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SUBSYSTEMS OF INTERVAL NEUTROSOPHIC AUTOMATA

V. KARTHIKEYAN 1 AND R. KARUPPAIYA

ABSTRACT. In this paper, we introduce subsystem of interval neutrosophic au-
tomaton with example. We introduce different types of subsystems of interval
neutrosophic automaton and discuss the properties of subsystems of interval
neutrosophic automaton and establish the connection between different types
of subsystems.

1. INTRODUCTION

The theory of neutrosophy and neutrosophic set was introduced by Florentin
Smarandache in 1999 [2]. A neutrosophic set N is classified by a Truth mem-
bership function TN , Indeterminacy membership function IN , and Falsity mem-
bership function FN , where TN , IN , andFN are real standard and non-standard
subsets of ]0−, 1+[. Wang etal. [3] introduced the notion of interval-valued neu-
trosophic sets. The concept of interval neutrosophic finite state machine was
introduced by Tahir Mahmood [1]. In this paper, we introduced the concept of
subsystem of interval neutrosophic automata.

Also, we introduced some other subsystems of interval neutrosophic automata
and discussed their properties. We establish a necessary and sufficient condition
for interval neutrosophic subset NQ of Q to be a subsystem of interval neutro-
sophic automaton.
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2. PRELIMINARIES

Definition 2.1. [2] Let U be the universe of discourse. A neutrosophic set (NS) N
in U is N = {〈x, (TN(x), IN(x), FN(x))〉 , x ∈ U, TA, IA, FA ∈ ]0−, 1+[ } and with
the condition 0− ≤ sup TN(x) + sup IN(x) + sup FN(x) ≤ 3+. We need to take the
interval [0, 1] for technical applications instead of ]0−, 1+[.

Definition 2.2. [3] Let U be a universal set. An interval neutrosophic set (INS
for short) is of the form

N ={〈αN(x), βN(x), γN(x)〉 |x ∈ U} = {〈x, [inf αN(x), sup αN(x)],

[inf βN(x), sup βN(x)], [inf γN(x), sup γN(x)]〉 |x ∈ U},

where αN(x), βN(x), and γN(x) ⊆ [0, 1] and the condition that

0 ≤ sup αN(x) + sup βN(x) + sup γN(x) ≤ 3.

3. INTERVAL NEUTROSOPHIC AUTOMATA

Definition 3.1. [1] M = (Q, Σ, N) is called interval neutrosophic automaton
(INAforshort), where Q and Σ are non-empty finite sets called the set of states
and input symbols respectively, and N = {〈αN(x), βN(x), γN(x)〉} is an INS in
Q × Σ × Q. The set of all words of finite length of Σ is denoted by Σ∗. The empty
word is denoted by ε, and the length of each x ∈ Σ∗ is denoted by |x|.

Definition 3.2. [1] M = (Q, Σ, N) be an INA. Define an INS
N∗ = {〈αN∗(x), βN∗(x), γN∗(x)〉} in Q× Σ∗ ×Q by

αN∗(qi, ε, qj) =

[1, 1] if qi = qj

[0, 0] if qi 6= qj

βN∗(qi, ε, qj) =

[0, 0] if qi = qj

[1, 1] if qi 6= qj

γN∗(qi, ε, qj) =

[0, 0] if qi = qj

[1, 1] if qi 6= qj
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αN∗(qi, w, qj) = αN∗(qi, xy, qj) = ∨qr∈Q[αN∗(qi, x, qr) ∪ αN∗(qr, y, qj)],

βN∗(qi, w, qj) = βN∗(qi, xy, qj) = ∨qr∈Q[βN∗(qi, x, qr) ∪ βN∗(qr, y, qj)],

γN∗(qi, w, qj) = γN∗(qi, xy, qj) = ∨qr∈Q[γN∗(qi, x, qr) ∪ γN∗(qr, y, qj)],

∀qi, qj ∈ Q,w = xy, x ∈ Σ∗ and y ∈ Σ.

Definition 3.3. Let M = (Q,Σ, N) be an interval neutrosophic automaton. Let
NQ be a interval neutrosophic subset of Q, and for each qi ∈ Q,

NQ ={
〈
αNQ

(qi), βNQ
(qi), γNQ

(qi)
〉
} =

{〈
qi, [inf αNQ

(qi), supαNQ
(qi)],

[inf βNQ
(qi), sup βNQ

(qi)], [inf γNQ
(qi), sup γNQ

(qi)]
〉}
.

Then (Q,NQ,Σ, N) is called a subsystem of M and it is denoted by NQ if ∀qi, qj ∈
Q and x ∈ Σ such that αNQ

(qj) ≥ ∨qi∈Q{αNQ
(qi) ∧ αN(qi, x, qj)}, βNQ

(qj) ≤
∧qi∈Q{βNQ

(qi) ∨ βN(qi, x, qj)} and γNQ
(qj) ≤ ∧qi∈Q{γNQ

(qi) ∨ γN(qi, x, qj)}.

