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DEGREE EXPONENT ADJACENCY POLYNOMIAL OF SOME GRAPHS
PUSHPALATHA MAHALANK!, H. S. RAMANE, AND A. R. DESAI

ABSTRACT. The degree exponent adjacency polynomial of a graph G is the

characteristic polynomial of the degree exponent adjacency matrix DEA(G),
whose (7,7)-th entry is dfj, whenever the vertex v; is adjacent to vertex v;,

otherwise it is zero, where d; is the degree of a vertex v;. In this paper, we ob-
tain the degree exponent adjacency polynomial of graphs obtained from regular
graphs.

1. INTRODUCTION

The most studied graph polynomial is the characteristic polynomial of its
adjacency matrix [2]. The other polynomials of graphs are the characteristic
polynomial of Laplacian matrix [6], signless Laplacian matrix [3] and distance
matrix [1]. Recently many other graph polynomials have been studied such as
degree sum polynomial [5,10], degree subtraction polynomial [9], degree sum
adjacency polynomial [13], degree subtraction adjacency polynomial [8], Za-
greb polynomial [7] etc. In [11] the degree exponent polynomial is obtained
for variuos graphs. In this paper, we introduce the degree exponent adjacency
polynomial of a graph and obtain it for some graph operations of regular graphs.
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Definition 1.1. Let G be a graph with n vertices and m edges. The degree of a
vertex v; is the number of edges incident to it and is denoted by d; = degg(v;). If
the degrees of all vertices are equlal to r, then G is called an r-regular graph.

Definition 1.2. Let the vertex set of G be V(G) = {vy, vy, ...,v,} and edge set be
E(G) = {e1,es,...,en}. The adjacency matrix of G is a square matrix A(G) =
la;;] of order n, where
{ 1 ifv; is adjacent to v,
aij =

0 otherwise.

Definition 1.3. The characteristic polynomial of A(G) is called adjacency polyno-
mial and is defined as
O(G : N) =det(A — A(Q)),

where I is an identity matrix.
Definition 1.4. The incident matrix of G is a n x m matrix B(G) = [b;;], where

1 ifw; is incident to e,
bij = .
0  otherwise.

Lemma 1.1. [2] If G is a regular graph of degree r and L(G) is the line graph of
G, then

() B(G)B(G)' = A(G) +rI, and
(i) B(G)TB(G) = 2I + A(L(G)).

Definition 1.5. The degree exponent matrix of a graph G is an n X n matrix
DE(G) = [de;;], where
g% TR
deij = ‘ 1 Z 7& j
0 if i =j.

Definition 1.6. We define here degree exponent adjacency matrix as n X n matrix
DFEA(G) = [dea;j], where

g dfj if v; is adjacent to v;
ea;; =
Y 0 otherwise.

Definition 1.7. The characteristic polynomial of DEA(G) is called the degree ex-
ponent adjacency polynomial of G' and is defined as

(G \) = det(\ — DEA(G)),
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where [ is an identity matrix.

Lemma 1.2. [2] If M and/or Q) is a nonsingular matrix, then

M N
PoQ

‘ = |M|lQ — PM™'N| = |Q|IM — NQ™*P|.

2. DEGREE EXPONENT ADJACENCY POLYNOMIAL OF SOME GRAPHS

Theorem 2.1. Let G be an r-regular graph on n vertices. Then

w(G:A):r"w(G:i).

TT

Proof DEA(G) =r"A(G). Hence

W(G:)) = | M —DEAQ) |
— M= AG) |
A
- (7|31~ 40)

)
T

Definition 2.1. A subdivision graph of G is S(G) obtained by inserting a new
vertex on each edge of G [4]. If u € V(G) then degs(c)(u) = dege(u) and if v is
subdivided vertex then dg)(v) = 2.

g

Theorem 2.2. Let GG be an r-regular graph on n vertices and m edges. Then

B(S(G) ) = 17" 27N (G N o QT) .

7’2 or

O  2B(G)T

Proof. DEA(S(G)) r?B(QG)

, where O is the zero matrix.

Therefore,
M, —2"B(G)T
- |-rB(G) M, |
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Using Lemma 1.2

B(G)B(G)"
A

= NN, —r? 27 (A(G) 47 |

= N (N =320 I, — 1?27 A(G) |

B(S(G):A) = NNI, —r2 2"

A2 — 3o
— )\mfn 2 2r n|2t 5 = I—A
R a— ©)
)\2 _,r.3 r
2n gnr ym-—n .

4

Definition 2.2. The semitotal point graph of G is T;(G) with vertex set V(G) U
E(G) and two vertices in T1(G) are adjacent if they are both adjacent vertices
or one is a vertex and other is an incident edge to it [12]. If u € V(G), then
degr,(c)(u) = 2 dege(u) and if e € E(G), then deg 1,(c)(e) = 2.

Theorem 2.3. Let GG be an r-regular graph on n vertices and m edges. Then

G(TH(G): A) = A"7(20) A + 27 (2r)2)" ¢ (G: (21)2& 12227“22:)2) .

