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ON R-LINEAR CODES AND ITS COVERING RADIUS
OF SOME CLASSES OF LINEAR CODES IN R

P. CHELLA PANDIAN! AND J. MAHALAKSHMI

ABSTRACT. In this paper, we determine the covering radius of codes over
R = ZyR*, where R* = Zy + uZy,u? = 0. We have defined the block repe-
tition codes over R and obtain the covering radius with respect to Euclidean
weight and Lee weight for block repetition codes, simplex code of a-type and
S-type in R.

1. INTRODUCTION

Recently, there has been substantial interest in the class of additive codes.
In [10, 11], Delsarte contributes to the algebraic theory of association scheme.
Additive codes over Z5Z, have been extensively studied in [1,3-5]. Enormous
results were made available on the simplex codes over finite fields and finite
rings. A few of them are [6,12,13].

In [7], the authors, in particular, gave lower and upper bounds on the cover-
ing radius of codes over the ring R = Z, + uZ, where u? = 0 with respect to
different distance, and they explained the covering radius of various repetition
codes, Simplex Codes (Type a and 3 over R.) Further, in [8], they examined the
covering radius of Simplex and MacDonald codes of types a and [ over ZsZ,.

Lcorresponding author
2010 Mathematics Subject Classification. 11T71, 94B05, 11H71.
Key words and phrases. Additive codes, Covering radius, Gray map, Lee weight, Euclidean
weight, Simplex codes.
1165



1166 P. CHELLA PANDIAN AND J. MAHALAKSHMI

The above results motivate us to investigate in this area. In this paper, we ob-
tain the covering radius of codes over R and covering radius for block repetition
codes, simplex codes of types « and [ were determined over R. The rest of this
paper is organized as follows.

In Section 2, some properties related to additive codes over R = Z, R*, where
R* = {0,1,u,1 + u},u* = 0 are given. The covering radius of codes over R
is considered in Section 3. In Section 4, we define the block repetition codes
over R and find their covering radius. The construction of simplex codes over
R of types o and 8 and the covering radius of these codes is also considered in
Sections 5.

2. PRELIMINARIES

Throughout this paper, R = Z,R*, where R* = {0,1,u,1 + u},u? = 0. In this
section, some preliminary results are given based on [3] and [5]. A non empty
set C' is a R-additive code if it is a subgroup of ZJ x R*’. In this case, C' is also
isomorphic to an abelian structure Zy x R* for some \ and . We say that C is
of type 2* R** as a group. It follows that it has | C' |= 2**2* codewords, and the
number of order two codewords in C'is | C' |= 2+,

We consider the following extension of the Gray map

¢: 73 x R — 77, with n = v + 2,

given by

gb(uv U) = (u7 ¢(U1), T ¢(U5))7 Vue Zg7v (Ulv T 7U5) € R*67
where

¢: R — 13,

is the Gray map given by ¢(0) = (0, 0),¢(1) = (0, 1),¢(u) = (1, 1), and ¢(1 +
u) = (1, 0). Then the binary image of a R—additive code under the extended
Gray map is called a R—linear code of length n = v + 2.

The Hamming weight of u, denoted by wty(u) and wty(v) and wtg(v) the Lee
and Euclidean weights of v, respectively, where ucZ] and veR*’ are defined as

wtg(v;) =<1 ifv,=1o0r (1+u)

4 ifv,=u
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and

wtr(v;) =41 ifv,=1o0r (1+u).
2 if v, =u
The Lee weight of = is defined as wt,(z) = wty(u)+wtr(v), with z = (u, v)eZ] x
R* and u = (uy, ---, uy) € Z} and v = (vy, --- , vs) € R*’ and the Euclidean
weight of x is defined as wtg(x) = wty(u) + wig(v). The Gray map defined
above is an isometry which transforms the Lee distance defined over ZJ x R*’
to the Hamming distance defined over Z7, with n = ~ + 2.

