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LARGE DEVIATIONS FOR RANDOM EVOLUTION EQUATION
IN BESOV-ORLICZ SPACE

DINA MIORA RAKOTONIRINA!, JOCELYN HAJANIAINA ANDRIATAHINA, RADO ABRAHAM
RANDRIANOMENJANAHARY, AND TOUSSAINT JOSEPH RABEHERIMANANA

ABSTRACT. In this paper, we develop a large deviations principle for ran-

dom evolution equations to the Besov-Orlicz space Bﬁ;w corresponding to

the Young function Ms(x) = exp(z?) — 1.

1. INTRODUCTION

In recent years, many results on the Brownian motion and diffusion pro-
cesses in path spaces with stronger topologies than the usual uniform one have
been obtained. Freidlin-Wentzel [8] large deviations principle have been de-
veloped in Holder spaces for the Brownian motion in Baldi, P., Ben Arous, G.
& Kerkyacharian, G. [1] and for general diffusion processes in Ben Arous, G.
& Ledoux, M. [3]. Later on, an extension to Besov spaces was considered in
Eddahbi, M., Nzi, M. & Oukinine, Y. [7], Lakhel, E. H. [10] and Roynette [13].
The main purpose of this work is to establish large deviations in Besov-Orlicz
spaces for random evolution equation which generalizes the result of Mo-
hamed, M. [11]. His method was using an extension of the principle of con-
tractions.
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We consider X° = {X7,0 <t < 1} the solution of the equation of:
t t
(1.1) X: = :p—i—/ b(Xj,Ys)ds+s§/ o (X2, Z,)dW,,
0 0

where z € R?, W is a standard Brownian motion taking values in R¥, Y is
a progressively measurable random process which satisfies some integrability
conditions and Z is a random process such that topological support of 7 is a
compact subset of B}(i’w. Furthermore, W is independent of (Y,Z7) and o, b

satisfy some regularity assumptions which we will describe later.

The paper is organized as follows. It is useful in section 2 to present some
notions and results on the topology of Besov-Orlicz space. In section 3 we give
some definitions and general results, while in section 4 we find the main result
of this work. In Section 5, we introduce the regularity of the solution of the
equation (1.1). Section 6 is devoted to the proof of our main result. In section
7, we give special cases.

2. PRELIMINARY AND NOTATIONS
Let f : [0,1] — R? a continuous function.

Let Ay, the Orlicz space on [ corresponding to the Young function M, (z) =
exp(z?) — 1 endowed with the norm

| f [Ia,= inf {7' >0, % {1 + /01 M2(7|f(t)|)dt] }

For more details on Orlicz spaces we refer for instance to Cieleski, Z., Kerky-
acharian, G. & Roynette, B. [5]. The modulus of smoothness for the Orlicz
norm is defined by

wM2(f7 t) = Ssup H Ahf HMz :
0<h<t<1

Let By, ,, be denote the Besov-Orlicz space of continuous function f : [0,1] —
R*, v =d, k,l or [ such that || f ||ap.»< co. Let us put

Wi, (fa t)
w(t)

w(t) = [t (1+10g%).

| f [sw=Il f llas, + sup
0<t<1

where
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B3, ., endowed with norm || . |[az. is @ non separable Banach space. We
will use the equivalent of Cieleski, Z., Kerkyacharian, G. & Roynette, B. [5].
Let x1,Xjk,d = 0,1,k = 1..27 suppx;r = [(k — 1)/27,k/2’] be the set of
Haar functions over the interval [0,1], and let ¢o(t) = 1,¢1(t) = t,@;i(t) =
fg X;k(s)ds be the set of Schauder functions. For all continuous functions f :
[0,1] — R?, its development in series of Schauder is given by

f(t) = foeo(t) + frpa(t) + Z Z finpin(t)
n=2i+1 jk

where f, = f(0), fi = (1) — (0) and

w21 (%) -5 (r(35) 7 (5)]
v,0

We will consider a separable subspace B);, , of B}, , corresponding to the
sequences f;; such that

(S

B ={feBY . w< oo, lim ——— | fi ll,=0
o = 0 € B | f s 00l e | = 0)
where
2J %
FF U= D1 fik P
k=1
Theorem 2.1.
1) Let po > 0, f € By, ,, if and only if
2.1) max {|fol, | fi], sup sup — — || £ llp } < oo
>0 p>po P2 (1 —I—j)2
2) f € By, if and only if
. 277
(2.2) lim — — || fix ll,=0.

7o pa (14 )2
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We consider the norms

‘ft_fs|

= Sup ————

1] 50 ST
| fik |
f llx=max(| f(1) |,sup sup ——).
I = ma( £(1)],sup sup )

Let us remark that

I f U< Dyl f s < Do [ f [lan< Dy || [l

for some positive constants D, D, and D3, where the last inequality holds only
for functions f being null on zero and || . || denotes the uniform norm. The two
norms || . ||« and || . ||.« play an important role in the proof of our results.

3. DEFINITIONS AND GENERAL RESULTS

In this section we recall some definitions and results.

Definition 3.1. A fonction I : E — [0;+400] is said to be a rate function if it
is lower semicontinuous (Isc) i.e. Vf,, — f, then I(f) < lim,_, . inf I(f,). Fur-
thermore, if for any a < oo, I', = {z € E,I(z) < a} is compact, then [ is a good
rate function.

Definition 3.2. For some function I, the probabilities {P¢}.( satisfy a large-
deviation principle with the good rate function I if we have:

i) For every open subset O of £
liminf e log P.(O) > —1(0)
e—0
i1) For every closed subse F of E
limsupelog P.(F) < —I(F).

e—0

Mellouk, M. & Millet, A. [12] have proved the following Schilder theorem

Theorem 3.1. Let P° be the law of e on B}(/’[g,w with the norm || . ||as, .., then
Pe satisfy the LDP le PGD with the good rate function \ define by

(3.1) Mg) = { Lo lgs)Pds, g€ M,

~+00, otherwise.
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Theorem 3.2. A set A C B}(gg’w has compact closure in B}(gw if and only if the
following two conditions hold

D) supgea || f lIv0< 005
i1) lims 0 SUp re 4 Wi, (f, ) = 0.

