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B** GENERALIZED CLOSED SETS IN INTUITIONISTIC FUZZY
TOPOLOGICAL SPACES

S. M. SUDHA! AND D. JAYANTHI

ABSTRACT. In this paper, we have introduced the notion of intuitionistic fuzzy
8** generalized closed sets, and investigated some of their properties and
produced some characterization theorems.

1. INTRODUCTION

A generalization of fuzzy set was introduced by Atanassov [1] in 1986 as
intuitionistic fuzzy set which incorporated the degree of membership and non-
membership. Later the concept of intuitionistic fuzzy topological space was
coined by Coker [2] in 1997. And here we have introduced a new type of
intuitionistic fuzzy closed set called intuitionistic fuzzy 5** generalized closed
sets. In this paper we have analyzed some of their properties and obtained
some fascinating theorems.

2. PRELIMINARIES

Definition 2.1. [1] An intuitionistic fuzzy set (IFS) D is of the form
D = {(s,up(s),vp(s)) : s € S},
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where the functions pup : S — [0,1] and vp : S — [0, 1] denote the degree of
membership and the degree of non-membership of each element s € S to the set
D, respectively, and 0 < pup(s) + vp(s) < 1 for each s € S.

An intuitionistic fuzzy set D in S is simply denoted by D = (s, up,vp) instead
of denoting D = {(s, up(s),vp(s)) : s € S}.

Definition 2.2. [1] Let D and E be two IFSs of the form

D = {{s,up(s),vn(s)) : s € 5}

and E = {{t, up(t),ve(t)) : t € T}. Then,

(a) D C Eifandonlyif up(s) < pe(t)andvp(s) > vg(t) forall s € S,t € T;

(b) D=FEifandonlyif D C Eand D D FE;

(¢) D= {{s,vp(s), up(s)) : s € S};

(d) DUE ={(s,up(s)V pe(t),vp(s) Nve(t)) :s€ S, t € T};

() DNE = {(s,up(s) N ug(t),vp(s) Vvg(t)) :se€ St € T}
The intuitionistic fuzzy sets 0., = (s,0,1) and 1. = (s, 1,0) are resp the empty set
and the whole set of S.
Definition 2.3. [3] An intuitionistic fuzzy topology on S is a family T of IFSs in
S satisfying the below conditions:

(1) 0, 1o € 75

(17) Q1 N Q2 € T forany Q1,Qs € T;

(131) UQ; € T for any family {Qy : k € K} € 7.
In this case the pair (S, 7) is called an intuitionistic fuzzy topological space and
any IFS in 7 is said to be an intuitionistic fuzzy open set in S. The complement D¢
of an IFOS D in an IFTS (S, 7) is called an intuitionistic fuzzy closed set in S.

Definition 2.4. [7] Two IFSs D and E are said to be g-coincident (D, FE) iff there
exits an element s € S such that up(s) > ve(s) or vp(s) < ug(s).

Definition 2.5. [7] Two IFSs A and E are said to be not g-coincident (A;E) if and
only if A C E-“.

Definition 2.6. [3] An intuitionistic fuzzy point (IFP), written as q(..g), is defined
to be an IFS of S given by

(Oé,ﬁ) lf:l::p

(0,1)  otherwise
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An intuitionistic fuzzy point q(..g) is said to belong to a set D if a < pup and
B > vp.
Definition 2.7. [5] AnIFS D in (S, 7) is an intuitionistic fuzzy Q-set if int(cl(D)) =
cl(int(D)).
Definition 2.8. [2] Let (S,7) be an IFTS and D = (x, up,vp) be an IFS in S.
Then the intuitionistic fuzzy interior and intuitionistic fuzzy closure are defined
by
int(D) = U{Q/ Qisan IFOS in S and Q C D},
c(D) =n{R/Risan IFCSin S and D C R}.

It is to be noted that for any IFS D in (S,7), we have cl(D¢) = (int(D))¢ and
int(D°) = (cl(D))".
Definition 2.9. [4] An IFS D = (s, up, vp) in an IFTS (S, 7) is said to be an

(i) intuitionistic fuzzy v closed set (I F~yCS) if cl(int(D)) Nint(cl(D)) C D,

(1) intuitionistic fuzzy v open set (I FyOS) if D C int(cl(D)) U cl(int(D)).
Definition 2.10. [3] Let (S,7) be an IFTS and D = (s, up,vp) be an IFS in S.
Then intuitionistic fuzzy kernel of D is the intersection of all IFOSs containing D.

