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SOFT PRE SEPERATION AXIOMS AND SOFT PRE COMPACT SPACES
MRUDULA RAVINDRAN!, B. ARUN, AND GNANAMBAL ILANGO

ABSTRACT. In this paper soft pre separations are defined and few of their
properties are stated and proved. Also soft pre compactness is defined and
properties of a such a space are discussed.

1. INTRODUCTION

Separation axioms [2] gives a way of classifying topological spaces according
to topological distinguishability of points and subsets in the space. Separation
axioms are of various degrees of strengths and they are called Ty, T}, T, T3, T},
and 75 axioms. T} is the weakest axiom. The letter T stands for the German
word for separation "Trennung’. In this paper a study is done on soft separation
axioms and soft pre separation axioms and soft pre compactness. Compactness
[2] help to study about a space just with a finite number of open sets. Soft
set theory was proposed by Molodtsov [3] in 1999 to deal with uncertainty.
He defined soft set over X as a pair (F, E) where F is a mapping of E- a set
of parameters - into the set of all subsets of the set X. He also defined an
operation on soft sets as follows: (F, A) x(G, B) = (H, A x B) where H(a, ) =
F(a) * G(f), « € A, p € B and A x B is the Cartesian product of A and
B. Soft topological spaces were defined by Shabir [4]. Soft neighbourhoods
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were explained by Nazmul [5]. Soft preopen sets were introduced by Mrudula.
R [1].

Definition 1.1. [3] Let X be the initial universe and E be the set of parameters.
Let P(X) denote the power set of X and A be a non-empty subset of E . A pair (F,
A) is called a soft set over X, where F is a mapping given by F' : A — P(X). such
that F(e) = ¢ if e € A. Here F is called approximate function of the soft set (F, E)
and the set F(e) is called e approximate value set which consist of related objects
of the parameter ec E . In other words, a soft set over X is a parametrized family
of subsets of the universe X .

Definition 1.2. [3] For two soft sets (F, A) and (G, B ) over a common universe
X and A,B € FE we say that (F, A) is a soft subset of (G, B) if A C BV e €
A, F(e) C G(e). We write, (F, A) C (G, B).

Definition 1.3. [3] Union of two soft sets (F, A) and (G,B) over the common
universe (X, A) is the soft set (H, C), where C = AU B and for e € C,

F(e),ifec A—B
H(e) = Gle),ifeec B—A
Fe)UG(e),ifec ANB
and (F,A) U (G,B) = (H,C).
Definition 1.4. [3] Let (F, A) and (G, B) be two soft sets over the universe X with
AN B # ¢. Then intersection of two soft sets (F, A) and (G, B) is a soft set (H, C)

where C = AN Band Ve € C,H(e) = F(e) N G(e). We write (F, A) N (G,B) =
(H,C).

Definition 1.5. [3] The complement of a soft set (F, A) is denoted by (F, A)¢ and
is defined by (F, A)¢ = (F*, A) where F°: A — P(X) is a mapping given by F(e)
= [F(e)]¢,Ve € A

Example 1. Let X = {a,b}, A = {e1, e2}. Define

(FbA) = {(617(1))7 627q))}7 <F27A> :{(617(1))7(627{@})}7
F37A = 617(1))7 e 7{6})}7 (F47A) = {<€17(I))7<627{a7b})}7
, 627(1))}7 (F6>A) = {(617 {a ) (62’ {a}>}’
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61>{a} ) er{b})}’ (F87A) = {(61,{a}),(62,{a,b})},
€1, {b} ) (627 (I))}v (Fl(]ﬂ A) = {(617 {b})7 <€27 {a})}a
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(F11, A) = {(e1,{b}), (e2, {b})},  (Fiz, A) = {(e1, {b}), (e2, {a,b})},
(F137 A) = {(617 {CL, b})7 (€27 (I))}, (F147 A) = {(617 {CL, b}), (627 {CL})},
(Fi5, A4) = {(e1,{a,b}), (e2, {b})}, (Fi6, A) = {(e1,{a,b}), (e2, {a,b})}
are all soft on universal set X under the parameter set A.
T ={(F1,A),(Fs, A), (Fr, A), (Fg, A), (Fi6, A)} is a soft topology over X.
Soft open sets are (Fy, A), (F5, A), (Fr7, A), (Fs, A), (Fi6, A)
Soft closed sets are (F, A), (Fy, A), (Fio, A), (Fi2, A), (F16, A).
Soft preopen sets are (I, A), (Fs, A), (Fs, A), (F7, A), (Fs, A), (Fi3, A), (F14, A),
(Fi5, A), (Fi6, A).
Soft preclosed sets are (Fi, A), (Fa, A), (F3, A), (Fy, A), (Fy, A), (Fio, A), (F11, A),
(Fi2, A), (Fi6, A).

