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1. Introduction

Graph labelling is nothing but allocating integers to the vertices or edges or both subject to specific
conditions. It was first promulgated in the later days of 1960’s. Though much has been said and done
on the graph labelling in the paramount five decades, every one base their findings to the theory
articulated by Rosa [7] in 1967. In the meantime something noteworthy sprang up in 1980 with the
advent of 1. Cahit [2] and he pioneered the cordial labelling of graphs. However, over the past five
decades in excess of two thousand papers have spawned a bewildering array of graph labelling
methods. A chain of survey on graph labelling is regularly updated by Gallian [3] and it is published
by Electronic Journal of Combinatorics. A vast amount of literature is made accessible on varied types
graph labelling and more than thousand research papers have been published during the past three
decades. Indeed, all these papers focus on particular classes of graphs and methods, and feature ad
hoc arguments.

Labelled graphs opened up new vistas for a wide array of applications like coding theory, rudiments of

radar functioning, study of celestial bodies, designing complex circuits, network communication,
handling of countless data base, clandestine sharing schemes, constraint programming designs for the
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finite domains and X-ray crystallography. As H. Wang, B. Yao and M. Yao [11] expounded “Graph
labelling is used for incorporating redundancy in disks, designing drilling machines, creating layouts
for circuit boards and configuring resistor networks”, reinstate the previous claim and its broad use in
the modern scientific advancements.

2. Preliminaries

Let G = (V, E) be (p, q) graph. In this paper we considered only simple and undirected graphs. The
number of vertices and the number of edges in a graph G denoted by |V| and |E| respectively. In 1960,
lan C.Ross and Frank Harary [4] have first introduced by the notion of Square of a tree.

Definition 2.1 [4] For any graph G, its square graph G2 has the same vertex set G, with two
vertices adjacent in G2 whenever they are at distance 1 or 2 in G.

Definition 2.2 [2] Let f be a function from the vertices of G to {0, 1} and for each edge xy
assign the label |f(x) — f(y)|. Call f a cordial labeling of G if the number of vertices labeled 0 and
the number of vertices labeled 1differ by atmost 1, and the number of edges labeled 0 and the number
of edges labeled 1differ by atmost 1.

In 2005, Sundaram, Ponraj and Somasundaram [8] have first introduced by the notion of prime cordial
labeling.

Definition 2.3 [8] A prime cordial labeling of a graph G with vertex set V(G) is a bijection f
from V(G) to {1, 2, ..., |v|} such that if each uv is assigned the label 1 if gcd(f(u), f(v)) =1and 0
if gcd(f(w), f(v)) > 1, the number of edges labeled number with 0 and the number of edges
labeled with 1 differ by atmost 1.

In 2009 W.B. Vasantha Kandasamy and Florentin Smarandache [10] introduced the new graph namely
Identity graph. We motivated by the construction of identity graph from the algebraic structure and
also proved some varieties of cordiality for this graph.

Definition 2.4 [10] Let T be a group and a graph G is said to be identity graph if the
vertex set V(G) =T and the edge set E(G) = {(x,y) U (x,e)|x*y =e,x # e ,x,y €T } where e is
the identity element.

In 2011, Jayapal Baskar Babujee and Shobana Loganathan[5] introduced signed product cordial
labeling.

Definition 2.5 [5] A vertex labeling of a graph G, define a function f:V(G) — {—1, 1} with
induced edge labeling f*: E(G) — {—1, 1} defined by f*(uv) = f(u)f(v) is called a signed product
cordial labeling if [vs(—1) —vp(1)| <1 and |ef(—1) — ef(1)| < 1, where v¢(—1)is the number
of vertices labeled with —1 , v¢(1) is the number of vertices labeled with 1, ef(—1)is the number of
edges labeled with —1 and e;(1) is the number of edges labeled with 1. A graph & is signed product
cordial if it admits signed product cordial labeling.

In 2012, V.Ajitha and et al.[1] introduced on square difference graphs.

