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ON THE COMPARATIVE GROWTH OF GENERALIZE
ITERATED ENTIRE FUNCTIONS

RATAN KUMAR DUTTA, NINTU MANDAL!, AND NIRMAL KUMAR DATTA

ABSTRACT. In this article, we study the properties of generalize iterated entire
functions and prove some results on the comparative growth properties of
the maximum term of generalize iterated entire functions which improve and
generalize some earlier results.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS

M(r, f) = maxp.— |f(2)| and u(r, f) = max, |a,|r" are respectively called
the maximum modulus and maximum term of the entire function f(z) =
= loglog M(r, f) loglog M(r, f)

Zanz” on|z| =r, ps = lim sup and A; = lim inf
et 00 log r r—00 log r

are respectively called the order and lower order of the entire function f.

Definition 1.1. [8] We define logl’l0 = 6, expl”0 = 6 and for positive integer t,
log"0 = log(logt=10), expd = exp(expl=10).

In 1989 A. P. Singh [9] proved the following very important relation between
the maximum modulus and maximum term of an entire function.
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Theorem 1.1. [9] Let f be an entire function defined in the open complex plane
C. Then for0 < 6 < O,

(0, f) < M(0, f) < n®, f).

©—46
If © = 20 then,

(1.1 u(, f) < M0, f) < 2u(20, f),

for all sufficiently large values of 6.

Using (1.1) we can easily prove that
i s 1087 10, £)
pr= 9—>}>)o log 6
and

o logPh (e, f)
Ap=lim i ==

Definition 1.2. [1] Let f(z) and g(z) be two entire functions defined in the open
complex plane C' and « € (0, 1]. Then the generalize iterations of f(z) with respect
to g(z) are defined as follows:

figlz) = (Q—a)z+af(z)

fog(z) = (L—a)gr(2) +af(g1r(2))

f39(2) = (1—a)ges(2) + af(g2,(2))

frg(2) = (1 =a)gn-14(2) + af(gn-14(2))
and so are

g10(2) = (I—a)z+ag(z)

92.5(2) = (1—a)fig(z) +ag(fiy(2))

93.5(2) = (1—a)foy(z) +ag(foy(2))

gns(2) = (1=a)fu14(2) +ag(fa-14(2)).
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Clearly all f, ,(%) and g, () are entire functions.

Many authors like Banerjee and Dutta [2], Dutta [3], [4], Dutta and Mandal
[5], Mandal [7] proved some results on comparative growth properties of the
maximum term of iterated entire function with that of the related function.

In this paper we not only study the growth properties of the maximum term
of generalize iterated entire functions as compared to the growth of the maxi-
mum term of the related function but also study the comparative growth prop-
erties of the maximum terms of the generalize iterated entire functions to im-
prove and generalize some earlier results.

Throughout the paper we denote by f(z), g(z) etc. non-constant entire func-
tions of order (lower order) ps(Af), py(A,) etc. We do not explain the standard
notations and definitions of the theory of entire functions as those are available
in [6], [10] and [11].

2. PRELIMINARIES
The following lemmas will be needed in the sequel.
Lemma 2.1. [4] If A\, be finite, then

lim inf —log M(r.g)

rse log pu(r, g)

Lemma 2.2. [7] Let f(z) and g(z) be two non-constant entire functions such that
0< A <pr<ooand0 <\, < p, < oo. Then for any e > 0,

< 2N,

(ps+¢€)(140(1))log M(r,g) + O(1) when n is even

[n]
log™ pu(r, frg) < { (pg +€)(1+0(1))log M(r, f) + O(1)  when n is odd,

for all sufficiently large values of r.