2. SOFT PRE SEPARATION AXIOMS

Definition 2.1. Let (X, A, 7) be a soft topological space over X and ., js € (X, A)
such that z. # §y. Then (X, A, 7) is said to be soft pre T, space if there exist soft
preopen sets (F, A) and (G, A) such that . € (F, A) and ¢ (F, A)or jr € (G, A)
and Z. % (G, A).

Remark 2.1. A discrete soft topological space is a soft pre Ty space, since every
soft singleton set is a soft pre open set.

Theorem 2.1. A soft topological space (X, A, ) is soft pre Ty, space if and only if
soft pre closures of any two distinct soft singletons are different.

Proof. Let the soft topological space (X, A, 7) be a soft pre T, space and
(Ze, A) and (y¢, A) be two distinct soft singletons.
Then (i., A) C (U, A) C (g, A), where (U, A) is a soft preopen set.

= (gfa A) g gpd(gﬁ A) é (Ua A)C' _

= (Z.,A) € spcl(gg, A) but (z., A) C spel(Z., A)

= spcl(Ze, A) # spcl(yy, A)
Conversely (Z., A) and (g, A) be any two soft singletons with different soft
preclosures. Then (spcl(g¢, A))¢ and (spcl(Z., A))¢ are distinct soft preopen sets
containing (7., A) and (s, A) respectively. O

Theorem 2.2. A soft subspace of a soft pre Ty, space is soft pre 1.
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Proof. Let (X, A, 7) be a soft pre T; space. Let (Y, A) be a soft subspace of
(X, A, 7). Any two distinct points in (Y, A) are distinct in (X, A). They have
distinct soft pre neighbourhood in (Y, A) under subspace soft topology. O

Definition 2.2. Let (X, A, 7) be a soft topological space over X and Z., y. €
(X, A) such that z. # §.. Then (X, A, ) is said to be soft pre T; space if there
exist soft pre open sets (F, A) and (G, A) such that &, € (F,A) and 7. % (F,A)
and §. € (G, A) and i, ¢ (G, A).

Example 2. In Example 1, if 7 = {®4, X4, (Fy, A), (Fi5, A)}, then (F, A) and
(Fy5, A) are soft preopen sets such that a., € (Fy, A), be, ¢ (Fy, A), be, € (Fis, A)
and a., % (Fi5, A).

Remark 2.2. Obviously every soft pre 17 space is soft pre Ty space but the converse
is not true.

Example 3. In Example 1, if 7 = {® 4, X4, (F3, A), (F;, A)}, then (X, A,7)isa
soft pre T, space but not soft pre T space.

Theorem 2.3. A soft subspace of a soft pre T} space is soft pre T.
Proof. Obvious. O

Theorem 2.4. Let (X, A, 7) be a soft topological space over X. If every soft point
of a soft topological space (X, A, T) is soft preclosed, then (X, A,T) is a soft pre
T space.

Proof. If every soft point of soft topological space (X, A, ) is soft preclosed,
then their compliments are soft preopen sets satisfying the required condition.
|

Definition 2.3. Let (X, A,7) be a soft topological over X and z., y; € (X, A)
such that . # y Then a soft topological space (X, A, T) is said to be soft pre T}
space if there exists soft preopen sets (F,A) and (G,A) such that 7. € (F, A) and
§r € (G, A) and (F,A) N (G, A) = (®, A).

