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NEW NANO OPERATOR FOR A NEW NANO TOPOLOGY
HAKEEM A. OTHMAN!

ABSTRACT. In this paper, we will use a nano-g-open (nano-g-closed) subset
of a nano topological space (U, 7r(X)) to introduce two new nano operators
called nano-H-Closure (N — H — C1 for short) and nano-H-Interior (N — H —
Int for short). Using nano-H-Interior we shall define a new nano topological
space, namely the nano-H-topological space (U, H — 7r(X)) for short).
Moreover, we shall discuss and examiner the fundamental properties of
these new nano operators and new nano topology, with emphasis on the trans-
fer of nano regularity conditions on (U, 7r(X)) to nano separations axiom
conditions on (U, H — 7r(X)). Some applications will be investigated.

1. INTRODUCTION

The notion of generalized — closed sets was introduced in 1970 by Levine in
[6], Thivagar in [7,8] introduced nano topological spaces and nano-continuous
mapping, and Bhuvaneswari in [1] defined the notion of nano-generalized
closed sets in nano topological spaces. Othman in [2-5] has defined new
operator in General Topology and Fuzzy Topology and Thivagar introduced
nano topological spaces based on the concept of lower approximation, upper
approximation, and boundary regions. Some paper such as [7,9] show that
the concept of nano topology can be used as a tool to study certain real-life
problems. A nano topology has at least three and at most five nano-open sets
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including U, ¢. So if we want to add some more nano-open sets, we must intro-
duce two new nano operators called nano-H-Closure (N — H —C' for short) and
nano-H-Interior (/N — H — Int for short) in order to define a new nano topology
finer than the nano topological space. This is called a nano-H-topological space
((U, H — 1r(X)) for short). Various results related to these new nano operators
and nano topology are discussed in this paper.

2. PRELIMINARIES

Throughout this paper U is finite universes and non-empty set; X C U and
U\R denote the families of equivalence classes by equivalence relations R on
U and (U, 7r(X)) or simply by 7z(X) we mean a nano topological space. If
A C U then, N — Int A\, N — ¢l X and \° denote respectively, the nano-interior
of ), the nano-closure of A and complement of \.

Definition 2.1. [7] Let U be a non-empty finite set of objects called the universe
and R be an equivalence relation on U named as the indiscernibility relation.
Elements belonging to the same equivalence class are said to be indiscernible with
one another. The pair (U, R) is said to be the approximation space. Let X C U.
() Lr(X) = U,cu{R(x) : R(z) € X} is the lower approximation of X with
respect to R, where R(x) denotes the equivalence class determined by x.
(i) Ur(X) = U,ep{R(x) : R(z) N X # ¢} is the upper approximation of X
with respect to R.
(iii) Br(X) = Ug(X) — Lr(X) is the boundary region of X with respect to R.

Definition 2.2. [7] Let U be the universe, R be an equivalence relation on U and
TrR(X) = {U, ¢, Lr(X),Ur(X), BR(X)} where X C U, then tg(X) satisfies the
following conditions:
(1) ¢and U € r(X).
(ii) The intersection of the elements of any finite subcollection of Tr(X) is in
TrR(X).

(iii) The union of the elements of any subcollection of Tr(X) is in Tr(X).
That is, Tr(X) is a topology on U called the nano-topology on U with respect to
X. We call (U, (X)) as the nano-topological space. The elements of Tr(X) are
called as nano-open sets and the complement of it are called nano-closed sets.
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Definition 2.3. Let (U, (X)) be a nano-topological space and the set . € U is
called:

(@) Nano — generalized — closed [1](n-g-closed set for short) if cl(u) C A
whenever ;1 C X and )\ is nano-open set.

(b) Nano — o — open (resp. Nano — o — closed ) [10] if p C N — Int(N —
CU(N — Int(p))) (resp. N — CU(N — Int(N — Cl(p))) C p ).

(¢c) Nano — pre — open (resp. Nano — pre — closed [10] if u C N — Int(N —
Cl(w)) ) if (resp. N — CL(N — Int(p)) C p ).