Definition 2.6 [1] A graph G(p, q) to be a square difference graph if there exist a bijection f
from V(G) to {0, 1,2, ...,p — 1} such that the induced function f* from E(G)to the natural numbers
given by f*(uv) = |f(u)? — f(v)?| for every edge uwv of G is a bijection. Such a function is called a
square difference labeling of graph G.

In 2014, T.Thangaraj and P.B.Sarasija[9] introduced analytic mean labeled graphs.

755



Definition 2.7 [9] A (p,q) graph G(V, E) is said to be analytic mean graph if it is possible
to label the vertices v in V with distinct from 1,2, ...,p — 1 in such a way that when each edge e =

2_ 2 2_ 2
uv is labeled with f*(e = uv) = VO it 1£(u)]2 — [£()12] is even ang /@U@

if [[f(w)]? — [f(v)]?| is odd and the edge labels are distinct. In this case f is called an analytic mean
labeling of G.

We already observe the following properties of identity graphs in the research paper “Some cordial
labeling on identity Graphs” Id(D,,) Contains k — 1 triangles when 2n = 0(mod 4) and k triangles
when 2n # 0 (mod 4) where k quotient. It contains 2k + 3 lines whenn = 0,2 (mod 4) and 2k + 1

lines when n = 1,3 (mod 4). Id(Z,,) Contains EJ triangles when n is odd, and g — 1 triangles and a
line when n is even [6].

3. Main Results

In this section we find the existence of signed product cordial, prime cordial, square difference and
analytic mean labeling for identity graphs.

Theorem 3.1 Let T be a finite group of order n and the identity graph Id(I') where I' = D,
n > 3 admits Signed product cordial labeling.

Proof. Note that the star K4 5,,—1 is the spanning subgraph of the identity graph Id(I') where I' =
D,,, n = 3 and it contains 2n vertices. Now we can partition the vertex set v(dI)) =
{171,172, V3, ...,v2n} into the four sets V1 = {171, Vs, ... ,172n_3}, VZ = {172, Ve, ...,vZn_z}, V3 =
{v3,V7, ..., V3n_1}, and V4 = {v,,vg, ..., V2, }. Observe that |V;| = [gj, where 1 < i < 4. Fix vy, as
apex vertex in the graph Ky 5,1, define a vertex labeling 1 : V - {1, -1} as I(v;) = (-1, i =
1,2,3,-+,2n. This will lead an induced edge labeling for the star K 5,4 such that the number of
edges with label —1 namely |I(e_1)| = n for all n > 1 and the number of edges with label 1 namely
I _(m—1 ifnisodd
LCY { n  ifniseven.
the signed product cordial labeling for K4 5,,_4 is obtained.

Observe that, all the vertices belong to V4 and V5 are labeled with 1 and those belong to V, and V,
are labeled with —1. The identity graph Id(I") together with a signed product cordial labeling is
obtained by introducing edges between the vertex sets in the following manner. Introduce an edge
between the vertices: v, and v, (this will increase the edge label count I(e4) by one), v and v (this
will increase the edge label count I(e_1) by one), vg and v, (this will increase the edge label count
l(e4) again by one), vsand v4 (this will increase the edge label count I(e_;) again by one), etc.,
This process will end if the number of triangles required to construct Id(I') is then obtained. Hence,
we may either end up with |l(eq) — l(e_1)| = 0 if number of triangles is odd and |l(eq) — l(e_1)| =
1 if number of triangles is even in Id(I'). Thus, the required edge conditions exist.

Thus in either case we get |I(e1) — l(e_1)| < 1. In other words,

Theorem 3.2 Let T be a finite group of order n and the identity graph Id(I") where I' = D,
n > 3 admits Square difference labeling.