Example 4. In Example 1, if 7 = {®, X4, (Fy, A), (Fi1,A)}, then (X, A,7) is a
soft pre T space.

Remark 2.3. Obviously every soft pre Ts space is soft pre 17 space but the converse
is not true.
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Theorem 2.5. A soft subspace of a soft pre T; space is soft pre T.
Proof. Obvious. 0

Theorem 2.6. Let (X, A, 7) be a soft topological space over X and &, € (X, A). If
(X, A) is a soft pre Ty space then (7., A) = N (F, A) for each soft preopen set (F,
A) with z. € (F, A).

Proof. Let %.,%, € N (F, A). Since (X, A, 7) is soft pre T space there exists soft
preopen sets (H, A) and (G, A) such that z. € (H,A) and %, € (G, A) with
(H,A) A (G, A) = (®, A), implies that z, ¢ (H, A) = 3, ¢ O (F, A), which is
the contradiction. O

Definition 2.4. Let (X, A, 7) be a soft topological space over X, and let (G, A) be
a soft preclosed set in (X, A) and . € (X, A) such that z. ¢ (G, A). If there exist
soft preopen sets (Fy, A) and (F,, A) such that &, € (Fy, A) and (G, A) C (Fy, A)

and (Fy, A) N (Fy, A) = (@, A) then (X, A, 7) is called a soft preregular space.

Proposition 2.1. Let (X, A, 7) be a soft topological space over X. If every soft
preopen set of (X, A) is soft preclosed, then (X, A) is soft preregular space.

Proof. Let (F, A) be a soft preopen set in (X, A,7) and 7. € (X, A) such that
Z. ¢ (F,A). Then (F, A) and (F, A)° are soft preopen sets. Also (F, A) C (F, A)
and 7. € (F,A)° but (F,A) N (F,A)¢ = (9, A). Therefore (X, A,7) is a soft
preregular space. O

Remark 2.4. Every discrete soft topological space is soft preregular.

Definition 2.5. Let (X, A, 1) be soft topological space over X. Then (X, A, 1) is
said to be soft pre T3 space if it is soft preregular and soft pre Ty space.

Definition 2.6. A soft topological space (X, A, ) is said to be a soft prenormal
space if for every pair of disjoint soft preclosed sets (F, A) and (G, A) there exists
two disjoint soft preopen sets (Fy, A) and (F,, A) such that (F, A) C (Fy, A) and
(G, 4) C (P, A)

Definition 2.7. A soft prenormal pre T3 space is called a soft pre T}, space.

Remark 2.5. Every soft pre T, space is soft pre T3 space, every soft pre T space is
soft pre T space, every soft pre T, space is soft pre T space and every soft pre T;
space is soft pre Ty space.
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Definition 2.8. A soft topological space (X, A, 7) is said to be soft pre R, space if
and only if for each soft preopen set (G, A), . € (G, A) implies 3pcl(z.) C (G, A).

Definition 2.9. A soft topological space (X, A, T) is said to be a soft pre R, space
if and only if for z., y; € (X, A) with 3pcl(Z.) # Spcl(yy) there exist disjoint soft
preopen sets (F, A) and (G, A) such that 3pcl(z.) C (F, A) and 3pcl(g;) C (G, A).

Theorem 2.7. A soft topological space (X, A, 1) is soft preRy if and only if for
every soft preclosed set (F, A) and . ¢ (F, A) there exists a soft preopen set (U,
A) such that (F, A) C (U, A) and . ¢ (U, A).

Proof Let (X, A, ) be a soft pre Ry and (F, A) C (X, A) be soft preclosed set
not containing the point z, € (X, A). Then (X, A) — (F, A) is soft preopen and
T. € (X, A) — (F,A). Since (X, A) is a soft pre Ry, spcl(z.) C (X, A) — (F, A).
Then it follows that (F, A) C (X, A) — &pcl(i.). Let (U, A) = (X, A) — 3pcl(.).
Then (U, A) is soft preopen set such that (F, 4) C (U, A) and #. ¢ (U, A).
Conversely, let 7, € (U, A) where (U, A) is a soft preopen set in (X, A). Then
(X, A) — (U, A) is a soft preclosd set and . ¢ (X, A) — (U, A). Then by hypoth-
esis, there is a soft preopen set (W, A) such that (X, A) — (U, A) C (W, A) and
T € (W, A).