3. THE COVERING RADIUS OF CODES OVER R

The covering radius of a code C over R is introduced in this section.
Let C' be a code of length n with minimum distance d over a code alphabet

. d—1
A. Then the spheres of radius {TJ around the codewords may not cover the
whole space.
The least non-negative integer r such that sphere of radius r around the code-
words cover the whole space A" is called the covering radius of the code. That
is, the covering radius of C' is

r(C) = max {min {d(u, c)}} .

ucAn | ceC

For a binary code C, its covering radius r(C) is defined as follows

(3.1) r(C) = max{mindgy(u, c)}.

ueFy © ceC
The extension of this definition to codes over R is that the covering radius of a
code C' is the smallest number r such that the spheres of radius r around the
codewords cover Z] x R*’. Hence, the covering radius of a code C over R, with
respect to the Lee and Euclidean distances, is given by

rp(C) = max {mind.(u,c)} and rg(C) = max {mindg(u,c)},
ueZgXR*é ceC ueZgXR*é ceC

respectively. It is easy to see that r.(C') and rg(C) are the minimum values r;,
and rp such that
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7] x R = | S,,(c),
ceC
and

71 x R = J S, (c),
ceC
respectively, where

S

TL

(u) = {veZ] x R*;dp(u,v) <1},
and
Syp () = {veZy x R*;dp(u,v) < rig},
for u e Z x R*.
The following result, for codes over Z,, given by Aoki et al. in [2] is also valid

for codes over R. Its proof follows from the definition of the covering radius and
the fact that the map ¢ is a weight preserving map.

Proposition 3.1. Let C be a code over Zj x R* and o(C') be the Gray map image
of C. Then rp(C) = ru(p(C)).

The following result is useful for determining the covering radius of codes
over rings. This is a generalization of the result in [9] for codes over finite
fields.

Proposition 3.2. If C and C; are codes over R, of lengths ny and n,, minimum
distance dy and d,, and generated by matrices Gy and G1, respectively, and if C'is
the code generated by

0 | Gy
Go| A
then r,(C) < rq(Cy) + r4(Cy), and the covering radius of the concatenation of C
and (', denoted C., satisfies

T’d(CC) Z ’f’d<Co) + T’d(Cl),

G:

9

for all distances d over R.

Proof. We define the generator matrix of C. as [Gg, (1], so that C. is a code
of length ny + n; and minimum distance d, where d > min{do, d;}. Then the
covering radius satisfies

ra(Ce) > 14(Co) + 1r4(Ch).



ON R-LINEAR CODES AND ITS COVERING RADIUS OF SOME ... 1169
4. THE COVERING RADIUS OF THE BLOCK REPETITION CODES OVER R

In order to determine the covering radius of simplex codes of types o and
over R, we define some classes of block codes over R and the approach in [14]
is used to obtain the covering radius.

7
The block repetition code C™ over R is a R—additive code of lengthn = > n;

j=1
with generator matrix
G =(0101---010u0u - - - 0u01 + w01 + - --01 +w1010--- 101111 --- 1T
ne nr

A

Tulu- - 1ull +ull +u--- 11 4+ w).

If, for a fixed 1 < ¢ < 7, we have for all 1 < j # i < 7,n; = 0, then the code
C™ = C™ is denoted by C;. Therefore, the seven basic repetition codes are given
below. We have that
Cy1 ={(00---00),(01---01), (0w---0u), (0L +u---01 4 u)},
is an additive code of length n = n; generated by
Gy = [0101---01].
Cy = {(00---00), (0u---0u),
is an additive code of length n = n, generated by
Go = [0ulu - - - Ou.
Cs = {(00---00), (0L---01), (Ou---0u), (01 +u---01 +u)},
is an additive code of length n = n3 generated by
G3 =01 +u0l 4+ u---01+ul,
Cy = {(00---00), (10---10)},
is an additive code of length n = n, generated by
G, = [1010- - - 10],
Cs = {(00---00), (01---01), (Ou---0u), (01 +u---01 + u), (10--- 10),
(11---11), (lu---1u), (11 +u--- 11+ u)},
is an additive code of length n = n; generated by
G5 = [1111---11],
Cs = {(00---00), (Ou---0u), (10---10), (lu- - - 1u)},
is an additive code of length n = ng generated by
G = [lulu- - 1ul,
C7 ={(00---00), (01---01), (Ow---0u), (01 +u---01 + u),
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(10---10), (11---11), (Lu-- - 1u), (11 +u--- 11 +w)},
is an additive code of length n = n; generated by
Gr=[11+ull+u---11 4 ul,
The following theorems provide the covering radius of C;, for 1 < j < 7.

