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1. Introduction

The concept of fuzzy sets, introduced by Zadeh [13] plays an important role in topology and analysis.
Since then, there are many authors to study the fuzzy sets with applications. Especially Kramosil and
Michlek [5] put forward a new concept of fuzzy metric space. George and VVeeramani [3] revised the
notion of fuzzy metric space with the help of continuous t-norm. As a result, many fixed point
theorems for various forms of mappings are obtained in fuzzy metric spaces. Dhage [2] introduced the
definition of D-metric space and proved many new fixed point theorems in D-metric spaces. In [12]
Guangpeng Sun and Kai yang introduced the notion of Q- fuzzy metric space. In this study, we
introduce the notion of generalized intuitionistic fuzzy metric space, which can be considered as a
generalization of fuzzy metric space. The purpose of this paper is to prove common fixed point
theorems in generalized intuitionistic fuzzy metric spaces using weak compatibility, semi
compatibility, and reciprocal continuity. Our results extend, generalize and fuzzify several fixed point
theorems in Q- fuzzy metric spaces.
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2. Preliminaries

Definition 2.1:
A 5-tuple (X, Q, H, *, 0) is said to be an generalized intuitionistic fuzzy metric space (for
short GIFMYS) if X is an arbitrary set, * is a continuous t-norm, ¢ is a continuous t - conorm and Q, H
are fuzzy set on X3 — (0, o) satisfying the following conditions. For every x,y, z,a € X andt,s>0
)Qx,y,z,t) TH(X,y,2z t) <1
i) Qx, x,y,t) >0, forall x #y
1) Q(x, X, ¥, ) <Q (X, y,z, t) fory £z
iVQ(X VY, zt)=liffx=y=z
V)Q (X, y,z,t) =Q {p (X, Y, ), t}, where p is a permutation function.
vi)Q(X,a,at)*Q(a,y,zs5)<Q(X,Y, z t+s)
vii) Q (X, ¥, Z,.) : (0,0) — [ 0,1] is continuous
viii) Q is non decreasing function on R*limt—o Q( x,y,z,t) =1 and
lti_r)l(‘)lQ(x,y,Z,t) =0forallx,y,ze X,t>0
X)) H(x,x,y,t)<l,forall x #y
XNH& Xy, )>H(X,y,z t)fory#z
X)H(X,y,z,t)=0iffx=y=z
xii) H (x,y,z,t)=H{p (X, ¥, 2), t} where p is a permutation function.
xil) H(x,a,at) O H (a,y,z,s) >H(X,y,7, t+5s)
xiv) H (X, y, z,.) : (0,00) — [ 0,1] is continuous
XV) H is a non- increasing function on R+ limt—o H (X, y, z, t) = 0 and
lLI%lH(x,y,z,t) =1forallx,y,ze X, t>0

In this case, the pair (Q, H) is called a generalized intuitionistic fuzzy metric on X.

Definition 2.2 :

Let (X, Q, H, *, 0) be an generalized intuitionistic fuzzy metric space, then

i) A sequence {xn} in X is said to be convergent to x if lim Q(x,,, x,,,x,t) =1
n—oo

and lim H(x,, x,,x,t) = 0.

n—oo
ii) A sequence {xn} in X is said to be Cauchy sequence if lim Q(x,, x,, Xy, t) =

n,m—-oo
1 and lim H(x,,x,, x,t) =0
n,m—oo

that is, for any £> 0 and for each t > 0, there exists

ny€ N such that Q (x,,, X, X, t) > 1 — e and H(x,, Xy, X, t) < €
for n, m > n,.
iii) A generalized intuitionistic fuzzy metric space (X, Q, H, *, 0) is said to be complete if every
Cauchy sequence in X is convergent.

Definition 2.3:

Let fand g be self maps on generalized intuitionsitic fuzzy metric space
(X, Q, H, *, ). Then the mappings are said to be weakly compatible if they commute
at their coincidence point, that is, fx = gx implies that fgx = gfx.

Definition 2.4:

Let f and g be self mapsof generalized intuitionistic fuzzy metric space
(X, Q, H, %,0). The pair (f, g) is said to be compatible if
7111_r>1cr>1o Q(fgxn ,gfxn,gfxn,t) =1 and rllLr?o H( fgx» ,gfxn,gfXn, t) = 0.