Now (X, A)— (W, A) C (U, A) and . € (X, A)— (W, A). Now (X, A) — (W, A)
is soft preclosed. Hence &pcl(z.) C (X, A) — (W, A) C (U, A).

Therefore (X, A) is soft pre R. O

Theorem 2.8. A soft topological space (X, A, 7) is soft pre T if and only if it is
soft preTy and soft pre R, space.

Proof. Let (X, A, 7) be a soft pre T; space. Then by definition, and as every
soft pre T} space is soft pre R, it is clear that (X, A, 7) is soft preT}, and soft pre
R, space. Conversely, Let us assume that the soft topological space (X, A, 7) is
both soft pre7; and soft pre R,. To show that (X, A, 7) is a soft pre 77 space.
Let Z., yr € (X, A, 7) be any pair of distinct points. Since (X, A, 7) is soft pre
Ty , there exists soft preopen set (G, A) such that #, € (G, A) and §, ¢ (G, A)
or there exists a soft preopen set (H, A) such that §. € (H, A) and 7, ¢ (H, A).
Suppose 7. € (G, A) and ¢ (G, A). As T, € (G, A) implies spcl(i,) C (G, A).

B ¢ (G A), iy & spel(5.). )
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Hence gy € (H, A) = (X, A) —5pcl(Z.) and it is clear that z. ¢ (H, A). Hence,
it follows that there exists soft preopen sets (G, A) and (H, A) containing . and
s respectively such that z. € (H, A) and g ¢ (G, A).

This implies that (X, A, 7) is soft pre T3. O

Remark 2.6. Every soft pre R, space is soft pre Ry.
Remark 2.7. Every soft pre T, space is soft preTy.

Theorem 2.9. The soft topological space (X, A, T) is soft pre T if and only if it
is soft preR, and soft pre .

Proof. Let (X, A, ) be soft pre T. Let ., y; € (X, A, 7) then there exist disjoint
soft preopen sets (F, A) and (G, A) such that z. € (F, A) and j; € (G, A). which
implies (X, A, 7) is soft pre T;. Also g; € (X, A) — 3pcl(z.) and Z, € (X, A) —
3pcl(jjy) are disjoint soft preopen sets. Moreover 3pcl(j;) C (X, A) — 3pcl(z.)
and 3pcl(z.) C (X, A) — 3pcl(jjs), which implies (X, A, 7) is soft pre R;. Con-
versely, let (X, A, 7) is soft pre T;. This implies spcl(z.) # Spcl(ys) where
T, # Jy. Since (X, A) is soft pre R;, there exist soft preopen sets (F, A) and (G,
A) such that dpcl(7.) C (F, A) and 3pcl(g;) € (G, A). That is 7, € (F, A) and
Ur € (G, A) where (F, A) N (G, A) = (9, A). Hence(X, A) is soft pre 7. O

3. SOFT PRE COMPACT SPACES

Compactness help to study about a space just with a finite number of open
sets. In this section soft compactness is dealt with.

Definition 3.1. A collection {(F,, A)} ., of soft pre open sets in (X, A) is said to
be soft pre open cover of (X, A), if (X, A) = Uyes {(F,, A)}.

Definition 3.2. A soft topological space (X, A, 7) is said to be soft precompact,
if every soft pre open covering of (X, A) contains a finite sub collection that also
cover (X, A). A subset (F,A) of (X,A) is said to be soft precompact, if every
covering of (F, A) by soft preopen sets in (X, A) contains a finite subcover.

Theorem 3.1.
(1) A soft topological space (X, A, T) is soft precompact = soft compact.
(i1) Any finite soft topological space is soft precompact.
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Proof.

(i) Let {(F.,A)}, ., be a soft open cover for (X, A). Then each (F,, A) is
soft preopen. Since (X, A) is soft precompact, this soft open cover has
a finite sub cover. Therefore (X, A, 7) is soft compact.

