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SEPERATION AXIOMS IN SUPRA TOPOLOGICAL SPACES
N. R. BHUVANESWARI! AND V. KOKILAVANI

ABSTRACT. This aim of this paper is to introduce and investigate the proper-
ties of supra ¢g*« seperation axioms in supra topological spaces and obtain
some relationship between the existing sets.

1. INTRODUCTION

In 1983, A. S. Mashhour et al. [3] introduced the supra topological spaces.
In 2010, O. R. Sayed et al. [5] introduced and studied a class of sets and maps
between topological spaces called supra b-open sets and supra b-continuous
functions respectively. So the supra open sets are defined where the supra
topological spaces are presented. We have known that every topological space
is a supra topological space, so as every open set is a supra open set, but the
converse is not always true. Consideration the intersection condition is not
necessary to have a supra topological space. Njastad at [4] in 1965 introduced
a-open sets. In 2008, R. Devi, S. Sampathkumar and M. Caldas [1] introduced
the supra a-open sets and supra-7;_; spaces where ¢ = 1,2, 3. In this paper we
study the relationships between supra separation axioms and supra ¢”« and
study some of characterizations of them. Now we study the notions of supra
T; spcesi = 0,1,3. Also we introduce and study the concepts of supra D; spaces
fori = 0,1,2 and investigate several properties for these concepts.
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2. PRELIMINARIES

Definition 2.1. [3] A subfamily of 1. of X is said to be a supra topology on X, if

DX oen

(2) if A; € pforalli € Jthen UA; € p.
The pair (X, ) is called supra topological space. The elements of 1 are called
supra open sets in (X, p) and complement of a supra open set is called a supra
closed set.

Definition 2.2. [3]

(1) The supra closure of a set A is denoted by cl*(A) and is defined as cl*(A) =
N{B : B is a supra closed set and A C B}.

(2) The supra interior of a set A is denoted by int*(A) and defined as int"(A) =
U{B : B is a supra open set and A O B}.

Definition 2.3. [3] Let (X, 7) be a topological spaces and . be a supra topology
on X. We call i a supra topology associated with 7 if T C p.

Definition 2.4. [1] Let (X,;) be a supra topological space. A subset A of X is
called supra a-open set if A C int*(cl*(int* (A)). The complement of supra « -
open set is supra a-closed set.

Definition 2.5. [2] Let (X, i) be a supra topological space. A subset A of X is
called supra g*a-closed set if acl*(A) C U ,whenever AC U and U is supra g-
open set of X. The complement of supra g” « - closed set is called supra g* a-open
set.

Definition 2.6. [3] Let (X, i) be a supra topological space, then:

(1) X is S-Tj if for every two distinct points x and y in X there exists a supra
open set U that contains only one of the points x and .

(2) X is S-T; if for every two distinct points x and y in X there exists two
supra open sets U and V such thatx € U, y¢ Uandy ¢ V, x ¢ V.

(3) X is S-Ty if for every two distinct points x and y in X there exists two
disjoint supra open sets U and V' such that € U and y € V.

Remark 2.1. [3] Every supra-T; space is supra T;_; space.
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3. SEPARATION AXIOMS ON SUPRA g#a-OPEN SETS

Definition 3.1. If (X, 7) is a supra topological space, for all x,y € X,z # y, and
there exist a supra g*a-open set G such that x € G and y ¢ G. Then (X, 7) is
called a supra g* o-Ty-space.

Definition 3.2. If (X, 1) is a supra topological space, A C X, A # (), 74 is the
class of all intersection of A with each element in 7, then (A, 74) is called a supra
topological subspace of (X, 7).

Theorem 3.1. Every supra Ty-space is a supra g o T space.