Definition 3.4. Let M = (Q,Σ, N) be an interval neutrosophic automaton and
NQ = {

〈
αNQ

, βNQ
, γNQ

〉
} be an interval neutrosophic subset of Q. Let qj ∈ Q and

for all x ∈ Σ∗, define an interval neutrosophic subset NQx of Q by, (αNQ
x)(qj) =

∨qi ∈ Q{αNQ
(qi) ∧ αN(qi, x, qj)} (βNQ

x)(qj) = ∧qi ∈ Q{βNQ
(qi) ∨ βN(qi, x, qj)} and

(γNQ
x)(qj) = ∧qi ∈ Q{γNQ

(qi) ∨ γN(qi, x, qj)}.

4. PROPERTIES OF SUBSYSTEMS OF INTERVAL NEUTROSOPHIC AUTOMATA

Theorem 4.1. Let M = (Q,Σ, N) be an interval neutrosophic automaton. Let
NQ =

{〈
αNQ

, βNQ
, γNQ

〉}
be an interval neutrosophic subset of Q. Then NQ is a

subsystem of M if and only if ∀qi, qj ∈ Q, ∀x ∈ Σ∗,

αNQ
(qj) ≥ ∨qi∈Q{αNQ

(qi) ∧ αN(qi, x, qj)},
βNQ

(qj) ≤ ∧qi∈Q{βNQ
(qi) ∨ βN(qi, x, qj)} and

γNQ
(qj) ≤ ∧qi∈Q{γNQ

(qi) ∨ γN(qi, x, qj)}.

Proof. Suppose NQ is a subsystem of M. Let qi, qj ∈ Q and x ∈ Σ∗. We prove
the result by induction on |x| = n. If n = 0, then x = ε. Now if qi = qj, then
αNQ

(qj)∧αN∗(qi, ε, qj) = αNQ
(qj), βNQ

(qj)∨βN∗(qi, ε, qj) = βNQ
(qj), and γNQ

(qj)∨
γN∗(qi, ε, qj) = γNQ

(qj). Now if qi 6= qj, then αNQ
(qi) ∧ αN∗(qi, ε, qj) ≤ αNQ

(qj),

βNQ
(qi) ∨ βN∗(qi, ε, qj) ≥ βNQ

(qj), and γNQ
(qi) ∨ γN∗(qi, ε, qj) ≥ γNQ

(qj).

Therefore, the result is true for n = 0.
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Suppose the result is true for all y ∈ Σ∗ such that |y| = n − 1, n > 0. Let
x = ya, |y| = n− 1, y ∈ Σ∗, a ∈ Σ. Then
∨qi∈Q{αNQ

(qi) ∧ αN∗(qi, x, qj)} = ∨qi∈Q{αNQ
(qi) ∧ αN∗(qi, ya, qj)}

= ∨qi∈Q{αNQ
(qi) ∧ {∨qk∈Q {αN∗(qi, y, qk) ∧ αN(qk, a, qj)}}}

= ∨qk∈Q{∨qi∈Q
{
αNQ

(qi) ∧ αN∗(qi, y, qk) ∧ αN(qk, a, qj)
}
}

≤ ∨qk∈Q
{
αNQ

(qk) ∧ αN(qk, a, qj)
}

≤ αNQ
(qj).

∨qi∈Q{αNQ
(qi) ∧ αN∗(qi, x, qj)} ≤ αNQ

(qj).

Thus,
αNQ

(qj) ≥ ∨qi∈Q{αNQ
(qi) ∧ αN∗(qi, x, qj)}

∧qi∈Q{βNQ
(qi) ∨ βN∗(qi, x, qj)} = ∧qi∈Q{βNQ

(qi) ∨ βN∗(qi, ya, qj)}
= ∧qi∈Q{βNQ

(qi) ∨ {∧qk∈Q {βN∗(qi, y, qk) ∨ βN(qk, a, qj)}}}
= ∧qk∈Q{∧qi∈Q

{
βNQ

(qi) ∨ βN∗(qi, y, qk) ∨ βN(qk, a, qj)
}
}

≥ ∧qk∈Q
{
βNQ

(qk) ∨ βN(qk, a, qj)
}

≥ βNQ
(qj).