8 2 B(G)T

Proof. DEA(T1(G)) = (2r)2B(G) (2r)* A(G)

, where O is the zero matrix.

Therefore
M, -2 B(G)T

Y(I(G): A) = ‘—(2T>QB(G) M — (2r)7AG)|

Using Lemma 1.2

B(G)B(G)"

G(THG): N) = A™ AT — (2r)7A(G) — 22" (2r)?

A
= NN T — (2r)7 N A(G) — 2% (2r)? (A(G) + 1) |
= AT (A2 = 227(2r) ) — ((2r)% A +27(2r)2)A(G) |
= ATTR(2r)P A+ 22 (2r)?]" I - A(G)'

N2 — 227 (2r)%r
(2r)2r \ + 227(2r)?

(2r))A
(( )QTAZJQrTézr();:)>
o)

= ATT[(2r) A+ 227 (2r)7)" ¢ (G
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Definition 2.3. The semitotal line graph of G is T5(G) with vertex set V(G)UE(G)
and two vertices in T5(G) are adjacent if they are adjacent edges in G or one
is a vertex and other is an edge incident to it in G. If e = uv € E(G), then
degry e (e) = degg(u) + dega(v) and if u € V(G), then degr,q)(u) = dega(u).

Theorem 2.4. Let GG be an r-regular graph on n vertices and m edges. Then

A2 —2(2r) 2" )
2r)2 A+ (2r) (r)? )’

Y(To(G): X)) = N [(2r) 2N+ (2r)" 7™ ¢ (L(G):
where L(G) is the line graph of G.

(2r)A(L(G)) (2r)"'B(G)"
" B(G) @)
jacency matrix of the line graph of G and O is the zero matrix. Therefore

Proof DEA(T>(G)) = , where A(L(G)) is the ad-

M, — (2r)" A(L(G)) —(2r)"B(G)T .

V(Ta(G): A) = 2 B(G) A,
Using Lemma 1.2, we have
WT(C): N = X |31, — @A) - CLEGTEE) ‘
g, — @A) - L or A(L(G)))‘

= N (A= 2020) ) T = ((20)7 A+ (2r)" P A(L(G) |
A2 —2(2r) 2
(@pas ) = AE)

= AT 20)T N (20) T ¢ <L<G>: (23; A_ f (?;2>TZT>2) -

=N (20)2 A+ (2r)" P

g

Definition 2.4. The vertices and edges a graph are referred as its elements. The
total graph of G is T(G) with vertex set V(G) U E(G) and two vertices in T'(G)
are adjacent if the corresponding elements are adjacent or incident in G [4]. If
u € V(Q), then degrc)(u) = 2 degg(u) and if e = uwv € E(G), then degrc)(e) =
dega(u) + dega(v).
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Theorem 2.5. Let GG be an r-regular graph on n vertices and m edges. Then

W(T(G): \) = (2r)2mn) (g4 2)mn
H[xZ_(Z)\i +r— 2z + X+ (r = 3)N—r1],

i=1

where \;, i = 1,2,...,n are the eigenvalues of A(G) and = = (2;\)%.
| @2n)A(G) (2r)*"B(Q)
Proof. DEA(T(G)) = @ BG)T (2 ALG)) | Therefore
‘ A — (2r)" A(G) —(2r)* B(@G)
VIT(G): A) —2r)7B(G)T A — (2r)2’”A(L(G))‘
_ poamymtn @zl — A(G) —B(G)
= (@) g gy Sl — A(L(G)
_ (2p2rimtn) W! +rI — B(G)B(G)T —B(G)
B —B(G)T Gl +21 = B(G)'B(G)|

Multiply first row by B(G)T and subtract from second row, we get

Y(T(G): N) = (2r)20mtm

=l 4+l — B(G)B(G)" ~B(G)
(@ +r+1) BOT + BEOBEBE) (ghe +2)1]
(@)

and adding to first row and taking

Multiplying second row by (

5 we get

— e
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O(T(G): N) = (2r)2 ()

(x+7r)I — BBT + (—(x+r+1)B"+ B"BBT) e,

(x+2)

—(z+r+1)BT + BTBBT (x+2)1
= (2r)2mH) (g 4 2)™ | (x + )] — BBT + ) [—(z+r+1)I+ BBT]
_ (gpyprimn mlop (AG) +7D) o (o
= (2r) (g 4 )™ 2] — A(G) + o) [A(G) — (z + 1)[]‘

= (2r)2T(m+”) (x + 2)™" |A(G)2 — (2 —r+3)AG) + (2* — (r — 2)z — T)I}

= (2r)2r(mAn) (g 4 2)m-n ﬁ (A= (@ —r+3)N\+2° = (r—2)z — 7]

i=1

=

= @)@+ 2 [ - @+ = e+ A+ (= 3N -]

1

(2

where \;, i = 1,2,...,n are the eigenvalues of A(G). O

3. CONCLUSION

A degree exponent adjacency matrix of a graph is introduced and obtained its
characteristic polynomial for subdivison graph, semitotal point graph, semitotal
line graph and total graph of regular graphs. The study can be extended to find
properties of eigenvalues of the degree exponent adjacncy polynomial.
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