Theorem 4.1. The covering radius of C;,1 < j < 7, with respect to the Euclidean
weight is given by

(1) 3n/4 <rg(Cy) =rr(Cs) < 2n,

(2) n <rp(Cy) < 3n,

(3) n/4 <rp(Cy) < 4n,

4 n <rp(Cs) =re(Cr) < 2n,

(5) 5n/4 <rr(Cs) < bn/2.

Proof. For ceC;,1 < j <7, lett;(c),0 <i <7 denote the number of occurrences
of symbol 7 in the codeword c. Considering 1 to 5, we have that

re(C;) = m%X{dE(x, Cy);1 <35 <7}
zeR™

7
Let xeR™. If x is given by (to, t1,1t0, 13,14, t5, tg, t7), where Z tj =N, then

J=0
dp(z,00) = n — tg+ 3ty + t5 + 4tg + tr,
dp(z,01) =n —t1 + 3t3 + t4 + te + 47,
dp(z,0u) = n — ty + 3tg + 4ty + t5 + tr,
dp(x,01 +u) =n —t3+ 3ty + ty + 4t5 + te,
dp(z,10) = n — ty; +ty + 4ty + t3 + 3t,
dp(z,11) = n — t5 + to + t2 + 4t3 + 3t,
dp(z,Tu) = n — tg + 4tg + t1 + t3 + 3ty,
dg(z, 11+ u) =n —ty + to + 4ty + t2 + 3ts.
Therefore,

dE(xa 01) = dE(% O:%) =
mll’l{(’I’L — t() —I— 3t2 —I— t5 + 4t6 —I— t7), (TL — tl + 3t3 + t4 + t6 + 4t7),
(n—t2—|—3t0+4t4+t5—|—t7),(n—t3—|—3t1 +t4+4t5+t6>}

< 4n+2(t0—|—t1+t2+t3+t4+t5+t6+t7)+2(t4+t5—|-t6+t7)

<2
1 <2n

and hence

TE(Cl) = TE(Cg) S 2n.
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If
I I I I
N NS N % ~
x=(00---0001---010u---0u0l +u---01+4u) eR",
then
_ _ — 3
dp(x,00) = dp(x,01) = dp(z,00) = dp(z, 01 + u) = g + 4(%) + g - z”

Thus r5(Ch) = rs(Cy) > %” and we have, %” < rp(Cy) = ra(C) < 2,

dE(ZE, Cg) = mln{(n - t() + 3t2 + t5 + 4t6 + t7), (n - t2 + 3t0 + 4t4 + t5 + t7>}
< 2n + 2<t0 + tg + t5 + t7) + 4<t4 + t(,-)
- 2
Therefore, rx(Cs) < 3n.
If

< 3n.

|3
|3

——
z=(00---000u---00) e R",

then dg(z,00) = dg(x,0u) = 4(%) = n. Thus rg(Cs) > n, and so, n < r(Cs) <
3n,

dE(QZ,C4> :min{(n—t0+3t2+t5—|—4t6—|—t7),(n—t4+t1+4t2+t3—|—3t6)}
< 2n—t0+t1+7t2+t3—t4+t5+7t6+t7 <

< <4n
2
and hence r5(Cy) < 4n.
If
5 3
x=(00---0010---10) e R",
N n

then dp(z,00) = dp(x, 10) = % Thus r(Ch) > 7

and so % <rg(Cy) < 4n,
dg(z,C5) = dg(x,Cr)
= min{(n — to + 3ty + t5 + 4ts + t7), (n — t1 + 3t3 + t4 + tg + 4t7),
(n—to + 3tg + 4ty + t5 + t7), (n — t3 + 3t + ty + 4t5 + t6),
(n —tq +t1 + 4ty + t3 + 3tg), (n — t5 + to + to + 4t3 + 3t7),
(n —te + 4to + t1 + t3 + 3tq), (n — t7 + to + 4ty + to + 3t5)} < 2n,

then r5(C5) = rg(Cr) < 2n.
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If
g g g 5 g
N NN N % ——
z=(00---0001---010u---0u0l +u---01 +ul0---10
5 5 5
1 1T Tu- - 1wl du--- 11+ u) e R,
then
dp(z,00) = dg(x,01) = dg(z,0u) = dg(z, 01 + u)
= dg(z,10) = dg(x,11) = dp(z, Tu) = dg(z, 11 + u)
n n n m n . n n n
Y i SR TR SN | (Rl SR
TS TR T TR T ST