Proof. Let (X, 1) be a supra Tj-space and let z,y € X, x # y then there exist a
supra open set G C X such that z € G and y ¢ G. Since every supra open set
is a supra ¢g* a-open set. Then G C X is a supra g« -open set such that z € G
and y ¢ G. Hence (X, 7) is a supra g%« Ty-space. O

Example 1. Let X = {a,b,c}, p = {X,¢,{b},{a,b}} and g*a-open set of

X,p) = {X, 0, {a},{b} . {a,b},{a, c},{b,c}}. Let = = {a} and y = {b} then
G = {a,c} is g* o Ty space but not supra Ty-space.

Theorem 3.2. If (X,7), (X*,7*) are two supra topological spaces, (X,T) is a
supra Ty-space and f is a supra open function and bijective then (X* 7*) is a
supra Ty-space.

Proof. Suppose that (X, 7) is a supra Ty-space. Now we have to prove that
(X*,7*) is a supra Ty-space. Let x*,y* € X*, x* # y*, since f is a bijective
function then there exist x,y € X such that: z* = f(z), y* = f(y) and = # y.
Since (X, 1) is a supra Tp-space then there exists G C X is a supra open set
such that z € G and y ¢ G. We obtain thatf(G) C X* is a supra open sets
in X* because f is a supra open function. So z* € f(G) and y* ¢ f(G). Then
(X*,7*) is a supra Ty-space. O

Theorem 3.3. If (X, ) is a supra g” a Ty-space and (Y, 7) is a supra topological
subspace of (X, 1) then (Y, 7,) is a supra g%« Ty-space.

Proof. Suppose that x,y € Y, x # y, since Y C X then z,y € X. Since (X, 1) is
a supra g” o T-space means that there exist a supra ¢g* « -open set G C X such
that » € G and y ¢ G. We have that G, = Y NG, G, is a supra g*« -open set
inYand z € G, buty ¢ G,, so we found a supra g*« -open set G, C Y which
it contained x and not contained y. Hence (Y, 7,) is a supra g*« Ty-space. [
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Theorem 3.4. If (X,7), (X*,7*) are two supra topological spaces, (X,T) is a
supra g* o Ty-space and f is a supra open function and bijective then (X*,7*) is a
supra g« Ty-space.

Definition 3.3. If (X, 7) is a supra topological space, G, H C X are supra g*«
-open setsand if x € G, v ¢ Handy ¢ G, y € H then (X, 1) is called a supra
g” o T} -space.

Theorem 3.5. Every supra T}-space is a supra g o Tj.

Proof. Let (X, 7) be a supra Ti-space, and let 2,y € X,  # y then there exist
two supra open sets G, H C X suchthatz € Gandx ¢ H,y ¢ G,y € H. Since
every supra open set is a supra g”« -open set. Then G, H C X are two supra
g”a -open sets such that x € Gandz ¢ H,y ¢ G,y € H. Hence (X, 7) is a
supra g*«a Ty-space. O

Example 2. From example 1, let x = {a} and y = {b} then G = {a,c} and
H = {b,c} is g* a Ty space but not supra T}-space.

Theorem 3.6. If (X, 7) is a supra g” a Ty-space and (Y, 7) is a supra topological
subspace of (X, 1) then (Y,r,) is a supra g%« Ty-space.

Theorem 3.7. If (X, 7), (X*,7*) are two supra topological spaces, (X,7) is a
supra g* o Ty-space and f is a supra open function and bijective then (X*,7*) is a
supra g* o Ty-space.

Theorem 3.8. If (X, 7) is a supra topological space then (X, 1) is a supra g% o/T}-
space if and only if for every x € X, {x} is a supra closed set.

Proof. Let (X, 7) be a supra topological space, we show that {z}¢ is a supra
open set in X. Suppose that a € {x}°, a # x then by (def. 3) there exist G, is
a supra open set in X where G, does not contain x. Hence; a € G, € {z}° and
{z}¢ = {G, : a € {z}°. This means {z}* is a union of all supra open sets and
by (axiom two from the def. of supra topological space). {z}° is a supra open
set. Then {z} is a supra closed set.

