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A NOTE ON THE GENERALIZED NILPOTENT ELEMENTS
OF A MODULE

SAUGATA PURKAYASTHA1 AND HELEN K. SAIKIA

ABSTRACT. In this paper, we introduce the notion of the generalized nilpotent
element of a module. In [4], the notion of nilpotent element of a module is
introduced in the following sense: a non-zero element m of an R-module M is
said to be nilpotent if there exists some a ∈ R such that akm = 0 but am 6= 0

for some k ∈ N. In our present work we aim to generalize this notion. We
have extended this notion to the strongly nilpotent element of a module.

1. INTRODUCTION

In this paper, we assume that R is a ring with unity and M is a unital left
R-module. We further let End(M) denote the endomorphism ring of M .

A ring R is said to be completely semiprime if and only if ∀a ∈ R, we get
a = 0 whenever a2 = 0. As this condition implies that R does not have any
non-trivial nilpotent element, such a ring is also termed as reduced ring. Thus,
a ring R is not reduced if there is some a ∈ R satisfying a2 = 0 but a 6= 0. This
condition has been the key notion to define the nilpotent element of a module
as observed in [4].

In [5], it was remarked that the notion of nilpotent element of a module
(as in [5]) does not generalize the notion of the nilpotent element of a ring

1corresponding author
2010 Mathematics Subject Classification. 16D10.
Key words and phrases. nilpotent element, strongly nilpotent element, endomorphism ring,

anihilator ideal.
289



290 S.PURKAYASTHA AND H. K. SAIKIA

in the sense that m ∈ RR may be nilpotent without m ∈ R being nilpotent.
The same has been justified with the help of an example. In our work, we call
an element m of the left R-module M to be generalized nilpotent if and only
if ∃ f ∈ End(M) such that akf(m) = 0 but af(m) 6= 0 for some a ∈ R and
k ∈ N. Thus, an element m ∈ M is generalized nilpotent if the corresponding
image under an endomorphism is nilpotent in the sense of [4]. In the realm
of this definition, we propose to tackle the above mentioned problem raised
in [5] depending upon the existence of such an endomorphism. For example,
we consider R = Z8 and M = RR. Then 1 ∈ M is nilpotent in the sense of [4]
but 1 ∈ R is not nilpotent. If we consider f : M → M defined by f(m) = 2m,
then f ∈ End(M) and f(1) = 2 which is nilpotent in both M and R.

Any undefined terminology or notion may be found in [1] and [3].

2. GENERALIZED NILPOTENT ELEMENT

We begin by some examples of generalized nilpotent elements of a module
defined in the last section.

Example 1. We exhibit the fact that in the Z-module Znk , n, k ∈ N the general-
ized nilpotent elements are precisely the nilpotent ones. For let, m ∈ Znk be not
nilpotent. Thus, we must have am = 0 whenever akm = 0 for a ∈ Z and k ∈ N.
But am = 0 must imply af(m) = 0 whenever akm = 0 i.e. whenever akf(m) = 0.
Thus, m cannot be generalized nilpotent.

Example 2. Following the same argument, one may show that the Zpk module
Zp does not contain any generalized nilpotent element which is not nilpotent.

Proposition 2.1. Let M be a torsion R-module. Then the generalized nilpotent
elements of M are precisely the nilpotent ones.

Proof. Let m be a non-zero element of M . As M is torsion, without the loss of
generality we may assume that akm = 0 for some a ∈ R and k ∈ N. If m be
not nilpotent, then am = 0 whenever akm = 0. Thus we must have af(m) = 0

whenever akf(m) = 0 for f ∈ End(M). Consequently, m cannot be generalized
nilpotent. �

Proposition 2.2. If M be a torsion free over a reduced ring R. Then M does not
have any non-trivial generalized nilpotent element.