Thus TE(C5) = TE(C7) >n, and son < TE(C5) = T‘E(C7) < 27’L,
dE<l’, Cﬁ) :mln{(n - t(] + 3t2 + t5 + 4t6 + t7), (TL - tQ + 3t0 + 47f4 + t5 + t7),

(n—t4—|—t1—|—4t2+t3+3t6),(n—t6—|—4t0—|—t1—l—t3+3t4)}
< dn 4+ 2n+4n

Sy
on
so then r5(Cy) < -
If
N — N
x=(00---000u---0ul0---101u---1u) e R",
then
— — — — D
dp(z,00) = dp(z,00) = dp(z,10) = dp(z, Ta) = 4(2) + &+ 2 44y =22
8 8 8 8 4
) ) 5
Thus rg(Cs) > Zn’ and so Zn <rp(Cs) < 7” O

Example 1. Consider the repetition codes of length n = 4 over R = ZyR*, where
R* = Zy + uZsy,u? = 0. Then, we have the seven basic repetition codes of length
n = 4 respectively.

C1 = {k(01010101) | k € R}, Cy = {k(0uOuOulu) | k € R},

C3 = {k(01 + u01 + w01 + w01 + u) | k e R}, Cy = {k(10101010) | k € R},

Cs = {k(11111111) | k € R}, Cs = {k(lulululu) | k e R},

Cr ={k(11 + ull + ull + ull +u) | k e R}.
Further we have, rg(Cy) = rg(C3) = 8, r(Cy) = 12, r(Cy) = 16, re(C;5) =
rep(C7) = 8 and rg(Cs) = 10. The Covering radius of these repetition codes with
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respect to the Euclidean weight have achieved the upper bound that appeared in
Theorem 4.1.

Theorem 4.2. The Covering radius of C;,1 < j < 7, with respect to the Lee weight
is given by
(1) n/2 <rp(Ch) =
(2) n/2 <rp(Cy)
(3) n/4 < rp(Cy)
(4) 3n/4 <rp(C5) = (07) < 3n/2,
(5) 3n/4 <rp(Cg) < 3n/2.

Proof. For ceCj,1 < j <7, lett;(c),0 <i <7 denote the number of occurrences
of symbol 7 in the codeword c. Considering 1 to 5, we have that

ri(Cj) = max{dy(z,Cj);1 < j < T}

zeR™

7
Let zeR™. If x is given by (¢, t1, t2, t3, t4, t5, ts, t7), Where > t; = n, then

j=0
dr(z,00) = n —tg + ty + ts5 + 2t + tr,
dr(z,01) =n —ty +t3 + tg + tg + 2t
dr(z,0u) = n —ty +to + 2ty + t5 + t7,
d

dp(z,10) =n — ty +t1 + 2ty + t3 + te,

|o|

(,
(,
(,
L(z,01 +u) =n —t3+ 1ty + tg + 2t5 + tg,
(,
(z,
(,
(,

dL 11):n—t5—|—t0+t2+2t3+t7,
dr(z, Tu) = n — tg + 2tg + t1 + 13 + t4,
dL 11 )—n—t7+t0+2t1+t2+t5.

Therefore, dL(.T, Cl) = dL(x, Cg) = mm{(n —ty+to + 15 + 2t6 + t7), (Tl — 1 +

t3+t4+t6+2t7),(n—t2+t0+2t4—I—t5+t7),(n—t3—|—t1+t4—|—2t5+t6)} S
47L+4(t4+t5+t6+t7)

