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RETRIEVABILITY IN INTERVAL NEUTROSOPHIC AUTOMATA

V. KARTHIKEYAN 1 AND R. KARUPPAIYA

ABSTRACT. In this paper, we introduce retrievability, quasi-retrievability, sub-
machine using the concept of interval neutrosophic automaton and discuss their
properties.

1. INTRODUCTION

The theory of fuzzy sets was introduced by Zadeh in 1965 [5] as a general-
izations of crisp sets. After these fuzzy sets, Attanasov introduced the concept
of intuitionistic fuzzy sets in 1986 [1] which is an extension of fuzzy set. The
concept of neutrosophy and neutrosophic set(NS) was introduced by Florentin
Smarandache [3]. Wang et al., [4] introduced the notion of interval-valued
neutrosophic sets. The interval neutrosophic set are characterized by an inter-
val memebership degree, interval indeterminacy degree, and interval nonmem-
bership degree. The concept of interval neutrosophic finite state machine was
introduced by Tahir Mahmood [2]. In this paper, we introduced the concept
of retrievability, quasi retrievability of interval neutrosophic automata and dis-
cussed their properties. Also, we provide the relation between retrievable and
quasi-retrievable of interval neutrosophic automaton.
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2. PRELIMINARIES

Definition 2.1. [3] Let U be the universe of discourse. A neutrosophic set (NS)
N in U is characterized by a truth membership function TN , an indeterminacy
membership function IN and a falsity membership function FN , where TN , IN , and
FN are real standard or non-standard subsets of ]0−, 1+[. That is

N = {〈x, (TN(x), IN(x), FN(x))〉 , x ∈ U, TA, IA, FA ∈ ]0−, 1+[ }

and with the condition 0− ≤ sup TN(x) + sup IN(x) + sup FN(x) ≤ 3+ we need to
take the interval [0, 1] for technical applications instead of ]0−, 1+[.

Definition 2.2. [4] Let U be a universal set. An interval neutrosophic set (INS
for short) is of the form

N = {〈αN(x), βN(x), γN(x)〉 |x ∈ U}

= {〈x, [inf αN(x), sup αN(x)], [inf βN(x), sup βN(x)],

[inf γN(x), supγN(x)]〉 |x ∈ U},

where αN(x), βN(x), andγN(x) are the truth-membership, indeterminacy-membership
and falsity membership functions for each x ∈ U.

αN(x), βN(x), γN(x) ⊆ [0, 1]

and

0 ≤ sup αN(x) + sup βN(x) + sup γN(x) ≤ 3.

Definition 2.3. [4] An INS N is empty if inf αN(x) = sup αN(x) = 0,

inf βN(x) = sup βN(x) = 1, inf γN(x) = sup γN(x) = 1 forall x ∈ U.

3. INTERVAL NEUTROSOPHIC AUTOMATA

Definition 3.1. [2] M = (Q, Σ, N) is called interval neutrosophic automaton
(INAforshort), where Q and Σ are non-empty finite sets called the set of states
and input symbols respectively, and N = {〈αN(x), βN(x), γN(x)〉} is an INS in
Q × Σ × Q. The set of all words of finite length of Σ is denoted by Σ∗. The empty
word is denoted by ε, and the length of each x ∈ Σ∗ is denoted by |x|.
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Definition 3.2. [2] M = (Q, Σ, N) be an INA. Define an INS
N∗ = {〈αN∗(x), βN∗(x), γN∗(x)〉} in Q× Σ∗ ×Q by

αN∗(qi, ε, qj) =

[1, 1] if qi = qj

[0, 0] if qi 6= qj

βN∗(qi, ε, qj) =

[0, 0] if qi = qj

[1, 1] if qi 6= qj

γN∗(qi, ε, qj) =

[0, 0] if qi = qj

[1, 1] if qi 6= qj

αN∗(qi, w, qj) = αN∗(qi, xy, qj) = ∨qr∈Q[αN∗(qi, x, qr) ∪ αN∗(qr, y, qj)],

βN∗(qi, w, qj) = βN∗(qi, xy, qj) = ∨qr∈Q[βN∗(qi, x, qr) ∪ βN∗(qr, y, qj)],

γN∗(qi, w, qj) = γN∗(qi, xy, qj) = ∨qr∈Q[γN∗(qi, x, qr) ∪ γN∗(qr, y, qj)],

∀qi, qj ∈ Q,w = xy, x ∈ Σ∗ and y ∈ Σ.