Theorem 3.3. Let P° be the probability measure family on a Polish space E
satisfying the LDP with a good rate function \ and let F' : E — E’ be a continuous
function. Denote by Q° = P° o F'~! the image measure family of P° by F, then
{Q°} satisfy the LDP with a good rate function \ define by:
My) = inf Az
(v) = jnf_ AMz)

with inf ) = +oo.

Let (Ex,dx), (Ey,dy, (Ez,dz), (E',d") denote Polish spaces and ({2, F, P) be
a probability space. Suppose that {X¢ ¢ > 0} is a family of random variables
with value in Fx. Y is a random variable with value in Fy. Z is a random
variable with values in ;. Given a rate function / on Ey and a > 0, set

Io={rx € Ex;I(z)<a} and Ty =U,l,.

Theorem 3.4. Let I be a good rate function on Ex, Fn, F : oo X'y X Ez — F';
X5, X¢: Q — E' be applications such that the following hold:
(@) @) Foralla>0and N > 1, Fx/r,xSuppy xSuppz 1S cOntinuous.
1) EFN /Ty x Suppy x Suppz cONVerges to F'/r. y suppy x Suppz Uniformly as N —
—+00.
(b) For each a > 0 and N > 1, Fy({I < a} x SuppY x Z) and F({I <
a} X SuppY x Z) are relatively compact in (E',d').
(¢) For all N > 1, {X&;e > 0} satisfies an LDP (as ¢ — 0) on E’ with good
rate function
IN(Q) =1lim inf In(§)

p—0£eB'(¢,p)
where B'((, p) denotes the ball of radius p centered at  in (F’',d') and

(3.2)  Iyn(§) =inf{I(z); 3y, 2) € SuppY x SuppZ tel que Fy(z,y,z) =&}
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(d) {X5%} are exponentially good approximations of X¢; that is for every § >
0

lim limsupelog P{d' (X%, X?) >} = —cc.

N—+4o00 e—0

Then {X°®;e > 0} satisfies an LDP on E' with a good rate function

I'(¢Q) = limg it ) 1)

where I(¢) = inf{I(x); Iy, z) € SuppY x SuppZ tel que F(z,y,z) = &}.

4. MAIN RESULT

Consider X¢ the solution of:
t t
(4.1) Xi=xz+ / b(XE,Y,)ds + 2 / o(XE, Z,)dW,,
0 0

Let Q = C([0, 1], R¥) be the space of trajectories of a standard R*-valued Brown-
ian motion W, P the Wiener mesure and .F the completion of the Borel o-field
of (2 with respect to P. Let Y = {Y;,t € [0,1]} be a R™-valued process which
is {F,} progressively measurable. In order to make explicit the LDP rate func-
tion for the law of (4.1) in the Besov-Orlicz topology, we suppose that Y is
a random variable with values in L'([0,1],R™). Let Z = {Z,,t € [0,1]} be
an JF,—progrssively measurable process taking values in R!. We assume that
suppZ is a compact subset in Bﬁ\’fw, and that (Y, Z) and W are independent.
From now on, we suppose that the coefficients o and b satisfy the following
hypotheses (L):

D)o:RIXR - RIE@RYand b : RY x R™ — RY,

ii) The function b(z,y) is jointly measurable in (x,y) and there exists a

constant C' > 0 such that

| b(z, ) [< C(1+ |z ]),
for all (x,y) € R? x R™;
| 0(21,51) = b(w2,92) |< Ol 21 — 22 [+ |51 — 12 ),

for all (z;,z2) € R? and for all (y;,y.) € R™.
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iii) The function o(x, 2) is jointly measurable in (z,z) and there exists a
constant C' > 0 such that

| o(z,2) |< C,
for all (x,z) € R? x R™;
| o(@1,21) —0(22,22) |SC(| 21 — 22 [+ | 21 — 22 |),
for all (z1,2,) € R? and for all (2, z) € R™.

The existence of a unique solution of (4.1) which is (F;).cp0,1j-adapted and
has continuous sample paths is ensured by our assumptions on ¢ and b.

Theorem 4.1. Assume (L) is satisfied. Let X be solution of (4.1). Then
P(X® € Byp ) = 1.

Let H be the Cameron-Martin space associated with the Brownian motion.
t
H = {h € L*([0,1]) : there exists h € L*([0,1]), h; = / heds, t €0, 1]}.
0

For h € H([0,1],R¥), r € L'(]0,1],R™) and u € suppZ, we define the Skeleton
S:(h,r,u) =g by

t t
g =2 +/ b(gs,rs)ds +/ 0 (gs, us)hds.
0 0

Define A : By, , — [0, +00] by
A(h) =inf{\(h); h € H(]0,1],R?) :
exists (r,u) € suppY x suppZ such that h = S(h,r,u)}.
Since ) is not necessarily Isc (see for example Bezuidenhout [4]).
We introduce its Isc regularization \* defined by

(4.2) M(h) =lim lim A(p)

a—0 pEBx (h,a)
where Bx(h,a) is the ball of radius a centered at h with respect the norm

I sz -

Theorem 4.2. Assume (L). Then
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i) \* defined by (4.2) is a good rate function (with respect the topology of
By )-

i1) The family P = P o (X¢)™! of the laws of X¢ defined by (4.1) satisfies
an LDP with a good rate function \* defined by (4.2).