A NOTE ON THE GENERALIZED NILPOTENT . . . 291

Proof. Let m be a non-zero element of M . If akf(m) = 0, for f ∈ End(M) then
as M is torsion free, ak = 0. Since R is reduced, we have a = 0. Consequently,
af(m) = 0 and m is not generalized nilpotent. �

Example 3. The modules ZZ, RR, ZR do not have any non-trivial generalized
nilpotent element.

In case of general modules over arbitrary rings, we characterize the general-
ized nilpotency of an element m in terms of the annihilator ideal (0 : f(m)) of
the image of m under f ∈ End(M).

Proposition 2.3. An element m of an R-module M is generalized nilpotent if and
only if (0 : f(m)) is not completely semiprime for f ∈ End(M).

Proof. If (0 : f(m)) be not completely semiprime, then for some a ∈ R we have
a2 ∈ (0 : f(m)) but a 6∈ (0 : f(m)). This gives a2f(m) = 0 but af(m) 6= 0. Thus,
m is generalized nilpotent. The converse is obtained just by taking k = 2 in the
definition and retracing the above steps. �

From the definition, it is evident that every nilpotent element is generalized
nilpotent as for the identity endomorphism I ∈ End(M), akm = 0 but am 6= 0

gives akI(m) = akm = 0 but aI(m) = am 6= 0. We note that nilpotent elements
thus form a class of generalized nilpotent elements. We have also seen that for
torsion and torsion free modules (over reduced rings), the notion of nilpotency
and generalized nilpotency do not differ. We now give an example of the fact
that there are classes of modules for which these two notions differ.

Example 4. we consider the Z-module Z ⊕ Zpk for p, k > 1. Let us define f :

Z ⊕ Zpk → Z ⊕ Zpk by f(a, b) = (0, b). Clearly, f ∈ End(Z ⊕ Zpk). Moreover,
f(1, 1) = (0, 1) and pk(0, 1) = (0, 0) but p(0, 1) 6= (0, 0). Consequently, (1, 1) is
generalized nilpotent. On the other hand, as ak(1, 1) 6= 0 for all a ∈ Z and k ∈ N,
and hence (1, 1) is not nilpotent.

We now establish a criteria under which a generalized nilpotent element of
a module becomes nilpotent.

Proposition 2.4. Let m ∈M be a generalized nilpotent element. Then m ∈M is
nilpotent if the short exact sequence 0→M

f→M is split.
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Proof. Since m ∈M is generalized nilpotent, we have akf(m) = 0 but af(m) 6=
0 for some f ∈ End(M) and for some k ∈ N. Also using the fact that 0→M

f→
M is split, we get g : M → M s.t. gf = i, where i is the identity morphism.
Thus, we get akf(m) = f(akm) = 0 which in turn gives g(f(akm)) = gf(akm) =

akm = 0 and af(m) = f(am) 6= 0 which gives g(f(am)) = gf(am) = am 6=
0. �

3. STRONGLY GENERALIZED NILPOTENT ELEMENT

The notion of strongly nilpotent element is intoduced in [4]. An element
of an R-module M is said to be strongly nilpotent if for every sequence of
the type a0, a1, a2, ... with a1 = a and an+1 ∈ anRan ∀ n ∈ N, ∃k ∈ N such
that akm = 0 but am 6= 0. In the same spirit, we define strongly generalized
nilpotent element of a module.

Definition 3.1. An element m of an R-module M to be strongly generalized
nilpotent provided for every sequence of the type a0, a1, a2, ... with a0 = a and
an+1 ∈ anRan∀n ∈ N, ∃ some k > 0 such that akf(m) = 0 but af(m) 6= 0 for
some f ∈ End(M).

Proposition 3.1. Every strongly generalized nilpotent element of an R-module
M with 1 ∈ R is generalized nilpotent but not conversely.