1 < 2n, then
TE(Cl) = TE(O3) S 2n.
If
p i i i

N —
2= (00---0001---010u-- 0001 +u---0L +u) e R", then dy,(x,00) = d,(z,01) =
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E) +2 =" Thus rp(C1) = rp(Cs) > g, and

dp (2, 00) = dy (2,00 ¥ u) = = +2(8 S5

8
SO g < ’f‘L(Cl) = TL<03) < 2n,
dL<CC, CQ) = mln{(n — to + tQ —|— t5 —f- 2t6 —I— t7), (TL — tg + t() —+ 2t4 + t5 + t7)}
< 27’L—|—2(t4+t5+t6+t7)
- 2
Then ’I"L(Cg) < 2n.
If

< 2n.

|3
|3

— N —
z=(00---000u---0u) e R",

) = g Thus r;(Cy) > g and so g <rp(Cy) <

-~ 3

then dy(x,00) = dp(z,0u) = 2(
2n,

. 2n +2n
dL(ZL‘, 04) = mln{(n—t0+t2+t5—l—2t6+t7), (n—t4—|—t1+2t2+t3+t6)} S B S 27’L,

so then r(Cy) < 2n.
n/1 n/2

If + = (00---0010---10) ¢ R", then dy(x,00) = dy(2,10) = (=) = %- Thus

rp(Cy) > %, and hence % <rp(Cy) < 2n,

dp(z,C5) =dg(x,Cq)
=min{(n — to + to + t5 + 2t + t7), (n — t; + t3 + t4 + tg + 2t7),
(n—ty+1tg+ 2ty +t5+t7), (n —tz+t1 + tg + 2t5 + t6),
(n—ty+ 1t + 2ty +t3 + tg), (n — t5 + to + to + 2t3 + t7),
(n—teg+2tg+t; +ts+ts),(n—tr+to+2t1 +ta+15)}
S871—781—|—5n < 37717
so then . (C5) = r(C7) < 3;”
If

n

0|3
|3
> ool3

— N ~
z=(00---0001---010u---0u0l +u---01 +u

|3
|3
|3
> ol3

—— N ~
10---1011--- 111w~ lull +u--- 11 +u) e R™,



3 3
Zn' Thus r.,(C5) = rp.(C7) > Zn’ and so
dL(ZE, CG) :mln{(n - to + tg + t5 + 2t6 + t7), (TL - t2 + tg + 2t4 + t5 + t7),

(n—ty+t+ 2ty + 13 +t6), (n —te + 2to + 11 + t3 +14)}
<4n+2n <3_n’
- 4 -2
3n
5

so then r(Cs) <
If

n n

n n n
4 4

—
2= (00---000u---0u10---10Tu---1u) e R",

then d; e, 00) = dy (2, 00) = dy (2, T0) = dy(a, T0) =2(2) + 2 + 2 4 (%) = 22
Thus r,(Cs) > ??Tn, and hence %n < rp(C) < 3771 B

Example 2. Consider the repetition codes of length n = 4 over R = ZyR*, where
R* = Zy + uZsy,u?* = 0. Then, we have the seven basic repetition codes of length
n = 4 respectively.

Cy = {k(01010101) | k € R}, Co = {k(0u0uOuOu) | k € R},

Cs = {k(01 + u01 + u01 4 w01 + u) | k e R}, Cy = {k(10101010) | k ¢ R},

Cs; = {k(11111111) | k e R}, Cs = {k(lulululu) | k € R},

Cr={k(11 +ull + ull + ull +u) | k e R}.
Further we have, r;(Cy) = rp(C3) = 8, r(Cy) = 8, ri(Cy) = 8, r(Cs) =
r.(C7) = 6 and r(Cs) = 6. The Covering radius of these repetition codes with
respect to the Lee weight have achieved the upper bound that appeared in Theorem
4.2.

Theorem 4.3. The covering radius of the block repetition code C™ have the follow-
ing properties;
TE(Cm> S %[5(711 + ns + TLG) + 3%2 + 9714] + 2(715 + n7),

andifn; =---=n; =

S

rp(C™) = 2n.
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Proof. By Proposition 3.2, Theorem 4.1 and Theorem 4.2, we have
T = X1Xox3T4T5Tel7 € R”

with x1, s, 13, 14, Ts5, Tg, 7 given by
(ag, a1, as, as, aq, as, ag, ar), (bo, by, ba, bs, by, bs, bg, br),
(co, €1, o, €3, €4, C5, Co, C7), (do, di, do, d3, dy, ds, dg, d7),
(e, €1, €2, €3, €4, €5, €6, €7), (fo, f1, f2, [3, f1, f5, fos f7),