5. REGULARITY OF THE SOLUTION

The main purpose of this section is to prove the theorem 4.1. Suppose that
the coefficients o and b verifies (L) and we show X € By, , a.s.. Itis clear that
the process {fot b(Xs,Ys)ds,t € I} belongs a.s. to B}(’g’w because £ | X |< oc.
Then, it remains to show that the process { fot o(Xs, Zs)dWs,t € I} satisfies
(2.1) and (2.2).

Let us put
t
Gt = / O'(Xs, ZS)dWS .
0
We shall show that for some p,, we will check that for any o < %

J

27 »

(5.1) sup sup —; - (|G_|p)1/p < 00 p.S.
3=0 p>po p2 (1 + j)°
and
. 27% 1/p

To check relation (5.1), let A > 0, using Chebychev inequality, we get

P 12;;(’@’:0)1/”>)\ <L2_j(E|G’p)
p(l+j)"" T VR

For p > 2, applying the inequality of Barlow-Yor [2] analyzing the constant C,
appearing in the Burkholder-Davis-Gundy inequality, we have

E|G [P < CMPp5.

, 1
Vi

G.|p) < (_

o
N
N
—~ [_\Dl
ke
[
Q
s
SN—"
=
=S
>
~__
VAN
>~
X
)
d
—~
> Q
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Choosing p, > < and A large enough, the series
22 (5) wr
320 p=po A (1 + j)pa

converges.

To prove (5.2), the exponential inequalities yields that there exist positive
constants K > 0 such that for all A > 0 large enough,

P (\/11TJ|G| > )\> < Kexpw.
Therefore, the Borel-Cantelli lemma leads to
iglf \/llTj’G’ < 00 P.s.
or
23 (G177 <G
Thus,

275 1
sup————(|G.]") " < = sup|G |,
i>1 p2(1+j)2 p2 j>1

and this ends the establishment of (5.2).

6. PROOF OF THE THEOREM 4.2

This section is devoted to proving main Theorem 4.2 by means of Theorem
(3.4). In order to apply Theorem (3.4), we use the following notation:

(Ex,dx) = By,
(Ey,dy) = L'([0,1],R™)
(Ez.dz) = By,
(E',d) =By,
Throughout this section Y = {V;,0 < ¢ < 1} and Z = {Z;,0 < t < 1} are the

processes defined in Section 4. The rate function [ is defined by

I(f) = { LIIf()2ds,  feH

—+00 , otherwise.
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In the following, for a < oo, set ', = {A < a},'xc = J,I's. Fore >0, N > 1,
set ty = [Nt]/N ([y] is the integer part of y). Let X¢ = {X*(¢),0 <t < 1} be
the solution of (4.1) and X5 = {X%(¢),0 <t < 1} be the solution the sdde

(6.1) dX5(t) = b(X5(1), Y (t)dt + Veo(Xy(ty), Ztyt))dW,

We have to consider two cases

Case 1. b and o are bounded
For (r,u) € L'([0,1],R™) x Bi\fw, define the map

Fy(.) ijgw x L*([0,1], R™) x B’Afw - Bﬁ’gw

by

{ Fy(w,r,u)(t) = Fy(w,r,u) ft% N (w,ru)(s),r(s))ds
+o(Fy(w,r U)(%)a u(y))(w(t) —w(y)) for § <t < 52

Let g € H and

400, otherwise.

I(g) = { L g(s)Pds, g e H

For g € Hwith I(g) <a

Fy(w,r,u)(t) = Fn(g,7,u) —i—fo (En(g,r,u)(s),r(s))ds
+ [ o(F(g, T, @(“jﬁ) u(BdY))gds for t € [0, 00).

Notice that X5(s) = Fy(v/eW,Y, Z)(s) where W is standard brownian motion.
Define In(f) = inf{11(g); Fx(g) = f} for each f € B}y ...

Case 2. for any b and o
We remove the boundedness assumptionon b and o.

For R > 0, define mg := sup{|b(x,y), |o(x,y)|,t € [0,m],|z| < R,|y| < R}
and b% == (—mR — 1) V bz A (mR + 1), O_z{%j == (—mR — 1) V 0ij N (mR + 1),
1<i,j<d.

Put bR = (b{B’ ceny bdR) and OR = (O—ﬁj)lgi,jgd- Then bR(.T, y) = b(.ﬁE, y), O'R(.QT, y)
o(z,y) for t € [0,1],|z] < R,|y| < R. Furthermore by, o satisfy the Lipschitz
condition (H;)-(Hz) with the same Lipschitz constant.
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For I(g) < oo with g € H is absolutely continuous and for (r,u) € L*([0, 1], R™)x
Bﬁ\fw, let Fr(g,r,u) be the solution of
FR(ga Ty ’U,)(t) = FR(97 T, U)(O) + ft% b(S, FR(Q? T, u)<8)7 T(S))ds
T+ (s, Falg,r,u)(s), u(s))gds for t € [0,00).
Define Ip(f) = inf{11(g); Fx(g) = f} for each f € By ..

The existence and uniqueness of the solution of (6.1) follows from hypothe-
sis (Hy)-(H1)-(H;) on the coefficients. Furthermore, the trajectories of X and
X5 belong almost surely to B}fj;w. From now one, to prove the Theorem 4.2,
we will follow step by step the assumptionons of Theorem 3.4.

6.1. Continuity of Fy. We prove that Fly : Bﬁfw x L'([0,1],R™) x Bé\fw —

Bﬁ;w (resp. Fpg) is continuous. Fix N > 1 and let (hy,71,u1), (ho, 72, u2) €

Bip ., x L'Y([0,1],R™) x B} ; then set F\’(.) = Fy(hi,ri,u;), i = 1,2 and
1 2

Un() = FY' () = FY().