(i7) The proof is obvious, since the soft topological space is finite.

OJ

Example 5. Let (X, A, 7) be an infinite indiscrete soft topological space. In this
space all subsets are soft preopen. Obviously it is soft compact. But {Zc}; (x a1
a soft pre open cover which has no finite subcover. So it is not soft pre compact.
Hence soft compactness need not imply soft precompactness.

Theorem 3.2. A soft preclosed subset of a soft precompact space is soft pre com-
pact.

Proof. Let (F, A) be a soft preclosed subset of a soft precompact space (X, A, 7)
and (G, A)acs be a soft preopen cover for (F, A).

Then {(Ga, A)aecs, (X, A) — (F, A))} is a soft preopen cover for (X, A). Since
(X, A) is soft precompact, there exists oy, as,...a,, € J such that (X, A) =
(Gay, A) U..U (Gay,, A) U {(X, A) — (F, A)}. Therefore (F, A)

C (Gay, A) U..U (Gay, A) which proves (F, A) is soft precompact. O

Remark 3.1. The converse of the above theorem need not be true.

Example 6. Let (X, A, 7) be as in Example 1, (F5, A) is a soft preopen set and soft
precompact but its not soft preclosed.

Theorem 3.3. A soft topological space (X, A,T) is soft precompact if and only
if for every collection 7' of soft preclosed sets in (X, A) having finite intersection
property Mg a)e-(F, A) of all elements of 7' is non empty.

Proof. Let (X, A, 7) be soft precompact and 7’ be a collection of soft pre closed
sets with finite intersection property. Suppose Mg ajer (F, A) = (@, A) then
U ayer {(X,A) — (F,A)} = (X,A). Therefore (X, A) — (F,A) is soft pre-
open cover for (X, A). Then there exist (Fy, A), (F», A),...(F,, A) € 7’ such that
U {(X,A) — (F;, A)} = (X, A). Therefore N,_, (F;, A) = (®, A) which is a con-
tradiction. Therefore N (g )e (F, A) # (P, A).

Conversely, assume the hypothesis given in the statment. To prove (X, A)
is soft precompact. Let {(F,, A)}.cs be a soft preopen cover for (X, A). Then
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Uaes(Fu, A) = (X, A), implies that N,e; ((X, A) — (F,, A)) = (®,A) By hy-
pothesis, there exists oy, as, ..., such that N, (X, A) — (F,,, 4)) = (®, A)
= U, (F,,A) = (X,A). = (X, A) is soft precompact. O

Definition 3.3. Let f : (X, A,7) — (Y, B,7') be a function, then f said to be (i)
Soft pre irresolute if f—'(F, B) is soft preopen in (X, A, 7) whenever (F, B) is soft
preopen in (Y, A, \'). (ii) Soft pre resolute if f,,(G, A) is soft preopen in (Y, A, 7')
whenever (G, A) is soft preopen in (X, A, 7).

Theorem 3.4. Let (X, A,7) and (Y, B,7') be two topological spaces and f
(X,A,7) — (Y, B,7') be a bijection, then
(i) f is soft pre continuous and (X, A, ) is soft precompact = (Y, B,7') is
soft compact.
(ii) f is soft preirresoulte and (X, A, 7) is soft precompact = (Y, B, 7') is soft
pre compact.
(iii) f is soft continuous and (X, A, ) is soft precompact = (Y, B, ') is soft
compact.
(i) f is soft preopen and (Y,B,7') is soft precompact = (X, A,7) is soft
compact.
(v) fis soft open and (Y, B, 7') is soft precompact = (X, A, 7) is soft compact.
(vi) [ is preresolute and (Y, B, 7') is soft precompact = (X, A, ) is soft pre-
compact.

Proof.

(1) Let{(F,, B)}acs be asoft open cover for (Y, B, 7). Therefore (Y, B, ') =
O(F,, B). Therefore (X, A,7) = f~'(Y,B,7) = Uf '(F,,B). Then

{f‘l(Fa, B)} ; is a soft preopen cover for (X, A, 7). Since (X, A, 1)
is soft precorr;gact, then there exist oy, as, ..., such that (X, A, 7) =
Uf=1(F,,, B), (Y,B,7") = f(X,A,7) = U(Fy, B). Therefore (Y, B, 7’) is
soft compact.