Definition 2.11. [6] An IFS D in (S, 7) is an intuitionistic fuzzy nowhere dense
set if there exists no IFOS O such that O C cl(D). That is int(cl(D)) = 0.

3. INTUITIONISTIC FUZZY ** GENERALIZED CLOSED SETS

Here we have defined intuitionistic fuzzy 5** generalized closed set and in-
vestigated some of its properties.

Definition 3.1. An IFS A of an IFTS (S, 1) is said to be an intuitionistic fuzzy (**
generalized closed set (IF3**GCS) if cl(int(cl(A)))Nint(cl(int(A))) C U whenever
ACUandUis an IFOS in (S, 7).

Example 1. Let S = {p,q} and 7 = {0.,G1,G2,1.} be an IFT on S, where
G = (s,(0.5,,0.4,),(0.5,,0.6,)), G2 = (s, (0.8,,0.6,), (0.2,,0.4,)). Then (S, ) is
an IFTS. Here the IFS D = (s,(0.5,,0.6,), (0.3,,0.4,)) is an IF5**GCS in S.

Theorem 3.1. Every IFCS is an IF3**GCS in (S, ) but the reverse is not true in
general.
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Proof. Let D be an IFCS in (S, 7). Let D C O and O is an IFOS in (.S, 7). Since D
is an IFCS, cl(D) = D. Now cl(int(cl(D))) Nint(cl(int(D))) C cl(D) Ncl(D) =
DnND =D CO. Hence D is an IF3**GCS in (5, 7). O

Example 2. In example 1, the IF'SD = (s, (0.5,,0.5,), (0.5,,0.5,)) is an IF3**GCS
but not an IFCS in (S, 1), as cl(D) = G{ # D.

Theorem 3.2. Every IFSCS is an IF3**GCS in (S, T) but the reverse is not true in
general.

Proof. Let D be an IFSCS in (S,7). Let D C O and O is an IFOS in (S, 7).
Since D is an IFSCS, int(cl(D)) C D. Now cl(int(cl(D))) Nint(cl(int(D))) C
cl(D)Nint(cl(D)) C int(cl(D)) € D C O. Hence D is an IF3**GCS in (S, 7). O

Example 3. In example 1, the IF'SD = (s, (0.3,,0.3,), (0.7,,0.7,)) is an IF3**GCS
but not an IFSCS in (S, 1), as int(cl(D)) = Gy € D.

Theorem 3.3. Every IFPCS is an IF5**GCS in (S, T) but the reverse is not true in
general.

Proof. Let D be an IFPCS in (S, 7). Let D C O and O is an IFOS in (S, 7). Now
c(int(cl(D))) Nint(cl(int(D))) C cl(D) Ncl(int(D)) C cl(D)ND =D C O, by
hypothesis. Hence D is an IF5**GCS in (5, 7). O

Example 4. In example 1, the IF'SD = (s, (0.5,,0.5,), (0.5,,0.5,)) is an IF3**GCS
but not an IFPCS in (S, 1), as cl(int(D)) = cl(G1) = G € D.

Theorem 3.4. Every IFRCS is an IF3**GCS in (X, 7) but the reverse is not true in
general.

Proof. Let D be an IFRCS in (S, 7). Since every IFRCS is an IFCS, by theorem
3.1, Dis an IF5**GCS in (S, 7). O

Example 5. In example 1, the IF'SD = (s, (0.5,,0.5,), (0.5,,0.5,)) is an IF3**GCS
but not an IFRCS in (S, 1), as cl(int(D)) = GS # D.

Theorem 3.5. Every IFaCS is an IF3**GCS in (.S, T) but the reverse is not true in
general.

Proof. Let D be an IFaCS in (S5, 7). Let D C O and O be an IFOS in (.5, 7). Now
cl(int(cl(D))) Nint(cl(int(D))) € D Nint(cl(D)) € DnNncl(D) = D C O, by
hypothesis. Hence D is an IF5**GCS in (5, 7). O
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Example 6. In example 1, the IF'SD = (s, (0.5,,0.5,), (0.5,,0.5,)) is an IF3**GCS
but not an IFaCS in (S, 1), as cl(int(cl(D))) = G{ € D.