(d) Nano — semi — open (resp. Nano — semi — closed ) [10] if u € N —
CU(N — Int(p)) (resp. N — CI(N — Int(p)) C X).

(e) Nano — 3 — open (resp. Nano — 3 — closed) [11]if p C N — CI(N —
Int(N — Cl(p))) (resp. N — Int(N — CU(N — Int(n))) C ).

Definition 2.4. A nano mapping f : (U, 7r(X))) — (V,7r(Y))) is said to be:

(a) nano — continuous [8] if the inverse image of each nano — open set ji; in
V' is nano — open set in U.

(b) nano — pre — continuous [10] if the inverse image of each nano — open
set 1 in V' is nano — pre — open set in U.

(c) nano — semi — continuous [10] if the inverse image of each nano — open
set j1 in V' is nano — semi — open set in U.

(d) nano — a — continuous [10] if the inverse image of each nano — open set
py in V' is nano — o — open set in U.

Definition 2.5. A Nano topological space (U, 7r(X)) is called:

e Nano— Ty if for all x # vy, there exists an nano-open set  C U such that
either x € pandy ¢ p, ory € pand « ¢ p.

e Nano — T if for all x # y, there exist an nano-open set y1, s C U such
that x € pu1, y & p1, and y € pig, T ¢ fio.

e Nano—T if forall z # y, there exist a disjoint nano-open sets p, s C U
such that x € py and y € po.

e Nano-regular space if for all A is nano-closed set in U and x € U such
that x ¢ ), there exist a disjoint nano-open sets 1, ps C U such that
x € pupand A C ps.

e Nano — T; if (U, (X)) is nano — T} and nano-regular space.
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e Nano-Normal space if for all \; and )\ are disjoint nano-closed sets in U,
there exist a disjoint nano-open sets ji;, ps C U such that \; C p; and
A2 C po.

e Nano — T, if (U, 7r(X)) is nano — Ty and nano-normal space.

3. NEw NANO OPERATOR AND NANO-H- TOPOLOGICAL SPACE

Definition 3.1. Let (U, 7r(X)) is a nano topological space, A and v any set in U.
Then,

e Nano— H — CIAN = (v : A C v, visanano g — closed set of U} is
called nano H- closure .

e Nano — H — Inth = |J{v : v C A, vis anano g — open set of U} is
called nano H- interior.

Now we will introduce new nano topology generated by this new operator
nano — H — Int.

Definition 3.2. Let (U, 7r(X)) be a nano topological space. The new nano topol-
ogy generated by (nano — H — Int).

That is, nano — H — 7r(X) = {A C U : nano — H — Int(\) = A}.

The member of nano — H — tr(X) is called nano-H-open set, the complement
of it is called nano-H-closed set and the family of all nano-H-open (resp. nano-H-
closed) sets can be denoted by (nano— H—O(U, X)) (resp. (nano—H —C(U, X))).

Definition 3.3. In a (U,7x(X)), a subset X is a nano-H-open set if A C nano —
Int(u) where A C ppand A € 75(X).

With this new nano topology (U, H — 7z(X)) we can do something else that
we can not do it with nano topology.

Remark 3.1.

(i) The members of nano— H —1r(X) are closed under the intersection prop-
erties and the complement ( H — 75,(X)) are closed under the union prop-
erties.

(ii) The union of member of nano— H —1x(X) is not be member of H —1r(X)
in general.
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(iii) The intersection of member of H — 75,(X) is not be member of H — 75,(X)
in general.
(iv) 7r(X) € H — 7p(X) and 75(X) C H — 75(X).
The following example we can clarify the Remark 3.1.
Example 1. Let U = {1,2,3} and X = {3} with U/R = {{3}}, then

b TR(X) = {¢7 {3}7 U}, then H_TR(X) = {¢7 {1}7 {2}7 {3}7 {27 3}’ {1’ 3}7 U}
we can see that Tr(X) C H — 7(X). If \y = {1} and X\ = {2} are nano-
H-open sets but A\; U A\, = {1, 2} is not nano-H-open set.

o TH(X) = {6, {1,2}.U}, then H — 75(X) = {6, {1}, {2}.{1.2}.{2.3},
{1,3},U} we can see that 75(X) C H — 75(X). If 1n = {1,3} and
pe = {3} are nano-H-closed sets but j1 N uy = {3} is not nano-H-closed
set.