Lemma 2.3. [5] Let f(z) and g(z) be two non-constant entire functions such that
0< A <pr<ooand0 <\, < p, <oo. Then forany e (0 < e <min{As, \;}),

(A —e)(1+0(1))log M(57,9) + O(1) when n is even
(Ag —e)(1+0(1))log M (%, f) + O(1) when nis odd,

an

log" u(r, frg) > {

for all large values of r.
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3. MAIN RESULTS

Theorem 3.1. If p; and p, are finite, then

log!™
@ lim inf 92T frg)
r—00 1([)% /J“(T7 g)
logl®
(ii) lim inf 0g™ (1, fng)
r—00 log [,L(T) f)

Proof. We have from Lemma 2.2 for all sufficiently large values of r,
log u(r, fag) < (140(1))(ps + ) log M(r, g) + O(1),

o og! (i, fg) log M(r, g)
Therefore lim inf < (140(1))(ps +¢)lim inf —————=
r>oe logu(r, g) (h+ 0 ey +€) Hom 1oL log pu(r, g) -

Since ¢ > 0 is arbitrary, we get from Lemma 2.1,

< ps2% , when n is even,

< pg2™ , when n is odd.

lim inf og ,u( I g)

r=oo log u(r, g)
Similarly when n is odd then we get the second part of this theorem. This
proves the theorem. [

< pf2/\g.

Theorem 3.2. Let f(z) and g(z) be entire functions of finite order with p, < A;
and n is even then

: log"! (1, fog)
lim sup
T—00 IOg :u( T, f)

Proof. When n is even then we have from Lemma 2.2 for all sufficiently large

=0.

values of r,

log"™ u(r, fng) < (140(1))(ps +€)log M(r,g) + O(1)
(3.1) < (1+0(1)(ps + )= +0(1).

Also from definition of lower order we have for r > r,

(3.2) log p(r, f) > r*—=.
So from (3.1) and (3.2) we get for r > 1y,
log" (1, fug) _ (1+0(1)(ps +)r” " +0(1)
logp(r, )~ e '
Since A\; > p,, we can choose ¢ > 0 such that A\; — e > p, + ¢ then

|
lim sup og ,u( fng)

= 0.
T—00 IOg :u( r, f)
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This proves the theorem. O
Remark 3.1. If we take p, < py in Theorem 3.2, the result is still valid.

Theorem 3.3. Let f(z) and g(z) be entire functions of finite order with py < A,
and n is odd then

=0.

log™ -
r—oo  l0g ,U(Ta g)

Proof. Similar as Theorem 3.2. O

Theorem 3.4. Let f(z) and g(z) be entire functions of finite order with A\, > p;

and n is even then
log™ .
lim sup 08", fng) = 00.
r—oo  lOg N(Ta f)

Proof. When n is even then from Lemma 2.3 we have for all sufficiently large
values of r and 0 < ¢ < min{As,\;},

log 1u(r, fg) > (1+0(1)(A\;—¢)log M(r, g) + O(1)
(3.3) > (1+0(1)(A\p—e)r™ = + O0(1).
Also for all sufficiently large values of r,
(3.4) log pu(r, f) < rP77=
Therefore from (3.3) and (3.4) we get for r > r,

log" (1, fug) o (1+0(1)(y = ) *+O(1)
logp(r, f)  ~ reste '
Since A, > ps, we can choose ¢ > 0 such that A\, — ¢ > p; + €. Hence

log™
T wUr fug) _

r—oo  log u(r, f)
This proves the theorem. O

Theorem 3.5. Let f(z) and g(z) be entire functions of finite order with Ay > p,
and n is odd then
1og"™ u(r, fng)

lim sup = 00.
r—oo  lOg p(7, 9)

Proof. Similar as Theorem 3.4. OJ
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Theorem 3.6. Let f(z) and g(z) be transcendental entire functions of non zero
finite order then

lim sup Log™ p(r, fug) = 00 = lim sup M.
r—00 logm#(r’ f) r—00 log[ ],U(’I“, g)

Proof. First we consider n is even then from (3.3) we have for sufficiently large
values of r,

(3.5) log 1u(r, fag) > (14 0(1))(Ay—e)r™ ™" + O(1),
where 0 < ¢ < min{A;,\;}. From (3.4) we have

(3.6) log®? u(r, ) < (p; + ) logr.