Definition 3.3. Let M = (Q,Σ, N) be an interval neutrosophic automaton and
let qi, qj ∈ Q. Then qi is called a immediate successor of qj if the following con-
dition holds. ∃x ∈ Σ such that αN∗(qj, x, qi) > [0, 0], βN∗(qj, x, qi) < [1, 1], and
γN∗(qj, x, qi) < [1, 1]. We say that qi is a successor of qj if the following condi-
tion holds. ∃w ∈ Σ∗ such that αN∗(qj, w, qi) > [0, 0], βN∗(qj, w, qi) < [1, 1], and
γN∗(qj, w, qi) < [1, 1]. We denote by S(qj) the set of all successors of qj. For any
subset Q′ of Q, the set of all successors of Q′ denoted by S(Q′) is defined to be the
set S(Q′) = ∪{S(qj) | qj ∈ Q′} .

Definition 3.4. Let M = (Q,Σ, N) be an interval neutrosophic automaton. Let
Q′ ⊆ Q. Let NQ′ be an interval neutrosophic subset of Q′ × Σ × Q and let M ′ =

(Q′,Σ, N ′). The interval neutrosophic automaton M ′ is called submachine of M if

(i) αN |(Q′×Σ×Q′) = α′N ;

(ii) βN |(Q′×Σ×Q′) = β′N ;

(iii) γN |(Q′×Σ×Q′) = γ′N ;

(iv) S(Q′) ⊆ Q′.
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Definition 3.5. Let M = (Q, Σ, N) be an interval neutrosophic automaton.
Let M ′ = (Q′,Σ, N ′) 6= φ be a submachine of M. Then M ′ is separated if
S(Q\Q′) = (Q\Q′).

Definition 3.6. Let M = (Q, Σ, N) be an interval neutrosophic automaton. Then
M is called strongly connected if ∀ qi, qj ∈ Q, qi ∈ S(qj).

4. RETRIEVABILITY IN INTERVAL NEUTROSOPHIC AUTOMATA

Definition 4.1. Let M = (Q,Σ, N) be an interval neutrosophic automaton. M is
said to be retrievable if ∀qi ∈ Q, ∀y ∈ Σ∗ and ∃ qj ∈ Q such that αN∗(qi, y, qj) >

[0, 0], βN∗(qi, y, qj) < [1, 1], and γN∗(qi, y, qj) < [1, 1] then ∃ x ∈ Σ∗ such that
αN∗(qj, x, qi) > [0, 0], βN∗(qj, x, qi) < [1, 1] and γN∗(qj, x, qi) < [1, 1].

Definition 4.2. Let M = (Q,Σ, N) be an interval neutrosophic automaton. M is
called quasi-retrievable if ∀ qi ∈ Q, ∀ y ∈ Σ∗ and ∃ qj ∈ Q such that αN∗(qi, y, qj) >

[0, 0], βN∗(qi, y, qj) < [1, 1], and γN∗(qi, y, qj) < [1, 1] then ∃ x ∈ Σ∗ such that
αN∗(qi, yx, qi) > [0, 0], βN∗(qi, yx, qi) < [1, 1], γN∗(qi, yx, qi) < [1, 1].

Definition 4.3. Let M = (Q, Σ, N) be an interval neutrosophic automaton.
Let qi, qj, qk ∈ Q. qj and qk are said to be qi-related if ∃ y ∈ Σ∗ such that
αN∗(qi, y, qj) > [0, 0], βN∗(qi, y, qj) < [1, 1], γN∗(qi, y, qj) < [1, 1], αN∗(qi, y, qk) >

[0, 0], βN∗(qi, y, qk) < [1, 1],and γN∗(qi, y, qk) < [1, 1]. If qj and qk are qi-related,
then qj and qk are said to be qi-twins if S(qk) = S(qj).