Proof. If m = 0, then there is nothing to prove. Let m be a non-zero strongly
generalized nilpotent element element of M . Then for every sequence of the
type a0, a1, a2, ... with a0 = a and an+1 ∈ anRan∀n ∈ N, ∃ some k > 0 such that
akf(m) = 0 but af(m) 6= 0. Thus, in particular, we may choose the sequence
a0, a1, a2, ... where a0 = a, a1 = a0.1.a0 = a.1.a = a2, a2 = a1.1.a1 = a2.1.a2 =

a4,..., an = 22
n. As m is strongly generalized nilpotent, ∃k = 2k0 ∈ N for k0 ∈ N

such that akf(m) = 0 but af(m) 6= 0 and as such m is generalized nilpotent.
Conversely, the element (1, 1) ∈ Z⊕Zpk (Example 4) is generalized nilpotent

but not strongly generalized nilpotent as for the sequence a0, a1, a2, ... where
a0 = pk , a2 = a0.1.a0 = pk.1.pk = p2k, a2 = a2.1.a2 = p2k.1.p2k = p4k,... we see
that anf(m) = (0, 0). But as af(m) = pkf(m) = (0, 0), we conclude that m is
not strongly generalized nilpotent. �
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Corollary 3.1. The set of all strongly generalized nilpotent elements of an R-
module M is properly contained in the set of all generalized nilpotent elements of
M .

Proposition 3.2. Every strongly nilpotent element of an R-module M is trivially
strongly generalized nilpotent. The converse holds provided f ∈ End(M) is a
monomorphism.

Proof. Let m ∈ M be strongly nilpotent. Then for every sequence of the type
a0, a1, a2, ... with a0 = a and an+1 ∈ anRan∀n ∈ N, ∃ some k > 0 such that
akm = 0 but am 6= 0. Then for the identity morphism I ∈ End(M), akI(m) =

akm = 0 but aI(m) = am 6= 0. For the converse, we assume that m is a strongly
generalized nilpotent element, i.e. for every sequence of the type a0, a1, a2, ...

with a0 = a and an+1 ∈ anRan∀n ∈ N, ∃ some k > 0 such that akf(m) = 0 but
af(m) 6= 0. Then if f ∈ End(M) be a monomorphism akf(m) = f(akm) = 0

gives akm = 0 and af(m) = f(am) 6= 0 gives am 6= 0. �

4. GENERALIZED NILPOTENCY AND ENVELOPE

In [2], the notion of the envelope of a subset B of an R-module M for a
commutative ring R is defined. For any subset B of M , the envelope of E(B)

of B is defined as:

E(B) = {x ∈M |x = ra, rna ∈ B, for some r ∈ R, a ∈M,n ∈ N}

We consider the envelope for B = (0). We claim that for B = (0), E(0) = {x ∈
M |rnx = 0, for some r ∈ R, n ∈ N}. For if rna = 0 then rn+1a = rn(ra) = 0

i.e. rnx = 0. Consequently, E(0) = {x ∈ M |rnx = 0, for some r ∈ R, n ∈ N}.
Hence the claim.

Proposition 4.1. Let I = (0 : f(m)) be not completely semiprime for f ∈
End(M) and m ∈ M . If f is one-one, then the set of all generalized nilpotent
elements in M is properly contained in E(0).

Proof. Since I is not completely semiprime, by proposition 2.3 it follows that m
is generalized nilpotent. Also, f being one-one, rnf(m) = 0 gives rnm = 0. We
thus have m ∈ E(0). �
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The containment in the above proposition is strict in general as can be seen
from example 4: for the element (0, pk−1) ∈ Z⊕Zpk , we have p(0, pk−1) = (0, 0)

and thus (0, pk−1) ∈ E(0). But even though pnf(0, pk−1) = pn(0, pk−1) for any
n ∈ N, but as p(0, pk−1) = (0, 0), (0, pk−1) cannot be generalized nilpotent.

Corollary 4.1. The set of all strongly generalized nilpotent elements in M is prop-
erly contained in E(0).
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