We shall add some properties of these new operators.

Proposition 3.1. Let A, v and p subset from U and (U, H — 7r(X)) nano gener-
alize topological space, then

(1) nano— H —Int(¢) = ¢,nano— H —Int(U) = U and nano— H — Int(\) C
A

(ii) nano—H —Cl(¢) = ¢,nano—H—Cl(U) = U and A C nano— H —CI()\).

(iii) If A is nano-H-open set, then nano — H — Int(nano — H — Int(\)) = \.

(iv) If A is nano-H-closed set, then nano — H — Cl(nano — H — Cl()\)) = .

(v) nano — H — Int(ANp) = nano — H — Int(\) Nnano — H — Int(u).

(vi) nano — H — Cl(AU u) = nano — H — Cl(\) Unano — H — Cl(u).

Proof. We will prove only for nano — H — Int.

(1) nano—H —Int(¢) = ¢,nano— H —Int(U) = U and nano— H — Int(\) C
A, these directe from (definition 3.1)

(i) If A C u, p € nano— H — O(U, X), then nano — H — Int(\) C p and
nano — H — Int(nano — H — Int(\)) C u by (definition 3.1). Then,
nano — H — Int(nano — H — Int(\)) C U{p: p C A : u € nano — H —
O(U, X)} = nano — H — Int(\).

(iii) Here we have two cases:

Case (1) fANuCv, vE€nano— H— O(U, X), then \ C v.

Thus, nano — H — Int(\) Nnano — H — Int(p) C{v: ANuCve
nano — H — O(U, X)} = nano — H — Int(A N p).
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Case (2) If there is an x € nano — H — Int(A N p) with © ¢ nano — H —
Int(A\) N nano — H — Int(n), then there are nano-H-open set v
and v, with A Cvj,p Cmanda ¢ ANp. But ANp C vy Ny €
nano—H—O(U, X)), but we know that the intersection of two nano-
H-open sets is nano-H-open set contradicting !. Then, x € A N u.

From case (1) and case (2) we conclude that nano — H — Int(A N p) =
nano — H — Int(\) Nnano — H — Int(u).
0

Remark 3.2. For any nano subset of U, nano-topological space (U, 7r(X)) and
nano-H-topological space (U, H — Tr(X))
(i) The nano-Closure is nano-closed in (U, 7r(X)) but nano-H-Closure is not
nano-H-closed set in general in (U, H — 1p(X)).
(ii) The nano-Interior is nano-open set in (U, Tr(X)) but nano-H-Interior is
not nano-H-open set in general in (U, H — Tr(X)).

By the following example, we can see that

Example 2. Let U ={1,2,3} and X = {1,3} with U/R = {{2}}, then 7(X) =
{¢0.{2}, U} and H — 7(X) = {¢, {1}, {2}, {3}, {1,2},{2,3}, U} s0
e we can see that if A = {1,3} = nano — Int(\) = ¢ € 7r(X) but nano —
H—Int(\) =X¢ H—Tr(X).
e also we can see that if © = {1,2} = nano — Cl(n) = X € 7r(X) but
nano — H — Cl(p) = u ¢ H — mp(X).

4. SOME APPLICATIONS

Theorem 4.1. For any (U, 7r(X)) and = € U, either {x} is nano-H-open set or
{z}¢ is nano-open set.

Proof. 1If {x}¢ is not nano-open set, then the nano closed superset in {z} is ¢.
or {z} itself so we have two cases:

Case (1): If the nano-closed superset in {z} is {z}, then {z} is nano-
closed set and {x}° is open contradicting !

Case (2): If the nano-closed superset in {z} is ¢., hence the nano-Interior
of {x} is containing each nano-closed subset of {z}, then {x} is nano-
H-open set.
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Proposition 4.1. For any (U, (X)) and x € U, either {z} is nano-closed set or
{z}¢ is nano-H-closed set.