Definition 4.4. Let M = (Q,Σ, N) be an interval neutrosophic automaton. We
say that M satisfies the exchange property if the following condition holds: Let
qi, qj ∈ Q and let Q′ ⊆ Q. Suppose that if qi ∈ S(Q′ ∪ {qj}), qi /∈ S(Q′), then
qj ∈ S(Q′ ∪ {qi}).

5. PROPERTIES OF RETRIEVABILITY IN INTERVAL NEUTROSOPHIC AUTOMATA

Lemma 5.1. Let M = (Q,Σ, N) be an interval neutrosophic automaton. Then the
following conditions are equivalent.

(i) ∀ qi, qj, qk ∈ Q, ∀x, y ∈ Σ∗ if αN∗(qi, y, qj) > [0, 0], βN∗(qi, y, qj) <

[1, 1], γN∗(qi, y, qj) < [1, 1], αN∗(qi, yx, qk) > [0, 0], βN∗(qi, yx, qk) < [1, 1],

γN∗(qi, yx, qk) < [1, 1], then qk ∈ S(qj).
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(ii) ∀qi, qj, ql ∈ Q, if qj and ql are qi-related, then qj and ql are qi-twins.

Proof.
(i)⇒ (ii): Let qi, qj, qk ∈ Q be such that qj and qk are qi-related. Then ∃ y ∈ Σ∗

such that αN∗(qi, y, qj) > [0, 0], βN∗(qi, y, qj) < [1, 1], γN∗(qi, y, qj) < [1, 1] and

(5.1) αN∗(qi, y, qk) > [0, 0], βN∗(qi, y, qk) < [1, 1], γN∗(qi, y, qk) < [1, 1].

Let ql ∈ S(qk). Then ∃ x ∈ Σ∗ such that αN∗(qk, x, ql) > [0, 0], βN∗(qk, x, ql) <

[1, 1], and γN∗(qk, x, ql) < [1, 1].

Then by (5.1) we have

(5.2) αN∗(qi, yx, ql) > [0, 0], βN∗(qi, yx, ql) < [1, 1], and γN∗(qi, yx, ql) < [1, 1].

From (5.1), (5.2) and by (i), ql ∈ S(qj). Similarly if ql ∈ S(qj), then ql ∈ S(qk).

Therefore S(qj) = S(qk). Hence qj and qk are qi-twins.

(ii) ⇒ (i): Let qi, qj, ql ∈ Q and x, y ∈ Σ∗ be such that αN∗(qi, y, qj) > [0, 0],

βN∗(qi, y, qj) < [1, 1], γN∗(qi, y, qj) < [1, 1] αN∗(qi, yx, ql) < [0, 0], βN∗(qi, yx, ql) <

[1, 1], and γN∗(qi, yx, ql) < [1, 1], where
αN∗(qi, yx, ql) = ∨qj ∈ Q {αN∗(qi, y, qj) ∧ αN∗(qj, x, ql)} > [0, 0],

βN∗(qi, yx, ql) = ∧qj ∈ Q {βN∗(qi, y, qj) ∨ βN∗(qj, x, ql)} < [1, 1],

γN∗(qi, yx, ql) = ∧qj ∈ Q {γN∗(qi, y, qj) ∨ γN∗(qj, x, ql)} < [1, 1].

Hence ∃ qk ∈ Q such that
αN∗(qi, y, qk) > [0, 0], βN∗(qi, y, qk) < [1, 1], and γN∗(qi, y, qk) < [1, 1]. This

implies ql ∈ S(qk). Thus by the hypothesis ql ∈ S(qj) [Since S(qj) = S(qk)].

�

Lemma 5.2. Let M = (Q,Σ, N) be an interval neutrosophic finite automaton.
Then the following conditions are equivalent:

(i) M is retrievable;
(ii) M is quasi-retrievable and ∀qi, qj, qk ∈ Q, if qj and qk are qi-related, then

qj and qk are qi-twins.