Whenever {x,} is a sequence in X such that lim fx,=lim gx,= z for some z € X.
n—-oo n—-oo

Definition 2.5:
Let A and S be self-maps on a generalized intuitionistic fuzzy metric space (X, Q, H, *, 0).
Then A and S are said to be reciprocally continuous if,
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lim Q(ASx,, Ax,Ax,t) =1, lim Q(SAx,,Sx,Sx,t) =1 and
n—oo n—oo
lim H(ASx,, Ax, Ax,t) = 0, lim H(SAx,, Sx,Sx,t) = 0

n—-oo n

Whenever there exists a sequence {X»} in X such that lim Ax,, = lim Sx, = x some X€ X.
n—-oo n—-oo

Definition2.6:
Two self-maps A and Son a generalized intuitionistic fuzzy metric space(X, Q, H, *, ¢ ) are
said to be semi compatible if
lim Q(ASxy, Sx,Sx,t) = 1land limH(ASx,, Sx, Sx,t) = 0
n—oo n—oo
Whenever there exists a sequence {X»} in X such that lim Ax, = lim Sx,, = x for some x€ X.

n—-oo n—-oo

Any continuous function is a reciprocally continuous, but the converse is not true

Example 2.7:
Let X = [2,20] with usual metric and * be defined as a * b = min{a, b} and
a ¢ b = max{a, b}. DefineQ(x,y,z,t) = T and H(xy,zt) = %
Where G(x,y,z) = |x —y| + |y — z| + |z — x| is a usual generalized metric. Define
{2 ifx:Z} and Sx = {2 ifx:Z}
3ifx > 2 3ifx>2
Consider a sequence {x,} in [2,20] such that x,, < 2 for each n.

Then lim Ax, = 2,limSx, = 2,Ax, » 2 = A2 and Sx,, » 2 = S2
n—oo n—o
Neither A nor S is continuous at 2 and A and S are reciprocally continuous. Indeed,

. t
}}_me(ASX“’AZ’AZ’ v = t+|ASx,—A2|+|ASxy—A2|+|A2—-A2| and
t

lim Q(ASx,, A2,A2,) = —
lim Q(ASxn, AZ, A2, t+ 2|ASx, — A2

Thus lim Q(ASx,,A2,A2,t) > 1lasn —» ©
n—oo
|ASx,, — A2| + |ASx,, — A2| + |A2 — A2|

lim H(ASx,,A2,A2,t) = lim H(ASx,, A2,A2,t)

N0 t+ |ASx,, — A2| + |ASx,, — A2| + |A2 — A2| n-x
_ 2|ASx, — A2
" t+ 2]ASx, — A2]
Thus lim H(ASx,,A2,A2,t) > 0asn -

n—-oo

This shows thatASx, — A2. In similar way we getSAx,, — S2.
Therefore (A, S) is reciprocally continuous.

Proposition 2.8:
Let f,g be self-maps on a generalized intuitionistic Q-fuzzy metric space (X, Q, H, *, ¢ ).
Assume that (f, g) is reciprocally continuous. Then (f, g) is semi compatible if and only if (f, g) is
compatible.
Proof: Let {x,} be a sequence in X so that fx,, - zand gx,, - x (f, g) is reciprocally continuous.
Lim Q(fgx,, fx, fx,t) = 1, lim Q(gfx,, gx, gx,t) —» 1 and
n—oo n—oo
Lim H(fgx,, fx, fx,t) = 0, lim H(gfx,, gx,gx,t) — 0.
n—-o n—o
Assume that (f, g) is semi compatible, then
lim Q(fgx,, gx, gx,t) = 1 and lim H(fgx,, gx, gx,t) = 0.
n—o n—ow
Consider,
Q(fgxn, 8fxn, gfxy, ©) = Q(fgxn, gx, g%, t/,) * Q(gx, gfxy, gfxn, t/5)
= Q(fgxn, 8%, 8%, Y/,) * Q(gfxn, gfxn, 8%, Y/5)

> Q(fgxn, 8% 8%, Y/,) * Q(gfxn, g%, 8%, Y/4) * Q(gx, gfxn, 8%, Y/,)
H(fgx,, gfx,, gfx,, t) < H(fgxn, gx, gX, t/Z) 0 H(gx, gfx,, gfx,, t/2)
= H(fgxy, g, 8%, t/Z) 0 H(gfxy, gfxn, g%, t/2)
< H(fgxy, g%, 8% t/z) 0 H(gfxy, g%, gx, Y/ 4) O H(gx, gy, gx, Y 4)
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Taking limits as n — cowe obtain
Lim Q(fgxy, gfxy, gfxy, t) = 1+ 1% 1 = 1 and Lim H(fgx,, gfx,, gfx,,t) <00000 =10
n—oo n—oo
Therefore f and g are compatible. Conversely suppose that (f, g)is compatible. Then for t >0,
Q(fgxy, gfx,, gfx,, t) = land H(fgx,, gfx,, gfx,,t) = 0 asn - « .
Next to show that (f, g) is semi compatible.
Q(fgxn, g%, 8%, 1) = Q(fgxy, gy, 8fxn, 1/,) * Q(afxy, gx, g%, t/5)and
H(fgxp, gx, g%, ) < H(fgxy, gfxy, gfxy, Y/ 5) 0 H(gfxy, gx, gx, Y 2)
Taking limit as n — oo, we get:
Lim Q(fgx,, gx,gx,t) = 1+ 1 = 1 andLim H(fgx,,, gx,gx,t) <000=0
n—oo n-—oo
Therefore (f, g) is semi compatible.

3. Existence of unique common fixed point for four self maps

Theorem 3.1:
Let A, B, S, T be self-maps on a completegeneralized intuitionistic fuzzy metric space (X, Q, H,*,
0) where * is a continuous t-norm and ¢ is a continuous t-conorm, satisfying:
1. AXCcTX, BX cSX
2. (B, T) is weak compatible
3. Foreachx,y, zeXandt>0, Q(Ax, By, Bz, t) > ® (Q(Sx, Ty, Tz, t)) and
H(Ax, By, Bz, t) <y (H(Sx, Ty, Tz, t)), Where ®,ip: [0,1] — [0, 1] is a continuous function
such that ®(1) =1 and 1(0) =0 and ®(a) >a,p (a)<a,foreachO<a<1.

If (A, S) is semi compatible and reciprocally continuous, then A, B, S and T have unique common
fixed point.
Proof: Let Xo€ X be an arbitrary point. Then there exists x,,x, € X such that Ax, = Tx; and
Bx; = Sx2. Thus we can construct sequences{yn} and {Xn} in X such that Yan:1 = AXon = TXons1, Yone2 =
BXan+1 = SXans2 for n = 0,1,2,... .By contractive condition, we get,
Q(¥2n+1, Yan+2Yzn+3:t) = Q(AXzn, BXzniq, BXonis, t)
= P(Q(Sx2n, Txon41, TX2n42, 1))
> Qan Yan+1 Yans2o )
H(y2n+1:y2n+2,y2n+3J t) = H(Axzn, BX3141, BX2542, 1)
< Y(H(Sx2n, TXon41, TXony2, )
< H2n Yan+1 Yont2, )
Similarly we can have Q(Vzn+2, Y2n+3Yan+art) > QVans1, Yan+2) Yznes, t) and
H(y2n+2:y2n+3,y2n+4J t) < Han+1,Y2n+2:Yan+3: t)
In general, we can write
Q(Yn+2' Yn+1,Vns t) > Q(}’n+1r3’n' Yn-1 t) and H(Yn+2' Yn+1,Yn t) < H(yn+1' Yo Yn-1 t)
Therefore { Q (Y41, Yn» Yn—1, t) } is an increasing sequence and {H (V4 1, Yn, Yn—1, t)} is a decreasing
sequence of positive real numbers in [0, 1] and tends to limit [ < 1.
If | < 1then
QWn+2: Vi1, Yo ) = PQWnt1, Yo Yn—1,t)) @A HWni2, Vst Yo ) < Y(H Wnsts Yo Yn—1, 1))
On letting n— oo we get,
m Q(Yn+2) Yni1, Yoo ) 2 @M Qi1 Y, Yn-1,t)) aNd

ET@H(Yn+2rYn+1ran t) S 770 ( lr}gle(Yn+1rYn' Yn-1 t))

Thatis [ = @(l) > land [ < y(l) < lacontradiction. Thus [ = 1.
Now for positive integer p,

QO YnspYnip t) = Qs Yns1, Yt o) * Qns1s Ynep Y t/2)
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= Q(yn:yn+1, Yn+1 t/p) * Q(YH+1’yn+2,yn+2’ t/p) Ko
Q(yn+p—1'3’n+p, yn+p' t/p)
H()’n: Yn+p,Yn+p t) < H(yn:yn+1,yn+1: t/z) 0 H(YH+1' Yn+p,Yn+p t/Z)

< H()’n:)’n+1, yn+1;t/p) 0 H()’n+1d’n+2,3’n+2:t/p) 0..0
H(yn+p—1' yn+p, yn+p' t/p)
Taking limit lr}LnooQ(yn: Yn+p,Yn+p t) =1land lr}LnooH(yn:yn+p,yn+p: t) =0
lr}anQ(yn, yn+p,yn+p,t) >1*x1*..x1=1and lr}LnOOH(yn,ynJ,p,ynJ,p,t) <000..00=0
Thus {y,,} is a Cauchy sequence in X. Since X is complete y,—u in X.