∧qi∈Q{βNQ
(qi) ∨ βN(qi, x, qj)} ≥ βNQ

(qj)

Thus,
βNQ

(qj) ≤ ∧qi∈Q{βNQ
(qi) ∨ βN∗(qi, x, qj)}

∧qi∈Q{γNQ
(qi) ∨ γN∗(qi, x, qj)} = ∧qi∈Q{γNQ

(qi) ∨ γN∗(qi, ya, qj)}
= ∧qi∈Q{γNQ

(qi) ∨ {∧qk∈Q {γN∗(qi, y, qk) ∨ γN(qk, a, qj)}}}
= ∧qk∈Q{∧qi∈Q

{
γNQ

(qi) ∨ γN∗(qi, y, qk) ∨ γN(qk, a, qj)
}
}

≥ ∧qk∈Q
{
γNQ

(qk) ∨ γN(qk, a, qj)
}

≥ γNQ
(qj).

∧qi∈Q{γNQ
(qi) ∨ γN∗(qi, x, qj)} ≥ γNQ

(qj).

Thus, γNQ
(qj) ≤ ∧qi∈Q{γNQ

(qi) ∨ γN∗(qi, x, qj)}.

The converse is obvious. �

Theorem 4.2. Let M = (Q,Σ, N) be an interval neutrosophic automaton. Let
NQ =

{〈
αNQ

, βNQ
, γNQ

〉}
be an interval neutrosophic subset of Q. Then NQ is

a subsystem of M if and only if αNQ
x ⊆ αNQ

, βNQ
x ⊇ βNQ

, and γNQ
x ⊇ γNQ

∀x ∈ Σ∗.

Proof. Let NQ be a subsystem of M. Let x ∈ Σ∗ and qj ∈ Q. Then
(αNQ

x)(qj) = ∨
{
αNQ

(qi) ∧ αN∗(qi, x, qj) | qi ∈ Q
}
≤ αNQ

(qj)
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(βNQ
x)(qj) = ∧

{
βNQ

(qi) ∨ βN∗(qi, x, qj) | qi ∈ Q
}
≥ βNQ

(qj),

(γNQ
x)(qj) = ∧

{
γNQ

(qi) ∨ γN∗(qi, x, qj) | qi ∈ Q
}
≥ γNQ

(qj).

Hence, αNQ
x ⊆ αNQ

, βNQ
x ⊇ βNQ

, and γNQ
x ⊇ γNQ

∀x ∈ Σ∗.

Conversely, suppose αNQ
x ⊆ αNQ

, βNQ
x ⊇ βNQ

, and γNQ
x ⊇ γNQ

∀x ∈ Σ∗.

Let qj ∈ Q and x ∈ Σ∗. Now,
αNQ

(qj) ≥ (αNQ
x)(qj) = ∨qi∈Q

{
αNQ

(qi) ∧ αN∗(qi, x, qj)
}
.

Thus,
αNQ

(qj) ≥ ∨qi∈Q{αNQ
(qi) ∧ αN∗(qi, x, qj)}

βNQ
(qj) ≤ (βNQ

x)(qj) = ∧qi∈Q
{
βNQ

(qi) ∨ βN∗(qi, x, qj)
}
.

Thus,
βNQ

(qj) ≤ ∧qi∈Q{βNQ
(qi) ∨ βN∗(qi, x, qj)},

γNQ
(qj) ≤ (γNQ

x)(qj) = ∧qi∈Q
{
γNQ

(qi) ∨ γN∗(qi, x, qj)
}
,

γNQ
(qj) ≤ ∧qi∈Q{γNQ

(qi) ∨ γN∗(qi, x, qj)}.

Hence NQ is a subsystem of M. �

Theorem 4.3. Let M = (Q, Σ, N) be an interval neutrosophic automaton. Let
NQ1 , and NQ2 be subsystems of M. Then the following conditions hold:

(i) NQ1 ∧NQ2 is a subsystem of M ;
(ii) NQ1 ∨NQ2 is a subsystem of M.

Proof. Here, NQ1 and NQ2 are subsystems of an interval neutrosophic automaton
M.

(i) Now we have to prove NQ1 ∧NQ2 is a subsystem of M. That is
(αNQ1

∧ αNQ2
)(qj) ≥ ∨qi∈Q{(αNQ1

∧ αNQ2
)(qi) ∧ αN(qi, x, qj)},

(βNQ1
∧ βNQ2

)(qj) ≤ ∧qi∈Q{(βNQ1
∧ βNQ2

)(qi) ∨ βN(qi, x, qj)}, and
(γNQ1

∧ γNQ2
)(qj) ≤ ∧qi∈Q{(γNQ1

∧ γNQ2
)(qi) ∨ γN(qi, x, qj)}.