Lemma 6.1. For all a > 0, there exists a constant C = Cy > 0 such that
| A |lse V|| B2 ||x< a, we have

(6.2) FWNC) < On{ll ha = Bog s + [0 =72 [l 4+ [ ua — g oo}

Proof. For t € [0,1], we have:

IZN;{J gl,rl,ul)(l/N) ul(l/N))

— o (F (92,72, ) (L/N), ua(1/N)) } x {g(t) = 95(L/N)}
+§deﬂwnWMMWWMMW}

x%; 1) — g (1/N)] = [ga(t) — g2(1/N)]}

b [ 0 )6.71(6) = b ) 3).72(5) .

For0 <! < N —1,let In; =[l/N,(l +1)/NJ; then, for ¢t € Iy,;, we have

1O (@) 1< eE/N) I+ Z I Vi(#)
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where
Vi(t) :{U(FN(Ql,T1,U1)(Z/N),u1(j/]\7)) — U(FN(QQ,Tz,ug)(l/N),ug(l/N))}
x {g2(t) — g2(I/N)},
t) ={o(Fy(gr,r,w)((/N), us(1/N)) }
< {[1(t) = g1 (I/N)] = [g2(t) — g2(I/N)]},

t

Vs(t) = o {b(Fn(g1,7m1,u1)(s),m1(s))

— b(FN(gg,rg, ug)(s),m(s))}ds.
The Lipschitz condition on ¢ implies
Vilt) < C{I(Fw(gr. ra,un)(1/N) = Fx(ga, 2, ua) (1/N)] 4 [us (1/N) — ua(1/N]}
X | g2(t) — g2(I/N) |
SCLION/N) |+ llwr —uz floe } X2 g2 floc -
Since ¢ is bounded, we have

Va<llolle  sup  {lg1(t) — g2(O)| + [92(I/N) — g2((1/N))|}
I/N<t<(I+1)/N

<Clg1—92 ||oo -

The Lipschitz condition on b implies
t

Vs(t) < C ||y — 72 ||z +20/ sup {|En(g1,71,u1)y — Fn(g2, 72, u2)y |}

/N L<v<s
Grownall’s lemma implies that, for || ¢ ||« V || g2 |< C,

(6.3) sup [W(t) [< O W{I/N) |+ || 1=92 lloo + [ r1=72 [[L2 + [ ua—u2 [[oc];

tEINJ
hence, fort = (Il +1)/N,

[+1
©.4) [ V(=) IS CUPUN) [+ 1 91=92 lloo + 1 71 =72 [l + ]| w1 —u2 [oo]-

This, in turn, 1mp11es that, for || g1 |« V || 92 ||o< C, there exists a constant
Cx > 0 such that

l
sup | W(5) [< Onlll g1 = 92 lloo + Il 71 =72 flze + [ ur = u oo].
0<I<SN-1

Finally, (6.3) et (6.4) imply

(6.5) FON() oo Onlll g1 = 92 lloo + [ 71 =72 Izt + [ ua = iz [lod]
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Now, for (I —1)/N <t <l/N, we have
1N () e =l o(FR (= 1)/N),ur (1= 1)/N)) g (t)
—o(FP (1= 1)/N),uz((l — 1)/N))ga(t)
+Awwﬁmmmw»—mﬁ%wmmmwwm
= o(Fy KFJVN)MHFJNND@N)—m@ﬂ
+{o(FO(( = 1)/N),ur (L - 1)/N))
dF@« 1)/N),us((1 = 1)/N))}g(t)
/{ (v)) — H(FP (), ra())]

+[@NWOW(D b(E (v), r2(0))]} 0 ||,
<O gi— 92 e +CL N Nloo + | r —us [loo} | g2(2) |

ro mp [ (L InG)—ni )y,

0<a<y<1 w(y — )

Using Cauchy-Schwartz inequality
[WNC) e < C N g1 = g2l +C{I Un () lloo + [ un — 2 floc} | 2(2) |

— X
+ O UN() floo + | 71 =72 1) sup 2

0<z<y<1 W(Y — )

Using (6.5) and || g2 ||«< C, then, we have (6.2).

369

6.2. Uniform convergence of Fy to F on I', x suppY x suppZ. To verify

assertion (a)(ii) of Theorem (3.2), we first prove the following

Lemma 6.2. For any a > 0,

(6.6) sup sup sup (Il En(g,rw)() lloo V[ F(g,m,u)(.) [[0) < 00
N lglls<a (ru)EsuppY X suppZ

and

(6.7) lim  sup sup | Ex(9)(.) — F(9)(.) |l««= 0.

N—=o0 llgll# <a (ryu)EsuppY X suppZ
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Proof. The proof of (6.6) is a straightforward application of Gronwall’s lemma.
We will check (6.7). For g € H with || g ||x< a, we have

F(g,ru)(t) — Flg, ru)(sx)] < / B(F (g, u)(s),r(s))|ds

+ / (o (F(g,,u)(sy), ulsy)l|§](s)ds

Hence hypotheses (H)-(H,) on coefficients together with the Cauchy-Schwartz
inequality and (6.6) yield the existence of a constant C' > 0 depending on
|| o || and a such that

1
I E (g, u)(t) = Fg,ru)(ty) | < C{ —= I A lln
(6.8) <\/N

+/;(1+ | Pg,ru)(s) )d ) <

Furthermore, for ¢ € [0, 1], using (Hy) — (Hy) we have

[En (g, u)(t) = Fg,r,u)(t)]

/{0 (9,7, u)(s), u(s)) — o(F(g, 7, u)(sy), ulsy)) }9(s)ds
+/0 {o(F(g,m,u)(sn), ulsy)) — o(Fn(g,m,u)(sn), ulsy)) }9(s)ds

