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A STUDY ON COMPLEMENTEDNESS IN THE SUBGROUP LATTICES OF
3 X 3 MATRICES OVER Z;

R. SEETHALAKSHMI!, V. DURAI MURUGAN, AND R. MURUGESAN

ABSTRACT. In this paper, we verify the complementedness in the subgroup lat-
tice of the group of 3 x 3 matrices over Zs.

1. INTRODUCTION

Let L(G) be the Lattice of Subgroups of G, where G is a group of 3 x 3 matri-
ces over Z, having determinant value 1 under matrix multiplication modulo p,
where p is a prime number.

Let
a b c a b c
g = d e f |:abcde fghicZ,|d e f £ 0.
g h i g h i
Then G is a group under matrix multiplication modulo p. Let

a b c a b c

g= d e flegG:|d e [f|=1
g h 1 g h 1

Then G is a subgroup of G. we have, o(G) = (p" —1)(p" —p)(p" —p?)...(p" —p" ")

[2] and o(G) = (" — D" ~ p)(];:"_—l p?)...(p" — p™ 1)

, see [2]. In this paper,
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we are going to study about the complementedness in the subgroup lattice of
the group of 3 x 3 matrices over Zs.

For ready reference we give the diagram of the lattice of subgroups of G when
p = 2 and for p = 3 we give a split up of the diagram which are found in the
thesis of V. Durai Murugan [1]. For additions details, see for instance [3,4].

2. PRELIMINARIES

Definition 2.1. (Poset) A partial order on a non-empty set P is a binary relation
< on P that is reflexive, anti-symmetric and transitive. The pair (P, <) is called a
partially ordered set or poset. A poset. (P, <) is totally ordered if every x,y € P
are comparable, that is either + < y or y < x. A non-empty subset S of P is a
chain in P if S is totally ordered by <.

Definition 2.2. Let (P, <) be a poset and let S C P. An upper bound of S is an
element x € P for which s < x for all s € S. The least upper bound of S is called
the supremum or join of S.A lower bound for S is an element x € P for which
x < sforall s € S. The greatest lower bound of S is called the infimum or meet

of S.

Definition 2.3. (Lattice) Poset (P, <) is called a lattice if every pair x,y elements
of P has a supremum and an infimum, which are denoted by = V y and = Ny
respectively.

Definition 2.4. (Covering Relation) In the poset (P, <), a covers b or b is covered
by a (in notation, a > bor b < a) ifand only if b < a and for no z,b < x < a.

Definition 2.5. (Atom) An element a is an atom, if a > 0 and a dual atom, if
a <1

Definition 2.6. (Complete Lattice) A poset is said to be complete lattice if all its
subsets have both join and meet. In particular, every complete lattice is a bounded
lattice.

Definition 2.7. (Complemented Lattice) Let L be a bounded lattice with greatest
element 1 and least element 0. Two elements x and y of L are said to be com-
plements of each other if t Vy = 1 and x Ay = 0. If every element of L has a
complement, then L is called a complemented Lattice.
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3. SUBGROUPS OF G OF DIFFERENT ORDERS IN L(G) OVER Zs

Let H be an arbitrary subgroup of G of order 2. Then the number of subgroups
of order 2 is 117. Let K be an arbitrary subgroup of G of order 3. Then the
number of subgroups of order 3 is 364. Let L be an arbitrary subgroup of G of
order 4. Then the number of subgroups of order 4 is 351.

Let M be an arbitrary subgroup of G of order 6. Then the number of subgroups
of order 6 is 468. Let N be an arbitrary subgroup of G of order 8. Then the
number of subgroups of order 8 is 468. Let O be an arbitrary subgroup of G of
order 9. Then the number of subgroups of order 9 is 117.

Let Q be an arbitrary subgroup of G of order 13. Then the number of sub-
groups of order 13 is 144. Let R be an arbitrary subgroup of G of order 16. Then
the number of subgroups of order 16 is 351. Let V be an arbitrary subgroup of
G of order 27. Then the number of subgroups of order 27 is 52.

We observe that, for each subgroups of order 4 contain only one subgroup
of order 2. Each subgroups of order 6 contains one subgroup of order 3 and
one subgroup of order 2. The first 351 subgroups of order 8 contains only one
subgroups of order 4 and next 117 subgroups of order 8 contains exactly three
subgroups of order 4.

Each subgroups of order 9 contains exactly three subgroups of order 3. Each
subgroups of order 16 contains one subgroup of order 8, two subgroups of order
4 and four subgroups of order 2. Also, each subgroups of order 27 contains three
subgroups of order 9 and three subgroups of order 3.

4. COMPLEMENTEDNESS IN THE LATTICE OF SUBGROUPS OF THE GROUP OF 3 X 3
MATRICES OVER Z3

Lemma 4.1. L(G) is complemented lattice if p = 3.

