessity: Let Xand y be two distinct intuitionistic points of X. Since (X, 7) is

intuitionistic local T1 , we consider the following cases:

2

Case (i): Let Xand ¥ be intuitionistic locally closed. From assumptions, there exist disjoint

intuitionistic locally open sets U and V such that X=Icl (X)c Uand ¥ =lcl (¥)c V. Hence (X,
7)) is intuitionistic local T, .

Case (ii): X is intuitionistic locally closed and ¥ is intuitionistic locally open. Let U= §.If Z ¢

U, thensince § ¢ Icl (Z), Icl (§)# Icl (Z). Since (X, 7) is intuitionistic local R,, there exists an

intuitionistic locally open set V such that Icl (E)CV and ¥ € V, which implies = ¢ Icl (V).
Thus Icl (Y)< U = ¥ and so ¥ is intuitionistic locally closed. Hence this case reduces to case (i).
Case (iii): X is intuitionistic locally open and ¥ is intuitionistic locally closed. Hence this reduces to
case (i).

Case (iv): Xand ¥ are intuitionistic locally open. Thus, (X, 7) is intuitionistic local T, .

Sufficiency: Every intuitionistic local T, is intuitionistic local T, and every intuitionistic local T,

is intuitionistic local T, . Let Xand § be intuitionistic points such that Icl (X)= Icl (¥). Then, by
2
intuitionistic local T, , there exist intuitionistic locally open sets U and V such that Icl (X) =X

c Uandlcl (y)= §y <V.Thus, (X, 7) isintuitionistic local R,.
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