Theorem 3.6. Every IF3CS is an IF3**GCS in (S, 7) but the reverse is not true in
general.

Proof. Let D be an IFSCS in (S,7). Let D C O and O be an IFOS in (S, 7).
Since D is an IF/CS, cl(int(cl(D))) Nint(cl(int(D))) C cl(D)N D =D C O, by
hypothesis. Hence D is an IF5**GCS in (5, 7). O

Example 7. Let S = {p,q} and 7 = {0.,G1,G2,1.} be an IFT on S, where
Gy = (s,(0.5,,0.6,), (0.5,,0.4,)), Go = (s, (0.6,,0.7,), (0.4,,0.3,)). Then (S,7) is
an IFTS. Here the IFSD = (s, (0.7,,0.8,), (0.3,,0.2,)) is an IF3**GCS but not an
IFBCS in (S, 1), as int(cl(int(D))) = 1. < D.

Theorem 3.7. Every IFGCS is an IF3**GCS in (S, T) but the reverse is not true in
general.

Proof. Let D be an IFGCS in (5, 7). Let D C O and O be an IFOS in (5, 7). Now
cl(int(cl(D))) Nint(cl(int(D))) C (D) Necl(int(D)) = cl(D) Nel(D) = cl(D) C
O, by hypothesis. Hence D is an IF5**GCS in (5, 7). O

Example 8. Let S = {p,q} and 7 = {0.,G,1.} be an IFT on S, where G =
(s,(0.5,,04,),(0.5,,0.6,)). Then the IFS D = (s,(0.4,,0.4,),(0.5,,0.6,)) is an
IF3**GCS in S but not an IFGCS in (S, 1), as cl(D) = G° Z G, where D C G.

The interrelation of IF3**GCS with other existing closed sets is given below.
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Remark 3.1. The union of any two IF3**GCSs need not be an IF3**GCS in (S, T)
in general.

Example 9. Let
S ={p,q},G1 = (s,(0.6,,0.8,),(0.4,,0.2,))

and
Go = (s,(0.5,,0.5,), (0.4,,0.4,)) .

Then 7 = {0.,G1,Go,1. .} isan IFT on S. Here
[FSsD = (s,(0.5,,0.4,), (0.4,,0.5,))

and E = (s, (0.4,,0.6,), (0.5,,0.2,)) are IF3**GCSs in (S, T) but
DUE = (s,(0.5,,0.6,), (0.4,,0.2,))

is not an IF5**GCS in (S, 7), as int(cl(int(DUE)))Necl(int(cl(DUE))) = 1. € Gy
whereas D U E C Gj.

Remark 3.2. The intersection of any two IF3**GCSs need not be an IF3**GCS in
(S, 7) in general.

Example 10. Let
S ={p,q},G1 = (s,(0.5,,0.7,),(0.5,,0.3,))

and
Go = (s, (0.5,,0.6,), (0.5,,0.4,)) .

Then 7 = {0.,G1,G9,1. .} isan IFT on S. Here
[FSsD = (s, (0.5,,0.6,), (0.5,,0.2,))

and E = (s, (0.5,,0.6,), (0.4,,0.4,)) are IF3**GCSs in (S, T) but
DNE = {(s,(0.5,,0.6,), (0.5,,0.4,))

is not an IF5**GCS in (S, 1), as int(cl(int(D N E))) Nel(int(cl(DN E))) = 1. €
G1,Go whereas D N E C Gy, Gs.

Theorem 3.8. If D is both an IFOS and an IF3**GCS in (S, 7), then D is an IFROS
in (S,7).
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Proof. Let D be an IFOS and an IF5**GCS in S. Then
int(cl(int(D))) Ncl(int(cl(D))) € D,
as D C D. Now
int(cl(D)) = int(cl(D)) Nel(D) Cint(cl(int(D))) Ncl(int(cl(D))) C D.

Hence int(cl(D)) € D. Since D is an IFOS, it is an IFPOS. Hence D C
int(cl(D)). Therefore D = int(cl(D)) and Hence D is an IFROS in (5, 7). O]

Theorem 3.9. If D is both an IFOS and an IF3**GCS in (S, ) then D is an IF5CS
in (S, 7).