Proof.
(i) ⇒ (ii): It is immediate that retrievability implies quasi retrievability. Let

qi, qj, qk ∈ Q and let qj, qk are qi-related. Then there exists y ∈ Σ∗ such that

(5.3) αN∗(qi, y, qk) > [0, 0], βN∗(qi, y, qk) < [1, 1], γN∗(qi, y, qk) < [1, 1].
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Let ql ∈ S(qk). Then there exists x ∈ Σ∗ such that αN∗(qk, x, ql) > [0, 0],

βN∗(qk, x, ql) < [1, 1], γN∗(qk, x, ql) < [1, 1]. Now,

(5.4) αN∗(qi, yx, ql) > [0, 0], βN∗(qi, yx, ql) < [1, 1], and γN∗(qi, yx, ql) < [1, 1] .

From (5.3) and (5.4), and Lemma 5.1 ql ∈ S(qj). Therefore,

(5.5) S(qk) ⊆ S(qj).

Similarly we can prove that

(5.6) S(qj) ⊆ S(qk) .

From (5.5) and (5.6), S(qk) = S(qj). Hence qj and qk are qi-twins.
(ii)⇒ (i): Let qi ∈ Q and y ∈ Σ∗. Suppose ∃ qm ∈ Q such that αN∗(qi, y, qm) >

[0, 0], βN∗(qi, y, qm) < [1, 1], and γN∗(qi, y, qm) < [1, 1]. Then ∃x ∈ X∗ such that
αN∗(qi, yx, qi) > [0, 0], βN∗(qi, yx, qi) < [1, 1], and γN∗(qi, yx, qi) < [1, 1]. Since M
is quasi retrievable by Lemma 5.1, qi ∈ S(qm). That is, there exists z ∈ Σ∗ such
that αN∗(qm, z, qi) > [0, 0] βN∗(qm, z, qi) < [1, 1], and γN∗(qm, z, qi) < [1, 1]. Hence
M is retrievable. �

Theorem 5.1. Let M = (Q,Σ, N) be an interval neutrosophic automaton. Then
the following conditions are equivalent: (i) M is retrievable; (ii) M is the union of
strongly connected submachines; (iii) M satisfies the exchange property.

Proof.
(i) ⇒ (ii): Let qj ∈ Q and let qk, ql ∈ S(qj). Then ∃y, y1 ∈ Σ∗ such that

αN∗(qj, y, qk) > [0, 0], βN∗(qj, y, qk) < [1, 1], and γN∗(qj, y, qk) < [1, 1]. Also,
αN∗(qj, y1, ql) > [0, 0], βN∗(qj, y1, ql) < [1, 1], and γN∗(qj, y1, ql) < [1, 1]. There-
fore, qj ∈ S(qk). Hence 〈qj〉 is strongly connected. Hence M = ∪qj∈Q 〈qj〉 .

(ii)⇒ (i): M = ∪m
i=1Mi, and each Mi = (Qi,Σ

∗, Ni) is strongly connected. Let
qj ∈ Q, y ∈ Σ∗ then ∃ql ∈ Q such that αN∗(qj, y, ql) > [0, 0], βN∗(qj, y, ql) < [1, 1],

and γN∗(qj, y, ql) < [1, 1]. Now, qj ∈ Qi for some i. Therefore, ql ∈ S(qj) ⊆
S(Qi). Since Mi is strongly connected, qj ∈ S(ql). Hence, ∃x ∈ Σ∗ such that
αN∗(ql, y, qj) > [0, 0], βN∗(ql, y, qj) < [1, 1], and γN∗(ql, y, qj) < [1, 1]. Therefore,
M is retrievable.

(ii) ⇒ (iii): M = ∪mi=1Mi, and each Mi = (Qi,Σ
∗, Ni) is strongly con-

nected. Let qi, qj ∈ Q. Suppose qi ∈ S(qj). Now, qj ∈ Qi for some i. Then
qi ∈ S(qj) ⊆ S(Qi) = Qi. Therefore, qi, qj ∈ Qi. Since Miis strongly connected,
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qj ∈ S(qi). Hence M satisfies the exchange property.

