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A NOTE ON PSEUDO SP-ALGEBRA
K. SHANMUGA PRIYA! AND M. MULLAI

ABSTRACT. As a generalization of SP-Algebra, the concept of pseudo SP-Algebra
is imported and some of their properties are researched in this paper. Pseudo
SP-Ideal, identity pseudo SP-Algebra and characterization of their properties
are defined and proved. Decomposition of any pseudo SP-Ideal of a pseudo
SP-Algebra is also introduced in this paper.

1. INTRODUCTION

Two branches of abstract algebra were established in [1-4]. Following this,
many authors mounted various algebras which have been acted as a generaliza-
tion or subclasses of these two algebras. In all these papers, they investigated
the algebraic structures in special algebras and made an assessment between
those algebras. In 2016, K. Shanmuga Priya and M. Mullai established a new
notion of algebra known as SP-Algebra [5]. They used the concept of SP-Ideal in
SP-Algebra to assemble quotient SP-Algebra. Homomorphism and kernal of SP-
Algebra were additionally described through them. They extended SP-Algebra
to SP-Ring [6] and discussed its properties. The idea of SP-Ring was applied to
polyomials named SP-polyomials in [7]. Young Bae Jun and Sun Shin Ahn intro-
duced the notion of Pseudo BH-algebra [9] and Pseudo BCH- Algebra [8] as a
generalization of BH-algebra and BCH-Algebra in 2015. They also investigated
some of its properties. In this paper, the perception of pseudo SP-Algebra, as a
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generalization of SP-Algebra is introduced and the notion of pseudo SP-Ideal in
pseudo SP-Algebra is defined. Moreover characterization of their properties in
pseudo SP-Algebra are also established.

2. PSEUDO SP-ALGEBRA

Definition 2.1. [5] An Algebra (Sp, *, es,.) of type (2, 0) is said to be SP-Algebra
if

(SP)) : cxc = eg,,
(SPy): cxes, =,
(SPs):ifcxf=eg,andfxc = eg,, thenc =f

(SPy): (cxf) x(fxh) = (c*h),

where ¢, f,h € Sp and %’ is any binary operation and ‘eg,’ is any constant.

Example 1. [5] If Sp is any non-void finite set and P(Sp) denotes the power set of
Sp, then (P(Sp), A, ¢) is a SP-Algebra, where A = (A-B) U (B-A), ¢ is an empty
setand A, B € P(Sp).

Definition 2.2. [5] A non-void subset I, of SP-Algebra Sp is said to be SP-Ideal if
(1) es, € Is,;

(2) foreveryc,fe lg,, cxfe lg,;
(3) if fxce Ig, and c € Ig,, then f € Ig,, where ¢, f € Sp.

Example 2. [5] Is, = {¢, {a}, {b}, {a, b}} is a SP-Ideal of (P(Sp), A, ¢), where
Sp ={a, b, c}.

Definition 2.3. A pseudo SP-Algebra is a non empty set Sp with a constant ‘eg,’
and two binary operations «’ and ‘0’ satisfying the following axioms:

(1) exc=cdc=eg,;

(2) cxes, =cdes, =¢

() ifex f = féc=eg,, thenc = f;

4) (cxf)o(fxh) =(cdof) «(foh), thenc«h=cdh, Ve, fand h € Sp.

Example 3. Consider the set Sp = {0,1,2}. Then Sp is a pseudo SP-Algebra with
operations “«’ and ‘0’ defined as follows:

Definition 2.4. A non empty subset Ig, of the pseudo SP-Algebra (Sp, %, 9, es,) is
called pseudo SP-Ideal of Sp if
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(1) es, € Sp;
(2) cxf,cd f € Is,, wheneverc, f € Ig,;
(3) ifcxf,ecofe s, andfe Is, = c € Is,, Ve, f € Sp.

Example 4. s, = {0} and Sp are pseudo SP-Ideals of the example 3.

Note 1. If the pseudo SP-Algebra (Sp, *, 0, es,) satisfies es, * (c* f) = (eg, *c)
x (esp, xf) and eg, 0 (c6f) = (es, dc) 0 (es, Of), Ve, f € Sp, then Sp is called
identity pseudo SP-Algebra.

Theorem 2.1. For any identity pseudo SP-Algebra (Sp, *, 0, es,), the set
Kg, = {c € Sp/ es, *c = eg,, es, 0c = eg,} is a pseudo SP-Ideal.

Proof. Let (Sp, %, d, es,.) be an identity pseudo SP-Algebra.
To prove K, is a pseudo SP-Ideal:

(1) Clearly es, € Kg,, since eg, * €5, = eg, and eg, J eg, = eg,

(2) Lete, f € Kg,. Then eg, *c = eg, 0c = es,, es, *xf =es, 0f = eg, . To
prove c¢x f € Kg, and ¢ f € Kg,, ie, to prove
esp *(cx f) =es, d (cOf) = eg,,

esp *x (cx f) = (esp x ¢) * (es, * f)
(esp * €) * eg,
= €g5p * C

= €Sp-

Similarly, eg, 0(cdf) = es,. Hence, (¢ x f) and (¢df) € Kg,.
(3) Let (c¢* f), (¢6f) € Kg, and f € Kg,
= €egp * (c* f) = €esp and esp 0 (c 5f) = €3p
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= (es, *c) * (es, *xf) = eg, and (es, 0c) 6 (es, 0f) = eg,
= eg, *c = eg, and eg, dc = eg,, since f € Kg,
= