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Abstract. In this paper, we discuss the existence and uniqueness of fixed point and common
fixed point theorems in complex valued b-metric space for a pair of mappings satisfying
some rational contraction conditions which generalize and unify some well-known results in
the literature.
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1. Introduction

The Banach contraction mapping principle [1] plays a vital role in fixed point theory. Bakhtin [2]
introduced the concept of b-metric space which is the generalization of metric space. Czerwik [5]
extended the Banach principle in b-metric space. Many researchers proved fixed point theorem on
single valued and multi valued mapping in b-metric space [8]. Azam et al. [7] initiated a new space
described as complex valued metric space. Several researchers studied various common fixed point
theorems in complex valued metric space. Rao et al. [3] introduced complex valued b-metric space,
continuously Mukheimer [6] and A. K. Dubey [4] verified the existence of some common fixed point
theorems in complex valued b-mertic space. In this paper, we continue the study of fixed point
theorems in complex valued b-mertic space.

2. Preliminaries

[4] Let C be the set of complex numbers and z;,z, € C . Define a partial order <on C as follows:
z < zyif and only if Re(z ) <Re(z,),Im(z, ) <Im(z,). Thus z, < z, if one of the following holds:
(1) Re(z ) =Re(z,)andIm(z, ) =Im(z,);
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(2) Re(z ) <Re(zy)andIm(z ) =Im(z,);

(3) Re(z,) =Re(z;)andIm(z ) < Im(z,);

(4) Re(z,) <Re(z,)andIm(z ) <Im(z,);

We will write z p if z; =z, and one of (2), (3), and (4) is satisfied; also we will write z, < z, if
only (4) is satisfied. It follows that

(i) 0=z <2 implies|21| < |22| ;

(i) z; < zyand z, < z;implyz; < 25 ;

(i) 0<2 <2, implies|21| < |z2| ;

(iv)if a,beR,0<a<b andz < z,, thenaz, < bz, for all z;,z, € C. Recently Rao et.al[3] introduced
the following definition.

Definition 2.1 [8] Let W be a non-empty set and let s >1be a given real number. A function
d:WxW — C is called a complex valued b-metric on W if for all /,m,n € W the following

conditions are satisfied:
i. 0<d(l,m)and d(l,m)=0 ifand only if I=m;

ii. d(,m)=d(m,1);
iil. d(l,m)j s[d(l,n)+d(n,m)} .
Then the pair (W,d) is called a complex valued b—metric space.

Example 2.2 [3] If W =[0,1], define the mappingd : W xW — C by
d(Lm)=[l-m|" +ill - m|

foralll,m e W. Then (W,d) is complex valued b-metric space with s = 2.

Definition 2.3 [3] Let (W,d) be a complex valued b-metric space
(i) A point I e W is called interior point of a set L = W whenever there exists0 < r € C such
that B(L,r)={meW:d(L.m)=<r}c L
(i) A point 7 e W is called limit point of a set W, whenever for every0 <r e C, B(Lr)n(L-{1}) ¢
(iii) A subset L = W is called closed whenever each element of L belongs to L.
(iv) A subbasis for a Hausdorff topology - on W is a family F = {B(l,r) :leWand 0 < r}

Definition 2.4 [3] Let(W,d) be a complex valued b-metric space and {1, } be a sequence in W andZ e W
(i) Ifforevery ceC,withO<r,thereisN e N such that foralln > N, d(an,l) < ¢, then
L)
is said to be convergent, {/,} converges to I, and | is the limit point of {1, | .It is denoted
by lim{, =7 or {I,} > asn — .

n—o

(if) If forevery ce C,withO<r, there isN e N such that for alln > N, d(an,an+p)-<c,

where
p e Nthen{l,} is said to be a Cauchy sequence.

(iii) If every Cauchy sequence in W is convergent, then (W,d) is said to be a complete

complex
valued b-metric space.
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Lemma 2.5 [3] Let(W,d) be a complex valued b-metric space and let{/, | be a sequence in
W. Then {1, } converges to | if and only if|d(ln,l)| —>0asn—>o.

Lemma 2.6 [3] Let(W,d) be a complex valued b-metric space and let{/, } be a sequence in W.

Then {7, } is a Cauchy sequence if and only if‘d(ln,lmp )‘ —0as n—>o,where peN.