(i1) f is soft preirresoulte = f~1(F, B) is soft preopen whenever (F, B) soft
pre open. (X, A, 7) is soft precompact implies every soft preopen cover
has a finite sub cover. Let {(F,, B)}.cs be a soft preopen cover for
(Y, B, 7'). Since f is soft preirresolute, f~'(F,, B) is soft preopen. Also
O(F,,B) = (Y,B,7), fY(F.,B) = (X,A,1)

= f~!(F,, B) is soft preopen cover for (X, A, 7).
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= f~!(F,, B) has a finite sub collection to cover (X, A, 7).
= (F,, B) has a finite sub collection to cover (Y, B, 7).
Therefore (Y, B, 7') is soft precompact.
(ii7) f is continuous = f~'(F,, B) is soft open, whenever (F,, B) is soft
open. (X, A, 1) is soft precompact.
= f~!(F,, B) has a finite sub collecetion. (Since, every soft open is
soft preopen). There is finite sub collection of (F,,, B) to cover (Y, B, 7’).
= (Y, B, 7') is soft compact.

(iv) Let {(Ga, A)},., be a soft open cover for (X, A, 7) then, f(G,, A) is a
soft preopen cover for (Y, B, 7’). Therefore,(Y, B, 7’) is soft precompact,
there exist finite sub cover of (Y, B, /).

= (X, A, 7) has a finite sub cover of soft open sets.
Therefore (X, A, 7) is soft compact.

(v) Let {(Ga, A)},., be a soft open cover for (X, A, 7) then, f(G., A) is a
soft open cover for (Y, B, 7’). Since, every soft open sets in soft preopen
sets. f(G,,A) has soft preopen cover for (Y, B,7’). Since (Y, B,7') is
soft pre compact there is finite sub cover. (X, A, 7) has finite sub cover
for soft open sets. Therefore, (X, A, 7) is soft compact.

(vi) Let {(Ga,A)}geJ
preresolute, f(G,, A) is soft preopen in (Y, B, 7’). Since, (Y, B, ') soft
precompact, it has a finite subcover. = (X, A, 7) has finite sub cover of

be a soft preopen cover of (X, A,7) then f is soft

soft preopen sets. Therefore, (X, A, 7) is soft precompact.
0

Theorem 3.5. Every soft closed subspace of a soft precompact space is soft pre-
compact.

Proof. Let 7 : {(F,, A)acs} be a soft precover for (F, A). If (F, A) is soft pre-
closed. Then (X, A) — (F, A) is soft preopen. Then 7 = U ((X, A) — (F, A)) is
soft preopen cover of (X, A, 7). (X, A, 1) is soft precompact, which implies it
has finite subcover of soft preopen sets. Hence (F, A) has a finite subcover of
soft pre open sets. So it is soft pre compact. O

Theorem 3.6. Let (X, A, 7) be a soft Hausdorff space. If (F, A) is soft precompact
on (X, A, 1), then (F, A) is soft preclosed.

Proof. Claim: (F, A)¢ is soft preopen.
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Let Z. € (F,A). So, for each 7. € (F,A)° = (X,A) — (F,A) and Z. #
(F,A) then for all y; € (F, A) Z. # ;. Since (X, A, ) is soft Hausdroff space
there exist (G, B)y,, (H,C)y, € 7 such that 2. € (G, B)y,, y; € (H,C)y, and
(G,B)g, N (H,C)g, = (®, A). Then (F, A) C (H,C);,. The family r = {(H,C)y, :
yr € (F,A)} is a soft open cover of (F,A). Since (F, A) is soft precompact,
(F, A) has a finite subcover, and so (F, A) C U, (H,C);,. Then U_,(H,C);,
and N;_, (G, B);. = (¥, A). Since Z. € (G, B)y,, then

'%e é (G7 B)ge é O?Zl(H7 C)ge é (F7 A)C
Hence (F, A)° is soft preopen. Therefore (F, A) is soft preclosed. O
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