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EQUITABLE COLORING OF JUMP GRAPH OF GRAPHS
DAFIK!, K. PRAVEENA, M. VENKATACHALAM, AND IKA HESTI AGUSTIN

ABSTRACT. We discuss the equitable chromatic number of the jump graph of
Path, Cycle, Wheel graph, Helm graph, Sunlet graph and Tadpole graph in
this paper. A proper vertex coloring of a graph is equitable if the sizes of color
classes differ in size by at most one. Let G be the nonempty graph. The jump
graph J(G) of G is the graph whose vertices are the edges of G and where two
vertices of J(G) are adjacent if and only if they are not adjacent in G. The
jump graph J(G) is the complement of the line graph.

1. INTRODUCTION

Graph coloring is a special case of graph labeling in graph theory. Vertex
coloring is the most common graph coloring problem which states that it is
the way of coloring the vertices of a graph such that no two adjacent vertices
share the same color. The other graph coloring problems like Edge Coloring
(assigning a color to each edge so that no two adjacent edges share the same
color) and Face Coloring (assigning a color to each face or region so that no
two faces that share a boundary have the same color) can be transformed into
vertex coloring [6]. A vertex coloring of a graph G is a mapping C' : V(G) —
S. The elements of S are called colors; the vertices of same color form a
color class. If |S| = k, we say that C' is k-coloring. A coloring is proper if
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adjacent vertices have different colors. A graph is k-colorable if it has a proper
k-coloring. The chromatic number x(G) is the least & such that G is k-colorable
[3]. Obviously, x(G) exists as assigning distinct colors to vertices that yields a
proper |V (G)|-coloring. A proper coloring C' of a graph G, which assigns colors
to the vertices of G such that the numbers of vertices in any two color classes
differ by at most one, is called an equitable coloring of GG. In 1973, Meyer [8]
introduced first the notion of equitable colorability. In 1998, Lih [5] surveyed
the progress on the equitable coloring of graphs.

2. PRELIMINARIES

A graph G is said to be equitably k-colorable if its vertices can be partitioned
into k classes V1, V4, ..., Vi such that each V; is an independent set and the con-
dition ||V;| — |V;|| < 1 holds for every i, j. The smallest integer k for which G is
equitably k-colorable is known as the equitable chromatic number of GG and de-
noted by x—(G) [2]. The line graph L(G) of G has the edges of G as its vertices
which are adjacent in L(G) if and only if the corresponding edges are adjacent
in G. We call the complement of line graph L(G) as the jump graph J(G) of G,
found in [1]. Let G be a non-empty graph. The jump graph J(G) of a graph G
is the graph whose vertices are the edges of G and where two vertices of J(G)
are adjacent if and only if they are not adjacent in . Since both L(G) and
J(G) are defined on the edge set of a graph G, it follows that isolated vertices
of G (if G has) play no role in line graph and jump graph transformation. We
assume that the graph under consideration is nonempty and has no isolated
vertices [1,6,7]. The jump graph J(G) is totally disconnected if and only if G
is a star [9]. For any integer m > 4, the wheel graph W, is the m-vertex graph
obtained by joining a vertex v to each of the m — 1 vertices wuy, ug, ..., Upn_1
of the cycle graph C,,_;. The m-sunlet graph on 2m vertices is obtained by
attaching m pendant edges to the cycle C,, and is denoted by S,, [4]. The
Helm graph H,, is the graph obtained from an m-wheel graph by ad-joining a
pendant edge at each node of the cycle [4]. The (m, n)-tadpole graph denoted
by 7)., also called dragon graph is the graph obtained by joining a cycle graph
C,, to a path graph P,, with a bridge.
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In this paper we determine the equitable chromatic number of Jump graph
of path x_(J(P,)), cycle x=(J(C,,)), wheel graph x_(J(W,,)), helm graph
X=(J(Hp)), sunlet graph x—(J(S,,)), tadpole graph x—(J(T},.))-

3. EQUITABLE COLORING OF JUMP GRAPH OF PATH

Theorem 3.1. The Equitable chromatic number of jump graph of path J(P,,),
where m is any positive integer and m > 3 is

)5 if m is even;
P = g T
= if m is odd.