Now,
(αNQ1

∧ αNQ2
)(qj) = (αNQ1

(qj) ∧ αNQ2
(qj))

≥ {∨qi∈Q{αNQ1
(qi) ∧ αN(qi, x, qj)}} ∧ {∨qi∈Q{αNQ2

(qi) ∧ αN(qi, x, qj)}}
= {∨qi∈Q{αNQ1

(qi) ∧ αNQ2
(qi) ∧ αN(qi, x, qj)}}

= {∨qi∈Q{(αNQ1
∧ αNQ2

)(qi) ∧ αN(qi, x, qj)}},



1658 V. KARTHIKEYAN AND R. KARUPPAIYA

Thus,

(αNQ1
∧ αNQ2

)(qj) ≥ {∨qi∈Q{(αNQ1
∧ αNQ2

)(qi) ∧ αN(qi, x, qj)}}(4.1)

(βNQ1
∧ βNQ2

)(qj) = (βNQ1
(qj) ∧ βNQ2

(qj))

≤ {∧qi∈Q{βNQ1
(qi) ∨ βN(qi, x, qj)}} ∧ {∧qi∈Q{βNQ2

(qi) ∨ βN(qi, x, qj)}}

= {∧qi∈Q{βNQ1
(qi) ∧ βNQ2

(qi) ∨ βN(qi, x, qj)}}

= {∧qi∈Q{(βNQ1
∧ βNQ2

)(qi) ∨ βN(qi, x, qj)}} .

Thus,

(βNQ1
∧ βNQ2

)(qj) ≤ {∧qi∈Q{(βNQ1
∧ βNQ2

)(qi) ∨ βN(qi, x, qj)}}(4.2)

γNQ1
∧ γNQ2

)(qj) = (γNQ1
(qj) ∧ γNQ2

(qj))

≤ {∧qi∈Q{γNQ1
(qi) ∨ γN(qi, x, qj)}} ∧ {∧qi∈Q{γNQ2

(qi) ∨ γN(qi, x, qj)}}

= {∧qi∈Q{γNQ1
(qi) ∧ γNQ2

(qi) ∨ γN(qi, x, qj)}}

= {∧qi∈Q{(γNQ1
∧ γNQ2

)(qi) ∨ γN(qi, x, qj)}} .

Thus,

(4.3) (γNQ1
∧ γNQ2

)(qj) ≤ {∧qi∈Q{(γNQ1
∧ γNQ2

)(qi) ∨ γN(qi, x, qj)}}.

From (4.1), (4.2) and (4.3) NQ1∧NQ2 is a subsystem of an interval neutrosophic
automaton M.

(ii) Now to proveNQ1∨NQ2 is a subsystem of interval neutrosophic automaton
M.

Now,
(αNQ1

∨ αNQ2
)(qj) = (αNQ1

(qj) ∨ αNQ2
(qj))

≥ {∨qi∈Q{αNQ1
(qi) ∧ αN(qi, x, qj)}} ∨ {∨qi∈Q{αNQ2

(qi) ∧ αN(qi, x, qj)}}
= {∨qi∈Q{αNQ1

(qi) ∨ αNQ2
(qi) ∧ αN(qi, x, qj)}}

= {∨qi∈Q{(αNQ1
∨ αNQ2

)(qi) ∧ αN(qi, x, qj)}},
Thus,

(αNQ1
∨ αNQ2

)(qj) ≥ {∨qi∈Q{(αNQ1
∨ αNQ2

)(qi) ∧ αN(qi, x, qj)}}(4.4)

(βNQ1
∨ βNQ2

)(qj) = (βNQ1
(qj) ∨ βNQ2

(qj))

leq {∧qi∈Q{βNQ1
(qi) ∨ βN(qi, x, qj)}} ∨ {∧qi∈Q{βNQ2

(qi) ∨ βN(qi, x, qj)}}

= {∧qi∈Q{βNQ1
(qi) ∨ βNQ2

(qi) ∨ βN(qi, x, qj)}}

= {∧qi∈Q{(βNQ1
∨ βNQ2

)(qi) ∨ βN(qi, x, qj)}} .
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Thus,

(βNQ1
∨ βNQ2

)(qj) ≤ {∧qi∈Q{(βNQ1
∨ βNQ2

)(qi) ∨ βN(qi, x, qj)}}(4.5)

(γNQ1
∨ γNQ2

)(qj) = (γNQ1
(qj) ∨ γNQ2

(qj))

≤ {∧qi∈Q{γNQ1
(qi) ∨ γN(qi, x, qj)}} ∨ {∧qi∈Q{γNQ2

(qi) ∨ γN(qi, x, qj)}}

= {∧qi∈Q{γNQ1
(qi) ∨ γNQ2

(qi) ∨ γN(qi, x, qj)}}

= {∧qi∈Q{(γNQ1
∨ γNQ2

)(qi) ∨ γN(qi, x, qj)}} .

Thus,

(4.6) (γNQ1
∨ γNQ2

)(qj) ≤ {∧qi∈Q{(γNQ1
∨ γNQ2

)(qi) ∨ γN(qi, x, qj)}}.

From (4.4), (4.5), and (4.6), NQ1 ∨NQ2 is a subsystem of interval neutrosophic
automata M. �
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