Definition 4.1. A nano topological space (U, (X)) is said to be a nano T —
space (nano — 71 for short) if every nano-H-open set is a nano-open set.

We know that every (nano — 7 — space) is (nano — 1 space) and every
(nano — T1 — space) is (nano — 19 — space),then easy to prove the following
theorem.

Theorem 4.2. Let (U, (X)) a nano topological space, then the following state-
ments are equivalence.
1) (U, mr(X)) is (nano — T space).
(ii) Every singleton set in Tp(X) is either nano — open or nano — closed set.
(iii) Every subset of U is the intersection of all nano-open sets and all nano
closed sets containing it.

Remark 4.1. Let (U, (X)) a nano topological space and X subset from U, then
we know that
(i) nano-open set is nano-H-open set, then if A\ C U, then nano — Int(\) C
nano — H — Int(\) C A
(ii) nano-closed set is nano-H-closed set, then if A C U, then A\ C nano — H —
Cl(A) € nano — CIl(N).

We can illustrate that by following example.

Example 3. Let U = {1,2,3} and X = {1,3} with U/R = {{1},{2, 3}}, then

o Tr(X) = {6, {1},{2,3}, U}, then H — mr(X) = {4, {1}, {2}, {3}, {1,2},
{2,3},{1,3},U} we can see that if A = {2} = nano — Int(\) = ¢ but
nano — H — Int(\) = . So, it is clear that nano — Int(\) C nano — H —
Int(A) C A

o 75(X) = {0, {1}, {2}, {3}, {1,2},{2,3},{1,3}, U} we can see that if A\ =
{1,3} = nano — CI(\) = U but nano — H — Int(\) = \. So, it is clear
that A C nano — H — CIl(\) C nano — CI()\).

Theorem 4.3. (U, (X)) is nano — T1 if and only if Tr(X) C H — 7r(X) with
equality.
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Proof. If (U, (X)) is nano — 1 by (Definition 4.1), for any set A C U =
nano — Int(\) = nano — H — Int(\). Hence, 7r(X) = H — 7(X).

Conversely, If A is nano-open set and nano — Int(\) C nano— H — Int(\) C A
that implies A is nano-H-closed set. Thus, 7r(X) C H — 7x(X). Further, if
we assume that 73(X) = H — 7x(X) and let ¢ C U be nano-H-open set in
(U, mr(X)). Then, u = nano — H — Int(p) and so x is nano-open set in 75(X ) =
H — 7r(X), thus (U, 7r(X)) is nano — 71 — space. O

Theorem 4.4. For any (U, 7r(X)) and z # y, then nano — H — Cl(z) # nano —
H — Cl(y).

Proof. If {x}is nano-closed set, y ¢ {z} = nano — Cl{z} = nano — H — Cl{x}.
Otherwise, y € {z}¢, a nano-H-closed set by (Theorem 4.1). Then, y € nano —
H — Cl{y} C {z}°, and so = &€ nano — H — Cl{y}. O

Proposition 4.2. For any (U, H — t(X)) is nano — Ty — space.
Now we can get interesting theorems.

Theorem 4.5. If any space is (U, (X)), (U, H — (X)), then it is nano — T, -
space.

Proof. If {z} is nano-closed and nano-H-closed set as well. Otherwise, {x}¢ is
nano-H-closed and nano — H — Ci({z}¢) = {x}¢, that implies {x} is nano-H-
open set. By (Theorem 4.2) (U, H — 7x(X)) is nano — Ty — space. O

Theorem 4.6. If (U, 7r(X)) is nano regular space, then (U, H—1x(X)) is nano—
T3 — space (nano regular space + nano — 7, — space.)

Proof. By (Theorem 4.3) (U, H — 7r(X)) is nano — T1 S0 it is enough to prove
that (U, H — 7r(X)) is nano regular space.
Letx ¢ A € H — 75(X). We have to study two possibility.