Proof. Let D be an IFOS and an IF5**GCS in S. Then
int(cl(int(D))) N cl(int(cl(D))) C D,
as D C D. Now
int(cl(int(D))) = int(cl(int(D))) N cl(int(D)) C int(cl(int(D)))
Necl(int(cl(D))) € D,
by hypothesis. Therefore int(cl(int(D))) € D and hence D is an IFSCS in
(5,7). O

Theorem 3.10. An IFS A of an IFTS (S, 1) is an IF3**GCS if and only if A;E =
(int(cl(int(A))) N cl(int(cl(A)))sE for every IFCS E of S.

Proof. Necessity: Let E be an IFCS in S and AjE, then A C E°, where E° is
an IFOS, Then int(cl(int(A))) N cl(int(cl(A))) C E°, by hypothesis. Hence by
Definition 2.5, (int(cl(int(A))) N cl(int(cl(A)))zE.

Sufficiency: Let O be an IFOS such that A € O. Then O¢ is an IFCS and
A C (0°)°. By hypothesis, A;0¢ = (int(cl(int(A))) N cl(int(cl(A)));O°. Hence
int(cl(int(A)) Nel(int(cl(A))) C (0°)° = O. Therefore

int(cl(int(A))) Ncl(int(cl(A))) C O
and A is an IF5**GCS in S. O

Theorem 3.11. For an IFOS D in (S, 7), the following conditions are equivalent:

(1) D is an IFCS,
(12) D is an IFB**GCS and an IFQ-set.
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Proof. (i) = (1) Since D is an IFCS, it is an IF3**GCS, by theorem 3.1, Now
int(cl(D)) = int(D) = D = cl(D) = cl(int(D)), by hypothesis. Hence D is an
IFQ-set.

(1) = (i) Since D is both an IFOS and an IF3**GCS, by theorem 3.8, D is an
IFROS. Therefore D = int(cl(D)) = cl(int(D)) = cl(D), by hypothesis. Hence
Disan IFCSin S. O

Theorem 3.12. An IFS D of S is an IF3**GCS if int(cl(int(D))) Nel(int(cl(D))) C
ker(D).

Proof. Let O be any IFOS such that D C O. By hypothesis, int(cl(int(D))) N
c(int(cl(D))) C ker(D) and since D C O, ker(D) C O. Therefore int(cl
(int(D))) Nel(int(cl(D))) € O and hence D is an IF3**GCS in S. O

Theorem 3.13. For an IF5**GCS D in an IFTS (S, 1), the following conditions
hold:

(¢) If D is an IFROS then scl(D) is an IF3**GCS,
(12) If D is an IFRCS then sint(D) is an IF3**GCS.

Proof. (i) Let D be an IFROS in (S, 7). Then int(cl(D)) = D. By definition, we
have scl(D) = D Uint(cl(D)) = D. Since D is an IF5**GCS in S, scl(D) is an
IF5*GCS in S.

(77) Let D be an IFRCS in (S, 7). Then cl(int(D)) = D. By definition, we have
sint(D) = D N cl(int(D)) = D. Since D is an IF**GCS in S, sint(D) is an
IF5**GCS in S. O

Theorem 3.14. If an IFS D of an IFTS (S, 7) is intuitionistic fuzzy nowhere dense,
then D is an IF3**GCS in S.

Proof. If D is an intuitionistic fuzzy nowhere dense subset, then by Definition
2.11 we get, int(cl(D)) = 0.. Let D C O where O is an IFOS in S. Then
cl(int(cl(D))) Nint(cl(int(D))) C cl(int(cl(D)))Nint(cl((D)) = cl(int(cl(D)))N
0~ = 0. € O and hence D is an IF3**GCS in S. OJ

Theorem 3.15. If every IFS in (S, 1) is an IF3**GCS, then IFO(S) C IF~C(S

).
Proof. Suppose that every IFS in (S,7) is an IF**GCS. Let O € [FO(X).
Then as O C O, and by hypothesis, int(cl(O)) N cl(int(O)) = int(cl(int(0)))
N cl(int(cl(0))) C O. Therefore O € IFyC(S) and IFO(S) C IFyC(S). O
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4. INTUITIONISTIC FUZZY (** GENERALIZED OPEN SETS

Here we have discussed and analyzed some of the properties of intuitionistic
fuzzy ** generalized open sets and produced many interesting characteriza-
tion theorems.

Definition 4.1. The complement A° of an IF3**GCS A in an IFTS (S, 7) is called
an intuitionistic fuzzy [** generalized open set (IF3**GOS) in S.
The family of all IF5**GOSs of an IFTS (S, 7) is denoted by IF5**GO(S).