+/0 {0(F(g,7,u)(s),uls)) — b(Fn(g,m,u)(s), u(s)}g(s)ds

< c({ / |F(g,r)(s) — F(g,r,u)(sw)] + Ju(s) — u<§N>|}|gs|ds
n / Fv(g, ) (3x) — F(g,m10) (s) | ds

n / \Fx(g.r,u)(s) — Fg.r, u><s>|ds>
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By the Cauchy-Schwartz inequality and (6.8), there exists a constant C,, > 0
such that for || h ||x< q,
ngll%V(gar7u>(U)__'FK97T7U)(U>F

< Co{1/N + sup |u(s) —u(sy)[*}

s€[0,1]

—|—/0 sup | Fn(g,7,u)(v) — F(g,7,u)(v) |* ds.

v<s

Hence, Grownall’s lemma yields
SEP |}av(g,T7U)(U)‘—’IT(Q,T,U)(U>|2

< Ca(l/N—i- sup | u(s) —u(sy) |? ) exp C,

s€[0,1]

(6.9)

Since suppZ is a compact subset Bé\’fw, Ascoli’s theorem implies that

(6.10) lim sup |u(s) —u(sy |=0;
N sef0,1]

then (6.9) and (6.10) imply

(6.11) lim sup sup Il Fn(9)(.) — F(g)(.) |lo= 0.

N=00 ||g|l3 <a (ru)esuppY x suppZ

On the other hand

| Ex(grw)() = Flg,rw)(.) < Co [i T sup Julsy) — u(s)P

s€[0,1]

Y (L4 1gl(s)|Fn (g, mu)(s) — F(g)(s,r, u)|ds
+C sup /x oy — ) )

0<z<y<l1

The Cauchy-Schwartz inequality implies

| Ex(g,ra)() — F(g,ryu)() s Co [L T sup Ju(sy) — u(s)P]

\/fy s€[0,1]
+20(1+ [ g ln) | Fn(gsrow)(.) = F(gor,u)() [l sup Y22

0<z<y<l w(y - l“) 7

(6.9) and (6.11) imply (6.7). O
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6.3. Relative compactness. The aim of this subsection is to prove condition
(b) of Theorem (3.4), which follows from the following:

Lemma 6.3. Let \ be the good rate function defined by (3.1), and K be a
relatively compact subset of B]’fj;w. Then, for each N > 1, for a > 0, the
sets Fn(K x suppY x suppZ), Fx({\ < a} X suppY x suppZ) and F({\ <
a} x suppY x suppZ) are relatively compact in Bﬁ;w.

Proof. Since K is relatively compact, it is bounded in B}@g’w. For N > 1, for
h € K, r € suppY and u € suppZ. Then by (H,) — (H,) it is easy to see that
there exists a constant C'y > 0 such that

t
| Fn(h,ru) | < Cn [ hlla +CN/ (14 sup || Fiy(he, 7, us) [|)ds.
0 s<t
The Grownall’s Lemma implies
| Ex(hr,u) [ < On (1l 1l +1) expl = K.

Then, for N > 1,

HFN@JWOHWSCW(HhHH+ sup

0<z<y<l

V(1 | Py (b, ) )
/ “)

w(|y— )

The Cauchy-Schwartz inequality and the inequality (6.12) yields:

(6.12) || Fn(hyru) [law< C’N( | hllx+(1+K) sup Vy— )

0<z<y<1 W(Y — )

On the other hand, for 0 < 6 < 1,

Tﬂﬂb(l%V(h7r7u>>6) = sup ||th}%V|’
0<h<6<1
(6.13) < Cy (wm(h, 5) +6(1+ K) sup —H)
o<z<y<1 W(Y — )

Since h € K is relatively compact in Bﬁi,w’ then (6.12), (6.13) and Ascoli’s
result that Fiy(K x suppY x suppZ) is relatively compact Bﬁ;w. The same
arguments prove the relative compactness of F'({\ < a} x suppY x suppZ) in
Bﬁ;’w, since {\ < a} is a compact subset of Bﬁ;w. O
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6.4. Large Deviation principle for X5 (as ¢ — 0). For N > 1, we prove that
the family X% = Fn(/eW,Y, Z) defined by (6.1) satisfies on Bi’g’w an LDP,
and show that the rate function is of the form (3.2). Since Fy is continuous
on Bﬁlv’[z’w x L'([0,1],R™) x Bﬁ\fw — B%w we use a version of the contraction
principle. Schilder’s theorem implies that /W satisfies an LDP on Bﬁng with
rate function \ defined by (3.1).

For N > 1, define
An(f) = inf{A\(h), h € H([0,1],R?) :
Ir € suppY, u € suppZ such that Fy(h,r,u) = [},

and let A3 (f) be its Isc regularisation, i.e., Ay (f) = lim,—,0 infyep(s.0) An(g). An
argument similar to that in the proof of Theorem (3.4) shows that )% is a good
rate function, and we check that (X5) satisfies an LDP with rate function \%.

We first check the large-deviation lower bound.
Lemma 6.4. Let O be an open subset of Bﬁ;w. Then

limiglflogIP’{XfV € O} > —inf{\y(f); f € O}

Proof. Assume O #, and let f € O be such that \},(f) < co; we prove
lim iglflogIP’{XfV € 0} > =2y (/).

By definition, given 6,y > 0, there exist (h,r,u) € H([0, 1], R?) x suppY x suppZ
such that

| En(hyryu) = f() lanw< v et A(h) < AR(f) + 6.