Thatis, {Axyn}, {Txon41} {BXons1} {SX2n42} also converges to u in X.
Thus lim Sx,, =u and lim Ax,, = u.

n—oo n—oo

Since (A, S) s reciprocally continuous and semi compatible.
lim ASx,, = Ay, lim SAx,, = Suand lim Q(ASx;,Su,Su,t) = 1, lim H(ASx;, Su,Su,t) = 0.
n—oo n—oo

n—o n—-oo
Thus Au = Su.
Now we will show that Au = u. Suppose Au # u . Then by contractive condition, we obtain
Q(Au,BXpn41,Bxons1, 1) = (Q(SU, TXpni1, TXpn4q,t))and H(Au,Bxzp41,BXaont1,t) <
YHOY, TXzn11, TXons1, D)
Letting n — oo,
Q(Au, u, u, t) = ®(Q(Su, u, u, t)) = ®(Q(Au, u, u, t)) > Q (Au, u, u, t) and
H (Au, u, u, t) < yY(H (Su, u, u, t)) = Y(H (Au, u, u, t)) < H (Au, u, u, t) a contradiction. Thus Au =u =
Su.
Now AX € TX, then there exists a w €X such that u = Au = Tw. Then by substituting X = X2, andy =
Z = w,we obtain:
Q(AXzn, Bw, Bw, t)= @ (Q(Sxzn, Tw, Tw, t)) and
H (Axzn, Bw, Bw, 1)< 1 (H (Sx2n, Tw, Tw, t))
Taking limit n — oo we get,
Q(u, Bw, Bw, t) = @(Q(u, Tw, Tw, t)) = @ (Q(u, u, u, t)) =@(1) = 1
H (u, Bw, Bw, t) < ¥(H (u, Tw, Tw, t)) =¢(H (u, u, u, t)) =(0) = 0.
Thusu=Bw=Tw.
Also weak compatibility of (B, T) implies TBw = BTw. Thus Tu = Bu.
Now we claim that Au = Bu. If not,
Q(Au,Bu,Bu,t) > ® (Q(Su,Tu,Tu,t))and H(Au, Bu, Bu, t) <y (H (Su, Tu, Tu, t))
Q(u,Bu, Bu,t) > @ (Q(u,Bu,Bu,t)) > Q(u,Bu,Bu,t) and
H (u, Bu, Bu, t) < (H(u, Bu, Bu, t)) < H (u,Bu, Bu, t)
a contradiction. Thus Au=Bu and hence Au= Bu=Tu=Su= u. To prove the uniqueness assume u,v are
two distinct common fixed points of A,B,S and T.Then:
Q(Au,Bv,Bv,t)> @ (Q(Su,Tv,Tv,t))
Q(u,v,v,t) > @ (Q(u,v,v,t)) > Q(u,v,v,t) and
H (Au, Bv, Bv, t) <y (H (Su, Tv, Tv, 1))
Hu,v,v,t) <y (H(u, v, v,t)) <H (u, v, v, t)
a contradiction . Hence u=v.
As a consequence of the above theorem, the following corollaries are obtained.

Corollary 3.2:
Let A, B and S be self-maps on a complete generalized intuitionistic fuzzy metric space
(X, Q, H,*, ¢ ) where * is a continuous t-norm and ¢ is a continuous t-conorm, satisfying:
1. AXCESX, BX cSX
2. (B, S) is weak compatible
3. Foreachx,y,zeXandt>0, Q(Ax, By, Bz, t) = ® (Q(Sx, Sy, Sz, t)) and
H(Ax, By, Bz, t) < i (H(Sx, Sy, Sz, t)),
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Where @, : [0,1] — [0, 1] is a continuous function such that ®(1) =1 and 1)(0) =0 and
®d(a)>a ,yP (@) <aforeachO<a<l.

If (A, S) is semi compatible and reciprocally continuous, then A, B and Shaveunique common fixed
point.
Corollary 3.3:
Let A, Sand T be self-maps on a complete generalized intuitionistic fuzzy metric space
(X, Q, H, %, ¢ ) where * is a continuous t-norm and ¢ is a continuous t-conorm, satisfying:
1. AXcSSX, AX cTX
2. (A, S) is weak compatible
3. Foreachx,y,ze Xandt>0, Q(Ax, Ay, Az, t) > ® (Q(Sx, Ty, Tz, t)) and
H(AXx, Ay, Az, t) < ¢ (H(Sx, Ty, Tz, t))
Where @, y: [0,1] = [0, 1] is a continuous function such that ®(1) =1 and (0) =0 and ®(a)
>a ,y (a)<aforeachO<a<1. If (A, T) issemi compatible and reciprocally continuous,
then A, S and T have a unique common fixed point.
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