3. Main Results

Theorem 3.1 Let (W,d) be a complete complex valued b-metric space withs >1 and let U,V
be self-mappings from W into itself satisfy the following inequality,

d(l,m) d(l,Ul)d(m,Vm)

+/13
1+d(m,Ul) " d(1,Vim)+d(m,Ul) +d(l,m)
forall ,m e W, such that 7= m, d(I,Vm)+d(m,Ul)+d(l,m)=0 where u,u,and u,are non-
negative reals with s +su, + 5 <1 or d(UL,Vm)=0 if d(1,Vm)+d(m,Ul)+d(l,m)=0.
Then U and V have a unique common fixed point.

d(ULVm) < md (Lm) + gy (3.1)

Proof. For any arbitrary point/, e W , define sequence {ln} in W such that
by, =Ul, andly, s =Vl,,., VYn=0 (3.2
Now, we prove that {Z,} is a Cauchy sequence.
Leti=1L,,m=1L,,.
d(12n+l’l2n+2 ) = d(UZZn ’Vl2n+1 )
ﬂ2d(lzn’l2n+1) N d(ZZn’UZQn)d<12n+1’V12n+1) 33)
Hg
1+ d<l2n+1 ’UZZn ) d<l2n ’ Vl2n+1 ) + d(l2n+1 ’ Ul2n ) + d(ZZn ’ l2n+1 )
d(ZZn’ZQnH) d(l2n7l2n+1)d(l2n+1’22n+2)
2 + 43
1+ d(ZZrH—l onit ) d (ZZn oo ) + d(12n+1 Ao ) + d(l2n oni )
+ d(ZZn’l2n+1)d(l2n+l’12n+2)
H3
d(l2n’l2n+2 ) + d(ZZn’l2n+1 )

j:uld(l2n’12n+l ) +

=H d<ZZn’l2n+1 ) +

=t d(l2n’l2n+l ) + :U2d(lzn,l2n+1 )

then
|d(l2n’12n+1 )

|d(l2n+1 ’ l2n+2 )

1@ (Ll )| < 210 |8 (o lopis )| + 2| (T Eonn )| + 5 2l ol +]d (o oloner) (34)
<ty |d(lzn,lgn+1) + Uy |d(12n’12n+1) + g |d(l2n fj{@l )Hdglz’”l)’ = )|
on+1>lns2
= (e + pty + 113)|d (Lo Eyr)
1A (l1ronen )| < (20 + 212 + )| Al lor ) (3.5)
Similarly, we can get
(A (lapslonss )| < (14 + o + 5 )|d (Lo Doz ) (3.6)
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Since sy + sy + g <1 ands >1, we get g + u, + 5 <1, therefore with ¢ = 14 + u, + 1, <1and for all
n > 0,and consequently, we have

|d 2n+1712n+2 <§|d 2n° 2n+1) §§| (Zn—l’ 2n g |d 2n— 1’12n)
<P ( on-2bon- 1)| <. (3.7)
£§2n+1 (lo’l1)|
That is,
|d(ln+1’ n+2 <§|d n? n+1 |<§ |d n-1- n) <. n+1 (lO’ll)| (38)
Thus, for any m > n, m,n e Nwe have
|d(ln’ |<S|d n? n+1 +S|d n+1’m)|
< S|d n’ n+1) +s |d<ln+1’ln+2) +82|d(ln+2’lm)|
<.
<sld (Lol )|+ 8 |A (Lt ol )|+ oo+ 8™ A (L g )| (3.9)
(A (8,.8,)| < s¢™ |d (T, k)| + ¢ d (T )| + oo+ 8™ "™ (B 1)
:s;’”(1+s§+(s§)2+...+( o 1)|d ool
) — (3.10)
< (Ls¢ 4 (s0) ot (50)"" o)
=s¢"(1=s¢) " [d (.,
(1.1, < (18_48"4)|d(zo,11)|ao as m,n — oo (3.11)

Thus, { } is a Cauchy sequence in W. Since W is complete there exists somet € W such that /, —tas
n — oo.
Assume not, then there exits z e W such that

| (t,Ut)|=|¢| > 0. (3.12)
So by using the triangular inequality and (1), we get

z=d(t,Ut) <sd(t,ly,5 ) +5d (.5, Ut)
= 5d(t, 1,9 )+ sd (Vi1 ,Ut)
d(t’l2n+1)
1+d(ly,.,,Ut)
d(t’ Ut)d (l2n+1 ’ Vl2n+1 )
d(t, Vg )+ d(lop Ut) +d(t,15,1)

d(t’l2n+1) + d(t’Ut)d(12n+1’l2n+2)
Sig
1+d(ly,,,,Ut) d(tlyy,s)+d(ly,y , Ut) + d (b1, )