We can choose § small enough to ensure B(f,25) C O. The continuity of
Fy(.,7,u) on Bﬂng x L'(]0, 1], R™) x Bé\’/([)w implies the existence of 5 > 0 such
that

1Y =7 [l ourm< B, | Z = apw< B, | €W = b ||a0< B
and

WeW —h g N IY =7l 0| Z = wllaw< B} € {X5 € O}
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Since (r,u) € suppY X suppZ, P(| Y —r ||;:< B,|| Z — u ||o< ) > 0 and the
independence of W and (Y, Z) yield

limiglfalog P{X5 €0} > limigfalog P{|| €*W = h || ap0< B}
E— E—

> —A(h)
> —An(f) 0.
Letting 6 — 0, we conclude the proof. O

We now prove the large-deviation upper bound.
Lemma 6.5. Let A be a closed subset of Bﬁgw; then
lirgiglflogP{X]% € A} < —inf{\y(f); f € A}.
Proof. Let
H(A)={he B%}gw : Ir € suppY, Ju € suppZ such that Fn(h,r,u) € A}.
We have
(X5 € Ay = {Fn(eV*W,Y, Z) € A} c {e'?W € H(A)}.

The Schilder’s theorem implies

limsupelog P(Xy € A) < —inf{\(h); h € H(A)},

e—0

where H(A) is the closure of H(A) in Bi’g’w. Now, let h € H(A); then there
exist sequences h, € H(A), r, € suppY and w, € suppZ such that g, =
Fx(hp,mn,u,) € A and h,, converges to h in Bﬁ;w. Since h,, is relatively com-
pact in Bﬁ/’,g?w, it follows from Lemma 6.3 that g, is also relatively compact in
Bﬁ;w ; thus (by extracting a subsequence) we may and do assume that g, con-
verges in B%’g’w, say to g. Note that g, € A and A is closed, so that g € A.

Set g, = Fn(h,7n,uy,); (6.2) implies that li}bn | 9n — Gn |lr.0= 0. Finally, for

each h € H(A), by definition of \%;:

inf{Xy (£): f € A} <\i(g) < liminf Ay (g,) < A(h).
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Finally, we show that {X%,c > 0} defined by (6.1) are exponentially good
approximations of {X¢, ¢ > 0} defined by (4.1).

Let us at first establish the following approximation.

Lemma 6.6. For any § > 0, we have

(6.14)

1
N—o0 e—0 N

)
im limsup ¢ log P (|| X — X5 s> —) = —00.

Proof. Since the drift coeficient b is not neccessarily bounded, to prove (6.14),
let us introduce some auxilliary results. For N > 1, by the Theorem 3.1,

limsupeP( sup |ve(Win — Wi—1)n)| > N)

=0 1<k<N

<limsupeln P(|| VeW ||sp0> N)

e—0
(1
< —inf {5 | h ||3{, | 7| ag 0> N}
Lo
(6.15) <3N

Indeed, if h € H([0,1],R?) satisfies || h ||apwo> N, the Cauchy-Schwartz
inequality implies that || & ||3> N.
Define the set

To={ sup |Ve(Win — Wann)| < N}l VEW [lag, < N,

1<k<N

by (6.15)

(6.16) lim limsupeln P(I'Y) = —oc.

N—=+o0o 0

To prove (6.14), set U5, (t) = X5(t) — X°(t) and ty = [LNt]; then for ¢ > 0, U5, ()
satisfies

(1) = / DX (s), Ya) — B(X*(s), Y2)lds

+ \/5/0 [0(X§(sn), Z(sw)) = o (X(s), Z(s))]dW.
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For p > 0, we define

€ 3 3 £ p
mhp(t) = inf {t 2 0: || X5 (0) = X5 (tx) > £}
W, (1) = UR(EAT,).

€ 4 3 6
wm:uﬁ%zommMﬁm%Mzﬁ},

1

eh@—/{$+wy(w@Jim

Then clearly

J
P (|| UL () > N) < P(ry,<1)+ P(vy, <1).

We have
P(vajp <1)= P(Tfmp <1,T.) + P(T]i,p < 1,T%)

I X5:0) ~ X5 s

P
I'. P(T¢
N,>+(J

—k
< P< sup ||/ Vea(X9(s), Zs)dWs || 0> pT,L)
k=1 <<y

where £ is a constant > 0.

By the Proposition 6.5 in [10], for all » > 0 and p > k, there exist € > 0 such
that

—k —r
P( sup H/ Vea(Xe(s), Z)dW || a0 pT,FE> < exp(—).
Eloick €

N

So
P(7y <1)<Nexp(6>—|—P(Fc)
and (6.16) implies that

(6.17) th limsupelog P(ry, < 1) = —oc.

—+00 0
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Since suppZ is a compact subset of Bﬁ\fw, for p > 0 there exist N, > 1 such
that, for N > N,,

(6.18) sup | Z(t) — Z(ty) |< 2.
0<t<1 N

For 0 < < <}, put a = £ and £.,(W5(1) = (o + sup || Wy (1) [3,.)"" By

the It0’s formula
N t/\Tﬁhp 5/
b . a
M = fs,p(‘ljﬁv,p(t)) - / ggN(S)ds — Oy
0
is a martingale, where, if < ., .> is the inner product in R¢,

Pnlt) = Sk sup | BE) [, (R0 B0, V()

1

) 2 1 . .
B, YO + 2~ De(0d + sup | W) 3,0
0<t<1
< N0, 20)) ~ 00X 1), Z)P s | 63,0) 2
+ (o + sup || U (t) llanw) = (o(t, X5(t), Z(1))
0<t<1
— o(X§(ty), Z(tn))|?
For 0 <t < 75, using (6.18), we have, for N > Ny and 0 < ¢ < ; that there

exist C' > (0 such that

(RSN ON o

2 1e sup H \I/?V(t) HMZ,UJ
) . 5 0<t<1
<C= (QN + sup H ‘IIN(t) HM27W ) ( >
3 0<t<1

oy + sup || Ui (1) 3.
0<t<1

1
s | X5(0) = X°(0) o +C | £ = 1| {adot | 200y~ 20) I |

0<t<1

22, 1 1) i o
( <t< ) <(1/?V + sup || W?V@) ||?\/[2,w )
0<t<1

a + sup || Uy (1) [ig.
0<t<1
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1/e—1
v a1 20 - 20 P P+ s 1950 B )