(907 g1, 92, 93, 94, 95, 96, 97)7
respectively, such that

7 7 7

7
ny = E aj7n2:E bj, Nng = E cj,n4:E dj
=0

j=0 =0 §=0

7 7 7
ns = E €j, Ne = E fj7 nrz = E gj-
j=0 j=0 j=0

Then

dg(z,00) = ny — ag + 3as + as + 4ag + ag + ny — by + 3ba + b + 4bg + by + ng —
co+ 3co+ c5+4cg + cr +ny — dy + 3ds + ds + 4dg + d7 +ns — eg + 3es + e5 + deg +
er +ne — fo+3fe + f5s +4fc + fr+n7— go+ 392 + g5 + 496 + g7,

where

— /—H/—M/—H/—/A/—/A/—/%/—/A
00=00---0000---0000---0000---0000---0000---0000---00,

is the first vector of C™, where n = nq,
dp(x,71) = n1 — a1 + 3as + a4 + ag + 4ar + ngy — by + 3by + 4by + b5 + by + nz —
c3+3ci+cy+4cs+cg+ng—dy+dy +4ds + ds + 3dg +ns — e5 + eg + e + deg +
3er +mng — fo +4fo+ f1+ f3+3f1+n7— g7+ go+4g1 + g2 + 395,
where

=

ni no n3 n4 ns ne ’fl7

/—M/—M /—/A/—M/—M
01---010u---0u0l +u---01+210---1011--- 11 1u--- lull + u--- 11 4 u,

is the second vector of C", where n = na,

dp(x,72) = n1 — a1 + 3asz + a4 + ag + 4a; + ng — by + 3by + 4by + b5 + b7 + ng —
c3+3c1 + ¢y +4cs +cg+ng — do+ 3dy + ds + 4dg + d7 +ns5 — ey + 3es +eq +eg +
der +ng — fa+3fo+4fs+ f5+ fr +n7r— g3+ 391 + g1 + 495 + ge,

where
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Yo =
ni n9 n3 N4 ns ne ny
N\ A\

N~ — NN N ~
01---010w---0u0l +u---01 +¢00---0001---010%---0u0l 4+ w---01 4+ w,

is the third vector of C™, where n = ng,

dp(x,73) = n1 — as + 3ag + 4dayg + a5 + a7 + ngy — by + 3by + by + 4bg + by + ng —
Co+3co+4cy +c5+cr+nyg—dy+ 3dy + ds + 4dg + d7 +ns — es + 3eg + dey + e5 +
er +mne — fo+3fe+ f5s +4fc + fr+n7— g+ 390 + 494 + g5 + g7,

where

ni ng ns ng ns ng ny

_ —~—~—— N
y3 =0u---0u00---000%---0u00---000w%---0u00---000wu---Ou,

is the fourth vector of C", where n = ny,
dE(.I,M) :n1—a3+3a1+a4+4a5+a6+n2—b2+360+4b4+b5+b7+n3—
Cl—|—363+C4—|—CG+4C7—|—TL4—d0+3d2+d5+4d6+d7+n5—63+3€1+€4+4€5—|—
e +ne— fot+3fo+4fs+ f5s+ fr+nr— g1+ 395+ g4 + g6 + 497,
where
ni no n3 ng ns
_ % ~ N % ~
Yy =014u---014+u0u---0u01---0100---0001 +w---01 +u
ne ny

—— % ~
Ow---0ul0l +u---01+ u,

is the fifth vector of C", where n = ns.

dg(x,7s5) = n1 — ag + 3ay + a5 + 4ag + a7 + ngy — by + 3by + by + 4bg + by + ng —
Co+ 3¢y +c5+4cg +cr+ny—dyg+dy +4dy + ds + 3dg + ns — eq + €1 + deg +e3+
3ee + 16— fa+ fi+4f2+ f3+3fc + 17— gs+ g1+ 492 + g5 + 396,

where

ni n2 n3 na ns ne nr

—t—
¥5=00---0000---0000---0010---1010---1010---1010--- 10,

is the sixth vector of C", where n = ng.