Example 11. Let S = {p,q} and 7 = {0.,G1,G2, 1.} be an IFT on S, where
Gy = (s,(0.5,,0.4,), (0.5,,0.6,)), Go = (s, (0.8,,0.6,), (0.2,,0.4,)). Then (S,7) is
an IFTS. Here the [F'SD = (s,(0.3,,0.4,), (0.5,,0.6,)) is an IF5**GOS in S.

Theorem 4.1. Every IFOS, IFSOS, IFPOS, IFaOS, IFROS, IFGOS and IF50S are
IFB**GOS in (S, T) but the reverse is not true in general.

Proof. Straightforward. O

Example 12. In Ex. 1, the IFS D = (s,(0.5,,0.5,), (0.5,,0.5,)) is an IF3**GOS
but not an IFOS, IFPOS, IFaOS and IFROS in (S, 7).

Example 13. In Ex. 1, the IFS D = (s,(0.7,,0.7,),(0.3,,0.3,)) is an IF3**GOS
but not an IFSOS in (S, 7).

Example 14. In Ex. 7, the IFS D= (s, (0.3,,0.2,),(0.7,,0.8,)) is an IF3**GOS but
not an IF50S in (S, 7).

Example 15. In Ex. 8, the [F'SD = (s,(0.5,,0.6,), (0.4,,0.4,)) is an IF3**GOS
but not an IFGOS in (S, 7).

Remark 4.1. The union of two IF/3**GOSs need not be an IF5**GOS in (S, 1) in
general.

Example 16. Let
S ={p,q},G1 = (s,(0.5,,0.7,), (0.5,,0.3,))

and
Ga = (s,(0.5,,0.6,), (0.5,,0.4,)) .
Then 7 = {0.,G1,Go,1.} is an IFT on S. Here

IFSsD = (s,(0.5,,0.2,), (0.5,,0.6,))
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and E = (s, (0.4,,0.4,), (0.5,,0.6,)) are IF3**GOSs in S but
DUE = (s,(0.5,,0.4,), (0.5,,0.6,))

is not an IF5**GOS in S.

Remark 4.2. The intersection of two IF/3**GOSs need not be an IF3**GOS in (S, T)
in general.

Example 17. Let
S=A{p,a},G1 = (s,(0.65,0.8,), (0.4,,0.2,))

and
Ga = (s,(0.5,,0.5,), (0.4,,0.4,)) .
Then 7 = {0.,G1,G9,1.} is an IFT on S. Here

IFSsD = (s,(0.4,,0.5,), (0.5,,0.4,))
and E = (s,(0.5,,0.2,),(0.4,,0.6,)) are IF3**GOSs in S but

DNE=(s/(04,02,),(0.5,,0.6,))
is not an IF5**GOS in S.

Theorem 4.2. An IFS D of an IFTS (S, ) is an IF5*GOS if and only if F C
cl(int(cl(D))) Uint(cl(int(D))) whenever E is an IFCS and E C D.

Proof. Necessity: Suppose D is an IF5**GOS in S. Let E be an IFCS, such
that £ C D. Then E° is an IFOS and D¢ C FE° by hypothesis D¢ is an
IF5**GCS. We have int(cl(int(D¢))) N cl(int(cl(D°))) € E°. Therefore £ C
cl(int(cl(D))) Uint(cl(int(D))).

Sufficiency: Let O be an IFOS, such that D¢ C O, and O¢ C D then O°¢
cl(int(cl(D))) U int(cl(int(D))), by hypothesis. Therefore int(cl(int(D¢)))
cl(int(cl(D°))) C O and D¢ is an IF5**GCS. Hence D is an IF5**GOS in S. I

-
N

Theorem 4.3. Let (S,7) be an IFTS. Then for every D € IFS(S) and for ev-
ery E € IFRO(S), E C D C d(int(cl(F))) N int(cl(int(E))) implies D €
IFB*GO(S).

Proof. Let E be an IFROS in S. Then £ = int(c/(E)). By hypothesis, D C
cl(int(cl(F))) Nint(cl(int(E))) C c(E) Nint(cl(E)) C int(cl(E)) C int(cl(D))
as £ C D. Therefore D is an IFPOS and by Theorem 4.1, A is an IF3**GOS.
Hence A € [FB*GO(S). O
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