Proof. For L(G) when p = 3, the elements of L(G) when p = 3 and their respec-
tive complements are given in the following table.
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Subgroup | Complement | Subgroup | Complement | Subgroup | Complement
H,y K H3; K3 He; K1
Ho K Hio K3 Hegy Koo
Hj K3 H3s K33 Hegs Kes
Hy Ky Hsy K3y Hegy Ky
Hs K H3s K3s Hegs Kes
Hg K H3g K3 Hgg K
Hx K7 H3sq K37 Her Ko7
Hg Ky H3g K3 Hegg Kes
Hy Ky H3g K3 Hgg Koo
Hio Ko Hyo Kyo Hro Ko
Hyy K1y Hy Ky Hry K7
Hio Ky Hyo Ky Hro Ko
Hys K3 Hys Ky3 Hrs K3
Hiy K14 Hyq Ky Hzy K7y
His K5 Hys Kys Hrs Krs
Hig Ky Hyg Ky Hzg K
Hy7 K17 Hyq K7 Hr7 Koy
Hig Kig Hyg Kug Hrg Krg
Hiyg Kig Hyg Ky Hzg K
Hyo Ky Hso Ko Hgo Kyo
Hy Ky Hi, K, Hg, Ky
Hyo Ko Hio Ko Hygo Ky
Hos Ko Hss K3 Hgs Kgs
Hyy Koy Hs,y K4 Hzg,y Ky
Hos Kos Hss K5 Hgs Kgs
Hog Ko Hsg K6 Hgg Ky
Hyy Ko7 Hisq K7 Hgr Kgr
Hog Ko Hsg Ksg Hgg K
Hag Kag Hsg Ko Hgg Ky
H3o K3 Hego Keo Hyo Koo
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Subgroup | Complement | Subgroup | Complement | Subgroup | Complement

Hg, Ko, K Ls K3 L6
Hgs Ko K Lg K37 Ls7
Hos Ko3 Ky Ly K3 L3
Hygy Koy Ky Lg K39 Lsg
Hoys Kos Ky Lq Ko Lo
Hoyg Kog Ko Lo Ky Ly
Hy7 Ko7 Ky Ly Ky Ly
Hog Kog Ko Lys Ky3 Ly3
Hgg Kog K3 L3 Ky Lyy
Hioo Koo Ky Ly Kys Lys
Hip Kip1 Kis Lys Kyg Ly
Hipo Kip2 K L Kyr Ly7
Hio3 K3 K7 L7 Kys Ly
Hio4 K14 Kig Ly Ky Lyg
Hios K5 Kig Ly Ko Lso
Hio6 K6 Ky Log K1 Ls;
Ho7 Ko7 Ky Loy Ko Lsy
Hipg Kiog Ko Loy K3 Ls3
Higg Koo Ko Los K4 Ly
Hiyo Ko Koy Loy K Lss
Hip K Kos Los Kse Lse
Hi1o K112 K Lag K7 Ls7
Hys K3 K7 Loz Ksg Lsg
Hig K114 Ko Log Ko Lsg
Hiis K15 Ko Lag Keo Leo
Hii6 K16 K3 L3 K1 Le:
Hiy7 K117 K3 L3 Ko Lea

K, Ly K3y L3 Kes L¢3

K Ly K33 L33 Koy Le4

K3 Ls K3y L34 Kes Les

Ky Ly K35 L35 K Lo
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Subgroup | Complement | Subgroup | Complement | Subgroup | Complement
Koz Le7 Kog Log Kia9 L9
Kes Les Kog Lgg K30 Li3o
Koo Leg Ko L1oo K3 L3
Ko Lo Ko Lo K13, IBED
K7y Lz Koz L1g2 K33 Ly33
Ko Lo K3 L3 K34 L34
K3 L3 Kio4 Lioa K35 Ly3s
Ky L74 K5 Lios K36 L3¢
Krs Lzs K6 L6 K37 Ly37
Krg L Ko7 Loz K37 L7
Koy L7 Kiog Los K38 Ly3g
Krs L Kigg Liog K39 Ly3g
Krg L9 K110 L0 Ky Ly40
Kyo Lso Kin Ly Ky Ly
Ky Lg Ko L2 Ko Lygo
Ky Lg» K13 L3 K43 L3
K3 Lgs K114 L1y Ky Ly44
Kgy Lgy K15 L5 Ky L5
Kygs Lgs K6 L6 K146 L4
Ky Lgg K17 L7 K47 L4z
Ky Lgr Ki1g Lyig Ky Lyag
Ksgg Lgsg K9 L9 K9 L9
Ky Lgg K129 L2 K50 IBEN
Ky Lgo K19 Ly K51 L5
Koy Lo Ky L2 K50 IR
Koy Ly K93 L3 K53 Lys3
Ky3 Lo Kio4 Loy K54 Lis4
Koy Loy K5 Lyos K55 Lyss
Kos Lgs K26 L2 Kis6 Lys6
Kog Log Ko7 L2z K57 Lys7
Koz Loz K9 Lag K58 Lysg
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Subgroup | Complement | Subgroup | Complement | Subgroup | Complement
K59 Lys9 Kigo L1go Ko Log
K60 L0 K91 Lyg: Koo Loz
K61 L6 K9y Lygo Koa3 Laas
K62 L2 K193 Lyg3 Kooy Loy
K63 L163 K94 Lygy K5 Laas
K64 Liea K95 Ligs Koo Lass
K65 Lies K96 L1g6 Ko7 L7
Kig6 Lies K97 L9z Koo Loag
K7 Lie7 K98 Lgs Kaag Lasg
Kigs Lies K99 Lg9 Ka3o La3o
Kig9 Lieo Koo Lago K3 Loz
Ki7o L17o Koo Lony K30 Lo3zo
K Lin Ko Logo K33 Lo3s
K7 L7 K3 Loos Kass Lass
K73 L3 K04 Loy Kose Lo3g
K174 Lyz4 Koos Logs K3y Loz
Ki7s Ly7s K6 Laos Kass Lass
K76 L6 Ko7 Loz Kozg La3g
K77 L7z Kaos Loos Koy Loy
Ki7g Lyzs Koog Lagg Ko Logy
Ki7g L9 K10 Lo Koo Logo
Kigo Liso Koy Lovy Koy Loy
Kig1 Lig: Ko Lo Koy Loyy
Kigy Ligo K13 Lo3 Koys Loys
Kig3 L1g3 K14 Loy Koy Lagg
Kig4 Liga K15 Lo Koz L7
Kigs Lygs K6 Log Koy Loy
Kigs Lise Ko7 Loy Koy Loy
Kigr L7 Kog Loig Kas0 Laso
Kigs Lss Kaig Loig Kos1 Losy
Kigg Ligo Koo Lo Koso Loso