dp(z,7Ys) = n1 — as + 3ag + 4ag + a5 + a7 + ny — by + 3by + bs + 4bg + by + n3 —
Co+3co+4cy +c5+cy+nyg—dyg+dy +4dy + ds + 3dg + ns — eg + deg +e1 +e3+
3es+ng — fa+ fi +4fo+ f3+3f6 + 17— g6 + 490 + 91 + g3 + 394,

where

ni n2 n3 na ns ne nr

—t———
Y6 =0u---0u00---000w---0ul0---101w---1w10---101u - - - lu,
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is the seventh vector of C", where n = n.

dp(x,77) = n1 — az + 3a; + a4 + 4as + ag + ngy — by + 3bg + 4by + b5 + by + n3z —
c1+3cs+cy+ce+4cy+ng—dy+dy +4dy +ds + 3dg + ns — er +eg + deg +ex +
3es +ng — fo +4fo+ fi+ f3+3fs+n7— g5+ go+ g2 + 493 + 397,

where

Yyr =
ni n2 n3 n4 ns ne nr
A\ A\

- N —N— - —N——
0L +wu---0l+a0u---0001---0110---1011 +w---11 +alu---1a1l---11,

is the eighth vector of C™, where n = ng.
Thus

T’E(Cm)

< &ny +4(a0—|—a1 “+ ag +a3) -+ 12(a4—|—a5 —|—a6—|—a7) + 8ny

8
8([)0 + b2 + b5 + b7) —|— 16(b4 + b6) + 8713 + 4(00 + C1 —|— Co + 03)

8
12(64 +¢5 + ce + 07) + 8ng — 4(d0 + d4) + 4(d1 +d3+ds + d7)

8
28(d2+d6)+8n5+8(€0+61+€2+€3+€4+€5+66+67)

8
8ng +12(fo + fo+ fa+ fo) +4(fr + fs + f5 + fr)

8
+8n7+8(go+91+92+93+94+95+96+97)

8

+ 4+ o+ o+

Hence
T‘E(Cn) S %[5(711 + ns + TLG) + 3712 + 9714] + 2(715 + 7’L7).

For the second part, we have that ¢(C™) is the set given by
{000 - - - 000000 - - - 000000 - - - 000000 - - - 000000 - - - 000000 - - - 000000 - - - 000,
001---001011---011010---010100--- 100101 - -- 101111 --- 111110 - - - 110,
001---001011---011010- - - 010000 - - - 000001 - - - 001011 - - - 011010 - - - 010,
011---011000---000011---011000---000011---011000--- 000011 --- 011,
010 ---010011 - - - 011001 - - - 001000 - - - 000010 - - - 010011 - - - 011001 - - - 001,
000 - - - 000000 - - - 000000 - - - 000100 - - - 100100 - - - 100100 - - - 100100 - - - 100,
011---011000 - -- 000011 ---011100--- 100111 ---111100- - - 100111 - - - 111,
010---010011---011001 - - - 001100 - - - 100110 - - - 110111 - - - 111101 - - - 101}
Then r(c™) = r(¢(C™)) = 2n. O
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5. SIMPLEX CODES OF TYPES ot AND (3

In this section, we consider the construction of simplex codes of types o and
B over R. Let m3, be the generator matrix of S, the binary simplex code of
type «, defined as

00---0|11---1
- ‘ - , for k > 2,
My k—1 ‘ Mo k1
where
mg, = [0, 1].

In [6], the simplex codes Sf, of type a over R* were defined. The generator
matrix Gf. ;, of Sg. ;. is

000111 [uw-u|l+ul+u-1+u

- - - - ,for k > 2,
G | Geir | Goin | G

where
G%*,l — [O 1 u 1 +’U,}

We define the generator matrix of Sg, the simplex code of type a over R, as
the concatenation of 2%* copies of the generator matrix of Sy, and 2F copies of
the generator matrix of S%. , given by

@2‘2[ msy | mSy | oo [ mSy [ Gy | G| [ G } for k > 1,
The standard form of ©f of the generator matrix of Sy is given by

0000---00|0101--01 |-+ [11+ull+u---1l+u

Qo=
) o, | ©g, |- oy,

,for k > 2,

where
02 =00 01 0w 01 4« 10 11 1u 11 + 1].