So from (3.5) and (3.6) we get,

log™ u( frg) o (14 0(1)(Ap=e)r™ "+ 0(1)
log@pu(r, f)  — (pf+¢)logr '

Since ¢ > 0 is arbitrary therefore

1
lim sup 0" u(r, fug) _ ~
r—00 log ,u(r f)
Also when n is odd then from Lemma 2.3 we have for sufficiently large values

of rand 0 < & < min{As,\;},

log™ u(r, fog) > (140(1))(A\g—e)log u(r, f) + O(1)
(3.7) > (1+0(1) (A=) +0(1).
So from (3.6) and (3.7) we get,
log" pu(r, f.q) S (0t 0(1))(Ag—e)r™ ™~ + 0(1)
logy, (r,f) — (pf+¢e)logr '

Since ¢ > 0 is arbitrary therefore

1 T'L

r—00 lng] ( f)

Similarly we have

1 n
lim sup og! 2u(  fng)
roo logPp(r, g)
This proves the theorem. O
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If we take one more logarithm of the numerator then the expression in The-
orem 3.6 is finite. This motivates us to prove the following theorem.

Theorem 3.7. Let f(z) and g(z) be transcendental entire functions of finite order
then:

[n+1]
1) lim sup ]M(T  frg) < <P , when n is even and \;, > 0,
ro0 [og ]u( 9) =5
n+1
(i) lim sup z H(T, fg) < Pr , when n is odd and \; > 0.
7—+00 lOg ],u(r f) )\f

Proof. First we consider n is even then from Lemma 2.2 we have for sufficiently

large values of r,
log"™ Y u(r, frg) < log® M(r,g) +O(1)
(3.8) < (pg+¢)logr+ O(1).

Also we have for r > rpand 0 < ¢ < A,

(3.9 log pu(r, f) > (\y — €) log .

Therefore from (3.8) and (3.9) we get for r > rpand 0 < e < A,
og™ ™ 1u(7, fug) < (pg +€)logr+0(1)

logu(r,f) = (Ag—¢)logr
Since ¢ > 0 is arbitrary therefore
log [n+1] -
lim sup LGELY) < —.
rooo  logu(r, f) Ag

Similarly for odd n we get second part of the theorem.
This proves the theorem. O

Theorem 3.8. If f, g and h are three non constant entire functions of finite order
and py < A, then

TL

Ty fog)

by, ,)

u(
p(r
for niseven and h, 4(2) = (1 — @)gn-1,n(2) + ah(gn_1,4(2)).

lim

T—00 10g n—

2]
2] =0,

Proof. When n is even then from Lemma 2.2 we have for all large values of r,

log" pu(r, fug) < (140(1))(py + 2¢)log M(r, g)
< log[M(r, g)]pf+35.
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Therefore
(3.10) log["_m w(r, frn) < e[M(r’g)]prE'
Also from Lemma 2.3 we have for sufficiently large values of r and 0 < ¢ <
1
(), —
6 ( h pf)a
(3.11) log" 2 1u(r, hy g) > Mgl
So from (3.10) and (3.11) we obtain,
log" 2 u(r, fug) _ Mool
[n—2] - r,g)| h 3¢
log u(rshy, ) elM(r.g)]"h
1

e[M(r.g) =% (M (rg)]" T2
Since 0 < ¢ < ¢(\y — py) is arbitrary and g is non constant therefore

h 10 n 2] ( fng)
7“—>0010g" 2 p(r,h, )

Y n,g

This proves the theorem. O

Theorem 3.9. If f,g and h are three entire functions with non zero lower order
and finite order also p;, < A, then

log" u(r, fug) _

r=o log" u(r, fu,n)
forniseven and f,;(2) = (1 — a)hp_1,¢(2) + af(hn_1,¢(2)).

Proof. When n is even then from Lemma 2.2 we have for r > r,
(3.12) log["] w(ry fun) <(1+001))(py +e)rPn™e.
Hence from (3.3) and (3.12) we have for sufficiently large values of r and
0 < e <min{As,\p},
log" u(r, fug) - (1+0(1)(A;—€)r™ " +0(1)
log™ pu(r, fun) — (1 +0(1)ps +e)rente + O(1)
Since p;, < A, we can choose € > 0 such that p, + ¢ < A\; — . Hence

log" u(r, fug) _
r=o0 log™ u(r, fo.n)
This proves the theorem. O
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