Proof Let V(P,,) = {v1,va,vs,...,v,} and E(P,,) = {v,, vy, v5...,v, ,} be the
vertices and edges of P,,, respectively. By the definition of Jump graph,

V(J<Pm)) = E(Pm) = {U,17U,27U;3 s 7U7/n—1}

The neighbouring vertices of J(F,,) are non-adjacent to each other and so
same color can be assigned to these neighbouring vertices. Since, the total
number of vertices is m — 1 and same color can be assigned to two vertices

m=- The
2

each, the total number of colors required will be either % or
assigning of colors is done by the following ways:

(1) If m is even.
The vertices {v,,vy,v3,vy,...,v,, ,+ are assigned the colors
: : m . )
{1,1,2,2,..., 7%}, respectively. In this case color 5 is assigned once
and all other remaining colors are assigned twice satisfying equitable
. m
coloring. Therefore, x—_(J(F,,)) = —.

2
(ii) If m is odd.
The vertices {v,,vy,v3,vy,...,v,, ,+ are assigned the colors
{1,1,2,2,..., mT‘l}, respectively. Here each color is assigned two times
: o e -1
which satisfies equitability. Therefore, y_(J(P,,)) = mT

OJ
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4. EQUITABLE COLORING OF JUMP GRAPH OF CYCLE

Theorem 4.1. The Equitable chromatic number of jump graph of cycle J(C,,),
where m is any positive integer and m > 3 is

T ouf mois even;

X=(J(C)) =
mT“ if m is odd.

Proof. Let V(C,,) = {v1,vs,vs,...,v,} and E(C,,) = {v},vy,v5...,v, } be the
vertices and edges of C,,, respectively taken in cyclic order. By the definition
of jump graph
V(J(Cn)) = E(Crm) = {03, 0, Vs -, Uy}
Similar to the previous theorem, the neighbouring vertices of J(C,,) are non-
adjacent to each other and so same color can be assigned to these neighbouring
vertices. Since, the total number of vertices is m and same color can be assigned
: . ) . m

to two vertices each, the total number of colors required will be either 5 or

1
%. The assigning of colors is done by the following ways:

(i) If m is even.

We assign the colors {1,1,2,2,...,% to the vertices
{v}, vy, v5,0,...,v, }, respectively. In this case all the colors are as-
signed twice satisfying equitability. Therefore, x_(J(C,,)) = %

(ii) If m is odd

We assign the colors {1,1,2,2,..., mT“} to the vertices

{v},vy,v5,0,...,v,}, respectively. In this case the color m il is as-

signed once and all other remaining colors are assigned twice which

satisfies the condition of equitable coloring.

Therefore, x_(J(Cly)) = mT“

Corollary 4.1. Since, J(P,), J(Ps) and J(C3) are null graphs

V= (J(Py)) = X=(J(Py)) = x=(J(Cs)) = 1.
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5. EQUITABLE COLORING OF JUMP GRAPH OF WHEEL GRAPH

Theorem 5.1. The Equitable chromatic number of jump graph of wheel graph
J(W), m > 3 and m being any positive integer is

2m 1))

) = |27

Proof Let V(W,,) = {v}U{u;: 1 <i<m—1}and

EW,) = {v;:1<i<m—1} U {u;:1<i<m-—1} where v; is the edge
{vu;(1 <i<m—1)} and u; is the edge {wu;41(1 <i<m—2)} and u,, , is
the edge u,,_1u;. By definition,

v<J(Wm)):E(Wm):{vg;1gigm—1}u{u;:1g¢gm_1}.

The total number of vertices of (J(W,,)) is 2(m — 1). Since, minimum degree
of each vertex of (J(W,,)) is 3, atleast 3 colors must be used. Hence, the total

2(m —1
number of colors used can be [%-‘ . The assigning of colors can be done

by the following three cases:

Case 1: If m (mod 3) =0.
The partition of V(J(W,,)) is done as follows:

Vi = {o e} U{ul)
Vo = (v} U {usu)
V= {u v} U {u}

V[@} = {U;nffi} U {u/mf47 u/mf3}
VP(MB*?)W = {U;n—z} U {u/m—Q}
V(%rg—lq = {U;n—l} U {U’;n—l}
The number of vertices in each of the color classes is either 2 or 3

satisfying equitability.
Case 2: If m (mod 3) =1.
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The partition of V' (J(W,,)) is done as follows:
Viio= {v, 0} U{u}
Vo = {vs} U{uy, us}
Vs = {vgv5}U{uy}

V[Q(n;—ﬂ = {U;n—?n U;n—Q} U {Ulm—:s}
V[@W = {v;n—l} U {u;n—za U’/rn—l}
Each of the color classes has 3 vertices satisfying equitability.
Case 3: If m (mod 3) =2.
The partition of V' (.J(W,,)) is done as follows:

Vi = {op0}U{u}
Vo = {5} U {uy,uz}
Vi = {u e} U{ul)

V[%mffﬂ = {U;an}U{u;nfi%vu;an}
VP(’";”W = {U;n—1}U{U;n—1}

The number of vertices in each of the color classes is either 2 or 3
satisfying equitability.
Thus, in all the three cases equitable coloring is satisfied.
2(m —1
Therefore, x_(J(W,,)) = [%-‘ O

6. EQUITABLE COLORING OF JUMP GRAPH OF HELM GRAPH

Theorem 6.1. The Equitable chromatic number of jump graph of helm graph
J(H,,), m > 3 and m being any positive integer is

X=(J (Hm)) = m.

Proof. Let V(H,,) = {v}U{u;: 1 <i<m}U{w;:1<i<m}and E(H,) =
{U;:1§i§m}U{u;:1§i§m—1}u{u;n}u{w;:1§i§m}wherev;is
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the edge {vu;(1 <i <m)}, u; is the edge {wu;;1(1 <i<m—1)}, u,, is the
edge u,,u; and w, is the edge {v;w;(1 <i < m)}. By the definition of jump
graph,

V(J(Hn)) = E(Hnm)=
{v;:lgigm}u{u;:1§i§m—1}u{ulm}u{w;:1§i§m}.
Each vertex {v;(1 <i < m)} is non-adjacent with the vertices u; and w;(1 <
o u; and w(1 < i < m). Thus,
the colors 1,2,3,...,m appears 3 times each satisfying m-equitable coloring.
Therefore, x_(J(H,,)) = m. O

/ /

i < m). Hence color i is assigned to the vertices v

7. EQUITABLE COLORING OF JUMP GRAPH OF SUNLET GRAPH

Theorem 7.1. The Equitable chromatic number of jump graph of sunlet graph
J(Sm), m > 3 and m being any positive integer is

X=(J(Sm)) = m.

Proof. Let V(S,,) ={vi: 1 <i<m}U{u;:1<i<m}and

E(Sy) ={v;:1<i<m—1} U{v,,} U{u;: 1 <i<m} where v; is the edge
{vwi1 (1 < i <m—1)}, v, is the edge v,,v1, u; is the edge v;u;(1 < i < m).
By the definition of jump graph,

V(J(Sm)):E(Sm):{v;:1§i§m—1}u{v;n}u{u;:1§i§m}.

Each vertex {v;(1 < i < m)} is adjacent to all other vertices of {v;(1 <i < m)}
except for the two neighbouring vertices. Each vertex of {u;(l <i<m)} is
adjacent to all other vertices of {u;(1 <4 < m)}. Thus, a clique is formed for
the vertices {u;(1 <i < m)}.

Hence, to satisfy equitability colors {1,2,3,...,m} are assigned in the same
order to the vertices {vy, vy, v5 ..., v, } as well as to the vertices {u}, uy, us . .., u,, },
respectively. Thus, each color {1,2,3,...,m} are assigned two times satisfying
equitable coloring. Therefore, xy_(J(S,,)) = m. O
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8. EQUITABLE COLORING OF JUMP GRAPH OF TADPOLE GRAPH

Theorem 8.1. The Equitable chromatic number of jump graph of Tadpole graph
J(Tm.n), m > 3 and m being any positive integer is

) = [

2
Proof. Let V(1)) ={vi: 1 <i<m}U{p;:1<j<n}and
E(Tn,) = {v:1<i<m} U {p;:1<j<n} where v; is the edge
{vivip1 (1 <i <m—1)}, v, is the edge v, vy, p; is the edge vip; and p; is the
edge {pjflpj<2 S] < n)} Then:
V(J(Timn)) = E(Tnn) = {v; 1< < m} U {p; 1<y < n} )

By definition, the neighbouring vertices of jump graph of tadpole graph are

nonadjacent to each other and can thus be assigned same color. Since neigh-
bouring two vertices are assigned one color, the total number of colors used

m-+n . .
are where m + n is the total number of vertices.
The assigning of colors is as follows: The colors {1,1,2,2,..., [Zf]} are
assigned consecutively to the vertices {71/1’“/27 o ,v;n, Py, p;, o ,p;l} such that

each color appears either once or twice satisfying equitable coloring. Therefore,

T = |5, .
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