(i) Suppose {z} € T5(X) since v € A = nano — H — Cl(\), = € u for
some A C p with 4 nano-H-closed in (U, 7(X)). But then u C {z}¢ €
nano — Tr(X) and also nano — cl(u) C {z}. Thus, z & nano — Cl(u) in
the nano-regular space (U, (X)), so there are disjoint nano-open set
U, and U, in 75(X) such that € U and nano — Cl(u) € U,. Hence
relU € H—7r(X)and A C pu C nano — Cl(u) € Uy € H — 1r(X),
with Uy N U, = ¢.
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(ii) Suppose now that {z} is not nano-closed by Theorem 4.1 {x}* is nano-
H-closed and {z} € H—7x(X). We are sure that A\ C (nano—H—Cl(x))°
and thus choose y € \ arbitrary. Now we will discuss two cases:

e If {z} is nano-closed, x ¢ {y} but we know that (U, 7r(X)) is
nano-regular space, then there exists U; and U, such that xz € U; €
Tr(X), {y} C Uy € 7r(X) C H— 7x(X) and U; N Uy = ¢. So,
y € (nano — H — Cl(x))°".

e If {x} is not nano-closed by Theorem 4.1 y € {y} € H — 7(X)
with {z} N {y} = ¢. In fact that A\ € (nano — H — Cl(x))°. But
z € {z} € 7r(X) and A € (nano — H — Cl(z))* € H — 7r(X) with
{z} N (nano — H — Cl(z))° = ¢.

From (i) and (ii) (U, H — 7r(X)) is nano regular space.
0

Definition 4.2. A nano topological space (U, (X)) is said to be a nano — Ry —
space if singletons are nano-H-closed set.

Theorem 4.7. If (U,7r(X)) is a nano — Ry — space, then (U, H — 1r(X)) is

nano — Ty

Proof. For all z € U, then {x} is nano-H-closed set and so nano— H —cl({z}) =
{z}. If {x}is nano-closed set, y & {x} = nano — Cl{z} = nano — H — Cl{z}
or y € {z}° anano-H-closed set by (Proposition 4.1). Then, y € nano — H —
Cl{y} C {z}¢, and so = & nano — H — Cl{x}. O

Remark 4.2. The strong theorem in a nano — 1, — space is failed in H — tr(X).
That is (U, 7r(X)) is a nano — 11 — space if and only if every singleton is nano-
closed set.

We illustrate that by Example 4.

H —15(X) = {¢,{2,3},{2},{3},{1,2},{1,3}, U}, we can see that {1} ¢
H — 15(X) but H — 7(X) is nano — 1, — space.

Now we rephrase that theorem.

Theorem 4.8. (U, H—7r(X)) is a nano— 1, — space if and only if every singleton
is nano-H-open set for all x € U.

Proof. Let {z} and {y} are nano-H-closed set and If (U, H — 7x(X)) is a nano —
71 — space, then for x # y there exists two nano-H-open set \; and )\, such



262 H. A. OTHMAN

that x € A\, y ¢ A\, y € Ay and = ¢ )\, which implies that z € A\; C {y}°
and so y € A\; C {z}° thus {y}° and {z}° are not nano-H-open set which is
contradicting. Then, {z} and {y} are nano-H-open set.
Conversely, if every singleton is nano-H-open set for all x € U, then it is clear
that (U, H — 7r(X)) is a nano — 7 — space. O
We can also introduce this interesting theorem.
Theorem 4.9. Let (U H — (X)) be a nano H-topological space. then the
following statements are equivalence.
(1) (U, H — 1r(X)) is a nano — 7, — space.
(ii) For all = € U, every singleton is nano-H-open set
(iii) For all v € U, {x} = ¢. ({x} is the limit point of {x}.)

Remark 4.3. The most results in this paper about the transfer of properties from
(U, mr(X)) to (U, H — Tr(X)) can be summarize by the following figure.