Proof. Define a labeling I: V(Id([‘)) - {0,1,2,...,p — 1}. Consider the identity graph Id(T"), where
I' = D,,(n > 3) and k as the number of triangle in Id(T"). Assign label l(vp) = p — 1 for the apex
vertex v, and give the labeling of pendent vertices successively starting from 0 to (2k — 1) + i where
(i = 1or 3). Then assign the label (2k + i) and (2k + i + 1) for the degree 2 vertices respectively

inatriangleand (2k + i + 2) and (2k + i + 3) respectively for the degree 2 vertices in the next
triangle and so on.
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Let a, = (p — 1)? —n?, wheren < (p — 1) and a,,’s are distinct for every n. Further m? —

(m — 1)? are distinct and they are different from a,,’s. Since Id(I') contains k — 1 triangles when
2n = 0 (mod 4), k triangles when 2n # 0 (mod 4) and i + 2k where i = 1 or 3, number of lines
(pendant vertices), the above said labeling of Id(T") will turn out to be the square labeling and hence
the proof.

Theorem 3.3 Let T be a finite group of order n and the identity graph Id(I') where I' = Z,,
n > 3 admits square difference labeling.

Proof. We prove this theorem by two cases. Let {v4,v,, ..., v, } be the vertices of Id(Z,) and v,, be
the apex vertex.

Case |. If nis odd, Id(Z,,) Contains EJ triangles. Define a labeling I: V(Id(Z,)) - {0,1, ...,n — 1}.
Label the vertices consecutively such that I(v;) =n—1where1 <i <n.

Applying the definition, the induced edge labels are distinct.

Case Il. If nis even, Id(Z,,) Contains g — 1 triangles and a line. Define a labeling L: V(Id(Zn)) -

{0,1, ...,n — 1}. Starting from the pendent vertex, Label all the vertices consecutively such that
l(v;) = n—1where 1 <i < n.Observe that the induced edge labels are distinct. In both the cases
the graph the edge labels of I1d(Z,,) are distinct. Hence Id(Z,,) admits Square difference labeling.

Result. Let G = Id(T) also T be a group then G? = K,,.Since, d(u,v) < 2 for all u, v € Id(D5,),
the above relation follows.

Theorem 3.4 Let T be a finite group of order n and the identity graph Id(I') where I' = D,
n > 3 admits Prime cordial labeling.

Proof. Consider the star graph k4 5,1, with 2n vertices {vq, v,, -+, V25, } With v,,, as apex vertex.
Partition the vertex set V = {v4,v,, V3, ..., U3, } into the sets V{ = {v4,v3, ..., V2p_1}and V, =
{vy,v4, ..., V2,2 }. Define a vertex labeling L : V — {1, 2,..,|V|} as follows: l(v,,) = 2. Assign
labels for all pendent vertices in V4 as 1,3,5 ..., 2n — 1 and give labels for all pendant vertices in V,
as4,6,8,...,2n. Due to this vertex labeling, the induced edge labels counts are I(e;) = n and

l(eg) = n — 1. The identity graph Id(I') together with a prime cordial labeling is obtained in the
following way: First introduce an edge between the vertices v, and v, which belongs to V,(this will
increase the edge label count I(ey) by 1), introduce an edge between v4 and v3 in the set V(this will
increase the edge label I(e4) by 1), again introduce an edge betweenvg and vg (this will increase the
edge label count I(eq) by 1) and so on. By continuing this process we may either have|l(e,) —
l(eg)| = 0, if number of triangles is odd in Id(I") and |l(e;) — I(ey)| = 1 if number of triangles is

even in Id(I'), sincethe number of triangles appeared in Id(I') is either"T_lwhere (n=2k+1)or

"2;2 where(n = 2k + 2) and the choice of label for apex vertex as 2.

Theorem 3.5 Let T be a group. Then identity graph Id(I") where I' = D,,, admits analytic
mean labeling forn > 3.

Proof. Let {v4,v,, ..., v,} be the vertices of Id(D,,,). Let v,, be the apex vertex.

Define a labeling L: V(Id(DZn)) - {0,1, ...,n — 1}. Starting from the pendent vertex, label all the
vertices consecutively such that I(v;) = n — 1 where 1 < i < n. Observe that the induced edge
labels are distinct. Hence Id(D,,,) admits analytic mean labeling.
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