Conversely, Suppose that {z} is a supra closed set in X and let a, b € X where
a # bthen a € {b}¢, b € {a}° and {b}*, {a}° are supra open sets in X. Hence
(X, 1) is a supra g% aT;-space. O
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Definition 3.4. If (X, ) is a supra topological space, for all x,y € X, x # v,
then there exist G, H C X are supra g”«a -open sets such that x € G, y € H,
G N H =, then (X, 1) is called a supra g% o Ty-space.

Theorem 3.9. Every supra Ty-space is a supra g%« Ty-space.

Proof. Let (X, 7) be a supra g#«a Ty-space, and let z,y € X, x # y then there
exist two supra open sets G, H C X such that x € G, y € H, G N H(. Since
every supra open set is a supra ¢g”« -open set. Then G, H C Xare two supra
g”a -open sets such that z € G, y € H, G N H(). Hence (X, ) is a supra g”«a
T5-space. 0

Example 3. From example 1, let + = {a} and y = {b} then G = {a,c} and
H = {b} is g o Ty space but not supra Ty-space.

Theorem 3.10. Every supra g* o Ty-space is a supra g* « Ty-space.

Proof. Let (X, 7) be a a Tj space and let x,y € X, z # y then there exist two
supra g7« -open sets G,H C X suchthatz € G,y € H, GN H = (). Since
GNH =10, thatismeanx € Gandx ¢ H,y ¢ G,y € H. Hence (X,7) is a
supra g%« Ty-space. O

Theorem 3.11. Every supra g” o Ts-space is a supra g o T}-space.

Proof. Let (X, 1) be a supra g*«a Ty-space and let z,y € X, x # y then there
exist two supra g#« open sets G, H C X such thatx € Gandz ¢ H, y ¢ G,
y € H. That is mean there exists a supra ¢g*« -open set G C X such thatz € G
and y ¢ G. Hence (X, 7) is a supra g%« Ty-space. O

Remark 3.1.

supra Ty-space = supra o/Ts-space = supra g* o/Ty-space

Y 4 Y

supra Ti-space = supra oTy-space = supra g* o/T}-space

U 4 U

supra Ty-space = supra oTy-space = supra g7 o/Ty-space

The converse of the above remark is need not be true in general, is shown in
the Example.

Example 4. From example 1, let x = {a} and y = {b} then G = {a,c} and is
g” o Tyy space but not supra g7 o Ty (resp. g« Ty)-space.
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As we proved in the supra ¢g* o T,-space, and supra g« T} -space, here also
the hereditary property of a supra g« T»-space will be proved.

Theorem 3.12. If (X, 7) is a supra g%« Ty-space and (Y, T) is a supra topological
subspace of (X, 1) then (Y, 7,) is a supra g%« Ty-space.

Proof. Suppose that x,y € Y, x # y, since Y C X then z,y € X which means
that there exist two supra ¢g” o -open sets G, H C X suchthatz € Gandy € H,
GNH=0.Now G, =GNY, H,= HNY are two supra g*« -open sets in Y
such that z € G, and y € H,,. Since GN H = (), then G, N H, = 0. So (Y, 7,) is
a supra g7« T,-space. O

Theorem 3.13. If (X, 7), (X*,7*) are two supra topological spaces, (X, ) is a
supra g* o Ty-space and f is a supra open function and bijective then (X*,7*) is a
supra g* o Ty-space.

Theorem 3.14. A supra topological space (X,7) is S-g*a Ty if and only if for
each pair of distinct points x, y in X, g aCl*({z}) # g aCl*({y}).

Definition 3.5. A supra topological space (X, i) is called a supra g* a-symmetric
space if for x and y in X, x € Cl*({y}) implies y € ClI*({z}).

Theorem 3.15. Let (X, 1) be a supra g* a-symmetric space. Then the following
are equivalent:

(1) (X, p) is Sg*a-Tp;
(2) (X, p)is Sg*a-Th.
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