=< 8 (t,lysn )+ 520d (8141 ) + 51 (3.13)

+SHg

= Sd(t,lZnJrg) + Sﬂld(t’l2n+1 ) + S'UQ

|d (t’l2n+1 )|

|z| |d t Ut |< 3|d 2n+2) m

+ sy |d ona )| + Sy

d tUt d 2n+1’l2n+2

d(t 2n+2 |d 2n+12 Ut)|+ d(t’l2”+1 )|

+Sﬂ3|
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Taking the limit (3.14) as n — « ,we obtain that|z| = |d(t,Ut)| <0, acontradiction with (12). So |z| =0

Hence Ut =t. Similarly we obtain Vi =1¢.
Now, we show that U andV have unique common fixed point of UandV . To prove this

assume ¢’ is another common fixed point of U and V. Then

d(t,t') d(t,Ut)d(¢',Vt')

d(tt) = d(ULVE) 2 md (8) s vd(t,08) (e ve)+d(e,0n) v d(6) (3.15)
So that
, , (et d(t0t)|d(e, V)|
[@(t.6) < sl (t.6) + 1+|d(¢,0t) . (8, ve)|+[d (¢, Ut)| +|d (t.2") (3.16)

(et < mla(et)
Which is contradiction. Hence ¢ = ¢' which shows the uniqueness of common fixed point.

Now we consider the second case.
d(l,Vm)+d(m,Ul)+d(l,m) =0
I=ly, m=1ly,
d(ZZn’VZZnH ) + d(lzml ULy, ) + d(ZZn’ZZnH ) =0
d(Ul,,,Vly, ;) =050 thatl,, = Ul, =1

on+l Vlzml = Zz

n+2"

Thus we have 1,,,, =Ul,, =1,,s0 there exists E, and f suchthat E, = Uf, = f; where

E, =1,,., &f, =1, using the foregoing arguments, we show that there exists E, and f, such that

E, =Vf, =f,where Ey =1, &fy =l ;.
As d(f,,Vfy)+d(fy, Uk ) +d(f.f,) = 0Owhich impliesd (Uf, ,Vf, ) = 0. E, =Uf, = Vf, = E,.
Thus we obtain that E; =Uf, =UE; similarly one can also have E, =VE, . As E, = E,implies
UE, =VE, = E,, thereforeE, =E, is the common fixed point of UandV . For uniqueness of
common fixed point, assume that, assume that El’in W is another common fixed point of U and V.
Then we have UE| =VE| = E; .

As d(E,,VE{)+d(E|{,UE, )+d(E,,Ey)=0, therefored(E,,E{ ) = d(UE,,VE; ) = 0.
This implies that E; = E] . This completes the proof of theorem.

Corollary 3.2 Let (W,d) be a complete complex valued b-metric space with the coefficient
s>1 and let V: W — W be a mapping satisfying

d(l,m) d(l,Vl)d(m,Vm)
+,u3
1+d(m,VI) " d(1L,Vm)+d(m, Vi) +d(l,m)
for all {,meW, such that I=m, d(I,Vm)+d(m,Vi)+d(l,m)=0 where g, u,and ., are non-
negative reals with 1 +su, + 3 <1 or d(VI,Vm)=0 if d(1,Vm)+d(m,Vl)+d(l,m)=0.
Then V has a unique common fixed point inW .

d(VL,Vm) < (L,m) + sy (3.17)

Proof. By using the theorem 3.1 with U =V , we can prove this result.

Corollary 3.3 Let (W,d) be a complete complex valued b-metric space with the coefficient
s>1 and let V: W — W be a mapping satisfying (for some fixed n)
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d(lm) d(LV"1)d(m,V"m)
1+d(m,V"l) . d(LV"m)+d(m,v"1)+d(Lm)

d(V"z,V"m) < wd(l,m) + (3.18)

for all I,meW, such that [=m, d(l,V"m)+d(m,V”l)+d(l,m);tO where 4,1, and g are non-

negative reals with z4 +su, + 3 <1 Or d(V”l,V”m) =0 if d(l,V”m)+ d(m,V”l)+ d(L,m)=0.

Then V has a unique common fixed point in W .

Proof. By using the corollary 3.2 with V = V", we can prove this result.