0<t<

. sup || V(1) s
SgkA%ﬁD( >N

a + sup || U (1) |3,
0<t<1

1 o’
+ | - -1 | 2 We (1) |12
€ ary + sup || (1) (|3
0<t<1

( sup || Ui (8) |3, 0
0<t<1

)fe,p(‘l’?v(t))

a + sup || U (1) [ig,.
0<t<1

+cw§—u< | Z(ty) = Z(0) | )

o + sup || TR (1) [3g,.
0<t<1

Sup U5 () 130
( — )fe,p(q’?v(t))

a + sup | U5 (1) [13s .
0<t<1

L of okl 2t — 2@ P
%+ s | V() IR,
0<t<1

< C{ (é + 1) + (1 L 12 =20 F ) }fa,p(\l’?v(t))

af + sup || U(t) s
0<t<1

)fa,p(q’?v(t))

< C LW 0),

This, together with Doob’s stopping theorem, shows that there exists a con-
stant K’ < oo, independent of NV, ¢, p and N, such that, for N > N,

K t
05, () < a3 + = / 05,(s)ds, t€[0,1]
0
(see for example, Deuschel & Stroock [6], p. 30). Therefore, for N > N,

1
0?\[,/)(1) < eXp{g(K+210gp—21ogN)},
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since, for all N > 1

we conclude

(6.19) lim sup lim sup € log P(v}y , < 1) = —oo.

e—=0 N e—0

This, together with (6.17) and (6.19), implies (6.14).

Lemma 6.7. For any § > 0, we have

}%im limsupelog P(|| X°(.) — X5(.) [[«x> 0/R) = —oc0
—00

e—0

Proof. The proof is similar to that of Lemma 6.6.

7. PARTICULAR CASE

Case of 0 = [,;. Let {X;,t € [0, 1]} the solution of the differential equation:

t
Xi=x+ / b(X3, Yo)ds + VeW,.
0
In this case, X¢ is a continuous functional of Y; and ;. Indeed, by posing

Ve =Xi —VEW,

we have:
VE+ VW, =z + /tb(v:‘ + VW, Yo)ds + eW,
o) i
Xi=x+ /t b(VE+ eWs, Ys)ds + VeW,
then O

Xi = (VE(Y2), VeW).

Let’s determine the continuity of ¢ in ij’j;w. Let X; = ®(V;(Y1), /eW1) and
Xo = ¢(Va(Y2), VEW2).

379
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| X1 — X [[ss

#AMW@+%M@%@W—£((%MNW)(D%%
Y Vals) - Vals) |

<K sup ds
0<u<v<1.Jy w(v —u)
Yl YT = Y; — W
+ K sup Mds +K(Ve+1) sup | Wi(s) 2(s) Hds.
o<u<v<i Ju w(v—u) 0<u<u<l w(v — u)

Thanks to the inequality of Cauchy-Schwartz, we have:

— X
HXrXNMSKHW—Wst-ﬂL—

0<z<y<1 W(Y — )

— X
LYY | R A

sup
0<z<y<1 W(Yy — )

— T
F(VE+) [ W=y | sup YT

0<z<y<1 W(Y — )

and

IVE0 = Vi) I K [ V() = Vi) | s

s<t
t t
+K/¢MWM$4%®H%+K/HH@—%@H®
0 0
Grownall’s lemma and Cauchy-Schwartz inequality implies
IVEQ) = Vs IS K(VE Wi =W || + | Y1 = Ya || ) exp K.

Thus (7) imply the continuity of ¢ in Bﬁ;’w. So according to [4], {X},t > 0}
satisfy the LDP with a good rate function \*:

A*(h) =lim lim A(p),

a—0 peBx (h,a)

where Bx(h,a) is the ball of radius a centred at h with respect the to norm
I+ las,  and

A(R) = inf {A(h); h € H([0,1],R?) : Ir € suppY such that h = ®(h,r)}.
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Case of 0 # I; and Z = 0(in R). Let {X;,t € [0,1]} the solution of the differ-
ential equation:

t t
Xf:er/b(Xf,Ys)der\/E/aX AW,
0 0

In this case, X¢ is a functional continuous of Y; and ;. Following the idea
of [9], there exist a continuous process Vy,, F;-adapted, almost certainly locally
Lipschitz in ¢, unique to a near indistinguishability such that;

(7.1) X7 = U(Vh,, VEW,) Vit > 0p.s.

where the map ¥ : R x R — R is solution of ordinary differential equations
ov
op

U exists since o is lipschitz.

Va, B € RO (a, ) = o(¥(a, B)); ¥(a,0) = a

When more, o is class C'* (i.e. class C! and o’ boundeed), {V4,,t > 0} is, for
almost all w, differentiable in ¢ and solution of ordinary differential equation:

Vi () = wp( VEWi) <wwx<>>w)(—2 o (0 (Vi (), EW ()
B (Vi (), VEWH (), Q
Dy, (w) = Xo(w)

Show (7.1).
By using the Ito’s formula

LoV
0

\I/
a aﬂ (VY57 \/gWs)d < VYS, \/EWS >
82
+_/ e Q(VYS VeW)d < Vy, >
62
+ 662 (VYU\/_W )d< \/_W > .