The length of the simplex code of type a over R is equal to 2%*! and the
number of codewords is equal to 2% R**' for some kq and k;. In the case where
k =1 with kg = 0 and k; = 1, we have that, all of the codewords of the simplex
code Sy are generated by Of, and are given by

00 00 00 00 00 00 00 00
0001 0% 01 +2 1011 1w 11 4+ u
00 Oz 00 Ow 00 Ow 00 Ou
00014+ % 0u011011+w lull
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The type  simplex code S,f is a punctured version of S¢. The number of
codewords is 2% R** for some ky and &, and its length is 2¥(2¥=2 + 1)(2F — 1).

The generator matrix of S,f is the concatenation of 2* copies of the generator
matrix of Sg . and 251 copies of the generator matrix of 5% .. given by

(5.1) @ﬁZ[mgk‘mgk‘m [y | G | G | ‘Gﬁ*,k],for k> 2,

where mg . is the generator matrix of the binary simplex code of type ( given by

o
mo k1 ‘ Mo k1

5 1110
m = B
221011

and Gg* . 1s a generator matrix of the simplex code over R* of type [ defined as

with

11---1]00 -0 |uu--u
G%*,k—1 ‘ G%*,k—l ‘ Gl%*,k—l

s | 1111 |o]u
Cre 2= [01u1+u11]'

The following theorems provide upper bounds on the covering radius of sim-

],forkz?),

with

plex codes over R with respect to the Lee and Euclidean weights.

Theorem 5.1. The covering radius of the R—simplex codes of type « are upper
bounded as follows:

ro(Se) < 3.2%1 and rp(Sg) < 28(L2E=1)

Proof R-simplex codes of type o have a Lee weight equal to 23* or 3.23%1,
Hence, from (3.1), Proposition 3.2 and Theorem 4.2, we have
rL(Sy) < TL(Q%SS, k) T 7“L(kazoé*, k)

< 2% ( > k)t riL(S%‘,‘*’ k)

< 2%y ( 5> k)t 2er(S§*, )

< 22k<2k71) + 2k[<3.22(k71) + 3.22(k72) I 3.22.1) + T‘L(S%*’ 1)}

< 23k—1 + Qk[(22k . 1) + 1]

< 93h=1 | ok 92k

< 23k—1 + 23k
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< 3.2%k1

Thus r;,(S¢) < 3.2%~1. Similar arguments using (3.1), Proposition 3.2 and The-
orem 4.2 give that

re(Sy) < rp(2*%S5 ) + TE(QkSJOé*, k)
< 2%rp(S85 1) + 2°rp(She 1)
S 22kTH( 20i k) + 2k7’E(Sg*7 k)
2k

)

7.22k 1 0 )]
< 2(=5—).

g

Theorem 5.2. The covering radius of the R—simplex codes of type 3 are given by
@ ro(S) < 2@ 12 - 1) - 2],
.. 14.2%F — 449
(i) 75(Sy) < zk—l(T).

Proof. From (3.1), (5.1), Proposition 3.2 and Theorem 4.2, we have
rL(S,'f) < TL(2kS§ p) + rL(2’f—1S,§*7 %)
< riL(Sg i)+ 2k_1TL(S§*7 %)
< QkTH(Sg, k)t Qk_lrL(Szﬁ%*, )

< 2]{(& + 2k71[2k71(2k _ 1) _ 2]

S 2k71(2k - 1) 4 2k71[2k71(2k o 1) o 2]
< 2FH(2R 1) (28 — 1) — 2]
Similar arguments using (3.1), Proposition 3.2 and Theorem 4.2 give that
re(Sy) < re(2°S5 ) +re(2" 'S )
< ZkrE(Sg p) + 2k_17’E(S§*7 i)
< 2er(Sg, k) T Qk_lrE(SJB%*, k)
< 2kz( ; 1) +2k—1[2k(2k+1_1)+ 1

—(2%—1)— g] (since rp(S5) < 25)

3
1 14
<SP ) PR 1) 4 (@ - 1) - ]
1 14
< MMM 1) + 5(2% -+ 2" -1) - 77}
2k __
< g1 (142 : 49,
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