Theorem 3.4 Let (W,d) be a complete complex valued b-metric space withs >1 and let
U,V be self-mappings from W into itself satisfy the following inequality,

@ (LVm)+d* (m,U1) |
d(l,Vm)+d(m,Ul)

for all i,meW, such that I=m, d(I,Vm)+d(m,Ul)=0 where ,u,,usand u, are non-negative

reals with sy +(2s+1) 1, + 245 +2su, <1 or d(ULVm)=0 if d(,Vm)+d(m,Ul)=0. Then U and V

have a unique common fixed point.

A(ULVm) < (Lm)+ [ d(L,m)+d(L,Vm) |+ us [ d(LUL) + d(m,Vim) |+ p, (3.19)

Proof. For any arbitrary point, € W, define sequence {ln} in W such that
lypi = U, andl,, ., = VI, Vn>0 (3.20)

Now we prove that {1, } is a Cauchy sequence.
Leti=1L, , m=1,,,.

d(lzml oy ) = d(Ulzanlznu )
2 4@ (L by ) + 1o |:d(l2n lona ) +d(lyps Vg )] +Hs [d(l2n Uly, )+ d(l2n+1 Viopnia )]

[d2 (lzn M)+ d? (lons1,Ulyy, )}

d(lynsVignar ) + A (lnsa Ulsy )
= ﬂld(lzn soni ) + Uy [d (l2n slon it ) + d(lzn sonie )] + U3 [d(ZZn sloni ) + d(l2n+1 oo )]
[d2 (lonslonya) + d? (lonersbon )]

d(ZZn’l2n+2 ) + d(l2n+1 soni )
= /‘1d(12n slona ) ) [d(ZZn’l2n+1 ) + d(lzn slonso )} T H [d(ZZn’ZZnJrl ) + d(12n+1’l2n+2 )]
[dz (boslonso )}

d(l2n ’ 12n+2 )

n+l

+ 1y

+ iy

+ Ay

taking modulus
|d(12n+1’l2n+2) Sty |d(l2n’12n+1) T Hy |:|d(l2n’12n+1)

Udg (Z2n ’ 12n+2 )
|d(l2n ’Z2n+2 )|

]

+ |d(l2n Loniz) ] t Hg Hd(lQn o )|+ |d(lzn+1 oniz)

%

S |d(l2n o )|+t [|d(l2n o) ] T H3 |:|d(12n’l2n+1 ) }

+ 4y |d(12n oo )

|d (Z2n+1 ’ l2n+2 )

+|d(l2n’l2n+2)

+ |d(l2n+1’l2n+2)
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As

|d 2n l2n+2)
Therefore

|d(l2n+1 ’ l2n+2 )

Ud 2n l2n+1

],

Sy |d(12n o ) + Hy |d(12n’l2n+1 ) + Sty |:|d(l2n slon i ) + }
T H “d(lzn ot )|+ |d(l2n+1 lonss )H TSHy “d(lQn lonia )| + |d(l2n+1 oo )H

< <ﬂ1 "'(3"'1)#2 + K +8/U4)|d(12n’12n+1)

|d(l2n+1 ’ l2n+2 )

|d(l2n+1 ’ Z2n+2 )

+ (Sﬂz + U3 + Sty )|d(lzn+1 7l2n+2)

|d(l2n+1’12n+2 )| < (/‘ﬁ +(S+1),u2 + U3 + sS4y J|d(22n’l2n+1 )|
L—suy = pty =84y

Similarly, we can get

|d(l2n+2 ’ lZn+3 )

+(s+1 T Uyt
S[ﬂl 1(3 ) o + g s#4l|d(12n+1,12n+2)
—Sly — Hg —SHy

+(5+1) g + gty +Sp1y
L=suy = ptg = sy

SiNce u +(2s+1) uy +2u5 +2s, <1 ands>1, we get {'ul J<1, therefore wit

é,:(,ul +(s+1),u2+,u3+s,u4

<1land for all n >0,and consequently, we have
L=suy = p3 = sy

<§|d 2n? 2n+1) ;§| (2n—1 | g |d 2n-1° l2n)
<P (2n 25lo, 1)| <.
S‘/;2n+1 (lo’l1)|

|d 2n+1> l2n+2

That is
|d n+l» n+2 |<§|d no n+1
Thus, for any m >n, m,n e N, we have
A (8,.8,)| < sl (L.,

)| <&?ld(lnd, )| << d

d(l.1y ).

|d n+1 m)|

2
<s|d n? n+1 +S |d n+1 n+2)+s |d(ln+27lm)|
<..
m-n
<S|d n’ n+1 +s |d n+l’ n+2)+”'+s (lm—l’lm)|