1747



1748

R. SEETHALAKSHMI, V. D. MURUGAN, AND R. MURUGESAN

Subgroup | Complement | Subgroup | Complement | Subgroup | Complement
Kos3 Loss Kogy Logy K315 L35
Kosy Losy Kogs Logs K316 L316
Koss Loss Kosge Logg K317 L317
Koase Lase Kasr Logz K33 L318
Kasz Los7 Kosgs Logs K319 L31g
Kosg Lossg Kosgg Logg K399 L3
Kas9 Laso Kago Lago K391 L3a;
Kago Lago Koo Logy K399 L33o
K1 Logy Koo Logy K323 L3a3
Koo Lo K3 Loag3 K34 L34
Kog3 Logs K94 Loagy K395 L3as
Kogy Lagy Kogs Lags K326 L326
Kogs Logs K96 Lage K37 L3z
Koaee Lags Ko7 Laogr K33 L3a8
Kaer Logr Koo Loags K329 L3a9
Kogs Logs Kagg Lagg K330 L330
Koo Lagg K300 Lo K33 L33
Koo Loz K301 L3 K33y L339
Kon Lo K302 L3z K333 L333
Koo Loz K303 L33 K334 L334
Kors Lozs K304 L3o4 K335 L33s
Kos Loy K305 L3os K336 L336
Kors Lozs K306 L306 K337 L337
Koze Loz K307 Lso7 K3ss L33s
Korr Loz K308 L30s K339 L339
Korg Lozg K309 L309 K340 L340
Koz Larg K310 L31o K3y L3y
Kosgo Logo K31 L3y K30 L34
Kosg Log; K312 L31o K343 L343
Kogo Logs K313 L33 K3y L344
Kogs Logs K314 L314 K345 L3y
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Subgroup | Complement | Subgroup | Complement
K346 L346 Mao1- Maso Qs
K347 L34z Mys1- Moo Qe
K348 L3yg M3o1- M350 Q7
K349 L349 M351-Myoo Qs
K350 L350 My01-Myso Qo
K351 L35 My51-Myes Q1o
K350 Q1 Ni- Nsg Vi
K353 Q2 Ns1- Nigo Vo
K3s4 Q3 Nio1- Niso V3
K355 Q4 Nis1- Nago Vi
K356 Qs Nog1-Naso Vs
K357 Qe Nas1-N3oo Ve
K358 Q7 N301-N350 Vz
K359 Qs N3s51- Naoo Vs
K360 Qo Nyo1- Nuso Vo
K361 Q1o Nys1- Nygs Vio
K362 Q1 O1- Osg H,y
K363 Q12 Os1- O100 Hy
K364 Q13 O101- O117 Hj
K3y L3y Q1- Qso Ry

Ly-Lso O, Qs51- Q100 Ry
Ls1-Lyoo O, Q101- Qui7 R3
Lyo1-L1so O3 Ri- Rso K
L51-Loago Oy Rs1- Rioo K
Lag1-Laso Os Ry01- Riso K3
Las1-L3no Og Ry51- Rago Ky
L301-L3s1 Oy Rao1- Raso K
M, _ Ms 1 Ras1- R3o K

M- Moo Q2 R301- R351 Ky

Myo1- M50 Q3 Vi- Viso Ny

My51- Moo Q4 Vs1- Vsa No
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5. CONCLUSION

In this paper, we proved that the complementedness in the subgroup lattice
of the group of 3 x 3 matrices over Zs.
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