(iii)⇒ (ii): Let M satisfies the exchange property. Then for any qi, qj ∈ Q and
Q′ ⊆ Q, if qi ∈ S(Q′ ∪ {qj}), qi /∈ S(Q′), then qj ∈ S(Q′ ∪ {qi}). Therefore qi /∈
S(Q′\qi),∀qi ∈ Q′. Hence, M = ∪mi=1 〈qi′〉 is a basis of M. Also, S(qi′)∩S(qj′) = φ

if i 6= j. suppose qi, qj ∈ S(qi′),then qi′ ∈ S(qi). Therefore, qj ∈ S(qi). Hence, 〈qi′〉
is strongly connected. �

Theorem 5.2. Let M = (Q,Σ, N) be an interval neutrosophic automaton. Then
the following conditions are equivalent:

(i) M is strongly connected;
(ii) M is connected and retrievable;

(iii) Every submachine of M is strongly connected.

Proof.
(i) ⇒ (ii): Let M is strongly connected interval neutrosophic automaton.

Then ∀ qi, qj ∈ Q, qi ∈ S(qj). Since, M is strongly connected it has no proper
submachines. Also it has no proper separated submachines. Hence interval
neutrosophic automaton M is connected. Now, let qj, ql ∈ Q and y ∈ Σ∗

such that αN∗(qj, y, ql) > [0, 0], βN∗(qj, y, ql) < [1, 1] and γN∗(qj, y, ql) < [1, 1].

Since, M is strongly connected qj ∈ S(ql). Then there exits x ∈ Σ∗ such that
αN∗(ql, x, qj) > [0, 0], βN∗(ql, x, qj) < [1, 1] and γN∗(ql, y, qj) < [1, 1]. Hence, M is
retrievable interval neutrosophic automaton.

(ii) ⇒ (iii): Let M ′ = (Q′, Σ, N ′) be a submachine of interval neutro-
sophic automaton M. If qi, qj ∈ Q′ and qi /∈ S(qi) then S(qj) 6= Q. Thus
M1 = (Q′′,Σ, N |S(qj)×Σ×S(qj)), Q

′′ = S(qj) is a proper submachine of M. Also,
by the hypothesis M is connected S(Q\S(qj)) ∩ S(qj) 6= φ.

Let qk ∈ S(Q\S(qj)) ∩ S(qj). Then qk ∈ S(ql) for some ql ∈ Q\S(qj) and
qk ∈ S(qj). Now, ∃y ∈ Σ∗ such that αN∗(ql, y, qk) > [0, 0], βN∗(ql, y, qk) < [1, 1]

and γN∗(ql, y, qk) < [1, 1]. Since M retrievable, ∃x1 ∈ Σ∗ such that αN∗(qk, y, ql) >

[0, 0], βN∗(qk, y, ql) < [1, 1] and γN∗(qk, y, ql) < [1, 1]. Therefore, ql ∈ S(qj).

Thus,ql ∈ S(qj) ⊆ S(qj), which is a contradiction. Thus qi ∈ S(qj),∀pi, qj ∈ Q.
Hence M ′ is strongly connected.

(iii) ⇒ (i): Every submachine of M is strongly connected. Then every sub-
machine of M is connected and retrievable. Let qi ∈ Q and qk, ql ∈ S(qj).

Then ∃y, y1 ∈ Σ∗ such that αN∗(qj, y, qk) > [0, 0], βN∗(qj, y, qk) < [1, 1], and
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γN∗(qj, y, qk) < [1, 1]. Also, αN∗(qj, y1, ql) > [0, 0], βN∗(qj, y1, ql) < [1, 1], and
γN∗(qj, y1, ql) < [1, 1]. Therefore, qj ∈ S(qk). Hence 〈qj〉 is strongly connected.
Hence M = ∪qj∈Q 〈qj〉 . Therefore M is strongly connected. �
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