Or
d<Vy,VeWy>=0 and d < Vy, >=0
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because Vi, has not a martingale part. Then

L ow Lov )
th —Xp= \/g/ _(st7 \/EWs>dWs +/ —(Vys, \/EWS)VY ds

o OB o O ’

e [1O*U
+ 5/0‘ a—W(VYS,\/gWS)dS.
By using the lemma 2 in [9] (page 101), we have

oV s, W ,
a—a(aaﬁ) = exp (/0 o (‘I’(@ys))ds) and 6—52(0@5) =o.0(¥(a, §))

SO
X = Xo = v [ otuti vawan.+ oo ([T ot )
o (= [ o 00 ) o V5 E). Yo

N % /Ot {50’0(\11(‘/1@7 VEW,) — exp (/OWt g’(\If(VYS,U))du>

Wi
X exp < — / o' (U(Vy,, u))du) eo’'o(U(Vy,, \/EWS)}ds
0
t t
—VE [ axaw.+ [ ue s
0 0
Show that V is continuous in Bﬁ;w. For all (o, as), (81, B2) € R? x R? we have:
|| \Pl(alaﬁ) - ‘IIQ(QQaB) ||
B B
=l (a1 +/ o(¥(a,s))ds) — (a2+/ o(U(az,s))ds) |
0 0
B
<llay—as | +K [ Blars) = laz,s) | ds
0
By Grownall’s lemma, we have if || g ||[< W
| T1(en, B) — Ta(an, B) < (| a1 —az || ) exp KW.
So

10 (Ve VEW) = Do (Vi VEWR) [I< (I VY, = V3 Il ) exp K[| W
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On the one hand

| Wy (Vi VEW) — Wo(V2, VEW) [l <] V3 = V2 ||

/“ K || Wy(Vy, VEW,) — W (V2 VEW) ||
+ sup ds.
0<u<v<1 Ju w(v —u)
By using Cauchy-Schwartz inequality
1w (V2 VEW) = (V2 VW) (LI V3 = VR |l
VU —U

+ K || Ui (Vy, VEW,) — Ua(V,eW,) || sup

o<uco<t w(v —u)’
By using
VeeR |o(z)|<K
we have
| Vi (1) = Vi, (1) |
< exp(K | W ){Ke(K | (Vs (), W (1)) — (Vi (), W (D)) || +M)
+ K W1 (Vy, (8), W(E) = Wa (Vi (8), W) | + 1 60) || +K || Y1 = Y2 || }
< exp(K || W [[)(KM+ | b(0) || +K || Y1 = Y2 ||)
+ (exp(K || WD) (eK® + K) || Va, (t) — Vi (1) |
= A+ B | Vi (t) = Vi () |,

then
| Vv (1) = Vi () 1< (]| Xo || +A2) +B/O | Vi (t) = V() | ds vt €10,1]

and
| Vi (t) = Vi () [|< (|| Xo || +A) exp B.
So

1V () = V() e < (I Xo | +A) + B sup / | V() = V() I,

0<u<wv<l1 w(v )

Thanks to the Cauchy-Schwartz inequality, we have

VU —U
V3 () = Vi () e (I} Xo [| +A8) + B [| Vi = Vi | sup  ———

0<u<v<,1 w(v - U)



384 RAKOTONIRINA, ANDRIATAHINA, RANDRIANOMENJANAHARY, AND RABEHERIMANANA

which implies the continuity of ¥ in Bﬁ;w. So according to [4], {X[,t > 0}
satisfy a LDP with a good rate function \* defined by
M (h) =lim lim A(p),

a—0 pcBx (h,a)

where Bx(h,a) is the ball of radius a centred at h with respect to the norm
I+ llas, o and

A(h) = inf {A(h); h € H([0,1],R?) : 3r € suppY such that h = U (h,r)}.

Case of 0 # I, and Z = 0 (in R%). Suppose the vector fields ¢ = (o4, ...,0,)
switch two by two, i.e., Vi’ # i (i,7' € {1,...,r}), the Lie bracket [o;, 0] = 0.
(According to the terminology of [9], the matrix ¢ = (oy,...,0,) verify the
Frobenius’s conditions).

Let
t t
Xf:z%—/b(Xj,}{g)ds#—\/g/aX aw,
0 0

In this case, X¢ is again a continuous functional of Y; and IW;. As in the previous
case, there exist a process {V4,,t > 0}, F;-adapted, almost certainly locally
Lipschitz in ¢ and check the equivalent equation next:

where © : R" x R"” — R" is the application determined by the resolution of the
differential equation:

)
9B

This solution exists under the Frobenius’s conditions, cf [9]; Vy, is solution of

Va,f € R—(a, p) = 0;(0(a, B)),Vi=1,...,7; O(a,0) = V (o, ) € R" x R".

ordinary differential equation solution

¢

Vi (w) = exp( ”Vt(“’ o' (O(Vy, (w), )ds)
<—%”(0’0< (Vv (w), VEW, (w)))

£ BO(Vy (), VEWA(W). >)
| Vi) = Xolw)




LARGE DEVIATIONS FOR RANDOM. .. 385

Show (7.2).
By using the Ito’s formula,

t 9O
— X, = \/’/ (Vy,, VEW,)dW, +/ a—a(vys,ﬁWS)V%sds
0

5] <2ﬁ?<vys,fvv>)

By using the lemma 18 in [9] (page 119),

g 2
%(a,,@) = exp (/0 a'(@(a,s))ds) and 25(3( ,B8) =0d".0(0(a, B))

then,
Xf— Xo=VE / OV, W), + / exp ( / " a'(@(VYs,u»du)
<o (= [ 0O W) )6 (Vs VAW, Vo

4 % /0 t {str(a’a(@(vys,\/gws)) _exp < /O " a'(@(VyS,u))du>
X exp < _ /0 Y (O (Va, ) du)etr (o0 (O (Vi \/EWS)) }ds

t t
:\/E/ a(Xg)dWS+/ b(XE,Y.)ds.
0 0

And then © is continuous in Bﬁ;,w (the proof is similar to that of the case b))
then { X7, ¢ > 0} satisfy a LDP with a good rate function \* defined by

M (h) =lim lim  A(p),

a—0 peBx (h,a)

where Byx(h,a) is the ball of radius a centred at h with respect to the norm
I+ llas, . and

A(h) = inf {)\(h); h e H([0,1],R?) : 3r € suppY” such that h = O(h, r)}.
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