[ (1,.8,)| < s¢" |d(fo, k)| +57¢ |d (b 1)
=5 (L sg (s ) e (56)" 7 |l (lg b )
< (L s¢ 4 (s0) ot (50)" " o)
=s¢" (1-5¢) " [d(lo 1)

o 8" d (00 )

n’>’m

|d(l l )|_(13_§:§)|d(lo,ll)|—>0 as m,n — o

Thus {ln} is a Cauchy sequence in W. since W is complete there exists somet € W such that 7, — ¢ as

n — oo,
Assume not, then there exits z € W such that

| (t,Ut)| =|¢| > 0
so by using the triangular inequality and (3.1), we get
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z=d(t,Ut) < sd(t,ly,,5) +sd (L, Ut)
= (t 12n+2) S ( 2n+1’Ut)
(’5 lynsa ) TSu (t byt ) T SHy [d( sloni ) + d(t’VZZrH—l )J +SH [d(t’Ut) + d(12n+1 Vi )]

[dQ (t, Vg1 )+ d* (L ,Ut)]
d(t Vl2n+1 ) + d( 2n+1 ’Ut)

= 8d (b, by ) + s4d (2, 12n+1)+3ﬂ2[d( 12n+1)+d<t’12n+2):|+8/u3|:Z+d(12n+1’l2n+2)]
(@2 () +d (b1, U1)|

d(t,ly o)+ d (L., Ut)

" |d(t,lzn+1) + Sty [|d(t,zzn+l)

¢ 0]

|d(t 2n+2 |d 2n+1’Ut)|
taking the limit as n — o0 we obtain that|z| = |d t,Ut)| <0 a contradiction, so |z| =

IA

T SHy

T SHy

EE |d(t,Ut)| < s|d(t,12n+2)

]

} + 81ty [|z| + |d(12n+l A

|d(tloyez)

TSHy

Hence Ut =t.similarly we obtain Vi =¢.
Now, we show that U and V have unique common fixed point of U and V. To prove this assume ¢’ is
another common fixed point of U andV . Then

(@ (t,ve)+d (¢,Ut) |
d(t,Vt')+d(t',Ut)

d(t,t') = d(Ut,VE') < md(t,t') + p [ d(t.t') + d (6, VE') |+ g [ d(t,UL) +d (¢, VE') |+
So that
‘dz (t,Vt’)‘ - ‘dz (t’,Ut)H

(6] < | (6] + o || (e.2)| | (&, Ve |+ s [ (202 + | (2, V2)| ]+ g [ G ERED

At <+ 2005 + g [d (12

Which is contradiction. Hence ¢ =t which shows the uniqueness of common fixed point.
For the second case, d(UL,Vm)=0 if d(1,Vm)+d(m,Ul)=0.the proof of unique common fixed point

can be completed in the line of Theorem 3.1.This completes the proof of the theorem.

Corollary 3.5 Let (W,d) be a complete complex valued b-metric space with the coefficient
s>1 andlet V: W — W be a mapping satisfying
@ (LVm)+d*(m, V1)
d(l,Vm)+d(m,VZ)
for all ;,meW, such that I=m, d(I,Vm)+d(m,Vl)#0 where ,u,,usand u, are non-negative
reals with sy +(2s+1) y + 205 +2sp, <1 OF d(VL,Vm) =0 if d(1,Vm)+d(m,VI) =
Then V has a unique common fixed point in W..

d(VL,Vm) < gy (Lm)+ wp [ d(Lm)+d(LVim) |+ u [ d(LVI) +d(m,Vim) |+ u,

Proof. By using the theorem 3.4 with U =V , we can prove this result.

Corollary 3.6 Let (W,d) be a complete complex valued b-metric space with the coefficient
s>1 and let V: W — W be a mapping satisfying (for some fixed n)
[d2 (LV"m)+a? (m,V"l)]
d(an,Vnm) < 1 (l,m) + Ly, [d(l,m) + d(l,Vnm)} + g [d(l,an) + d(m,Vnm)} + iy

d(l,V"m) +d(m,V"l)
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for all I,me W, such that 7 =m, d(l,V”m)+d(m,V”l) #0 where u,u,,usand u, are non-negative

reals With s +(2s+1)  + 2 + 251, <1 0r d(VL.Vm) =0 if d(,V"m)+d(m,V"1)=0.
Then V has a unique common fixed point in W.

Proof. By using the corollary 3.5 with V =V™, we can prove this result.
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