(U, Tu(X) : Nano-Regular | —s| Nano-Hausdortt | 5| Nanmo-R, ||  Arbitrary

(U, H-Tp(X)): Nano-T; > Nano-T; > Nano-T; Nano-Ty;

FIGURE 1

Remark 4.4. The converse of the Theorem 4.6 and 4.7 is not correct in general.
We can see that in the following example

Example 4. Let U = {1,2,3} and X = {1} with U/R = {{1}}, then
o Tr(X) = {0, {1}, U}, then H—7r(X) = {¢, {1}, {2}, {3}, {1,2},{1,3}, U}
we can see that
e H — 1r(X) is nano regular space and nano — 1, — space but 7r(X) is not
nano regular space.
o H — 7(X) is nano — 7 — space but is not nano — Ry — space since {1}
is not g-closed set.

By the new nano operator (nano-H-Interior) we introduce all these new sets
in nano-H-topological space (U, H — 7z(X)) and further work needs to be done
on these sets.
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Definition 4.3. Let (U, (X)) be a nano-topological space and the set . € U is
called
(@) Nano— H — a — open (resp. Nano — H — o — closed ) if
i C N —H—Int(N —CIN — H — Int())) (resp. N —CI(N — H —
Int(N — Cl(n))) € p ).
(b) Nano — H — pre — open (resp. Nano — pre — closed if y C N — H —
Int(N = Cl(p)) ) (resp. N — CIUN — H — Int(p)) C p ).
(c) Nano — H — semi — open (resp. Nano — H — semi — closed ) if u C
N — CU(N — H — Int(p)) (resp. N — CI(N — H — Int(n)) C p ).
(d) Nano— H — 3 —open (resp. Ncmo—H—B—closed) ifuCN—-CI(N -
H—Int(N —Cl(p))) (resp.N — H — Int(N — CU(N — H — Int(p))) C p).

Now we will discuss the relations and converse relations between the sets in
nano-H-topological space and nano topological space.

Nano-H-semi-open

Nano-semi-open Set
Nano- preopen Set //
Nano- H -preopen

FIGURE 2

Nano-onen Set
Nano-H-a-onen Set
Nano-a- onen Set

13§ uado g-oueN
‘ 19§ uado -¢ -H-oueN

I

Example 5. Let U = {1,2,3} and X = {1,3} with U/R = {{2}}, then t(X) =
{0, {1}, U} and H — mr(X) = {9, {1}, {2}, {3}, {1,2},{2,3}, U} s0
(a) we can see that if A = {2, 3}, then
e \is Nano — H — semi — open but not Nano — semi — open.
e \is Nano — H — o — open but not Nano — o — open.
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(b) also we can see that if n = {2}, then
e 11 is Nano — H — pre — open but not Nano — pre — open.
e 11 is Nano — H — 3 — open but not Nano — 5 — open.
(o) if w = {1, 3}, then we can see that
e wis Nano — H — pre — open but not Nano — H — semi — open.
e wis Nano — H — 3 — open but not Nano — H — o — open.

Definition 4.4. A nano mapping f : (U, r(X))) — (V,7r(Y))) is said to be:

(a) nano— H — continuous [8] if the inverse image of each nano — H — open
set py in 'V is nano — H — open set in U.

(b) nano — H — pre — continuous [10] if the inverse image of each nano —
H — open set uy in 'V is nano — H — pre — open set in U.

(c) nano — H — semi — continuous [10] if the inverse image of each nano —
H — open set py in V' is nano — H — open set in U.

(d) nano— H — o — continuous [10] if the inverse image of each nano — H —
open set py in'V is nano — H — o — open set in U.

Remark 4.5. Every nano-continuous mapping is nano-H-continuous mapping
but the converse is not true in general we can see that by the following example.

Example 6. Let f be a mapping between same nano topological (resp. nano-
H-topological) spaces (U,7r(X))(resp.(U, H — 7r(X))) such that U = {1,2,3}
and X = {1} with U/R = {{1}}. then, 7r(X) = {¢,{1},U} and H — (X)) =
{6, {1},{2}.{3},{1,2},{1,3}, U} we can see that

e« Ff(1) =1, £(2) =2 and f(3) = 1and u = {1}, then f~({1}) = {1,3},

then f is nano-H-continuous but not nano-continuous mapping.

As I said this paper will be the basis for huge numbers of researches in this
direction.
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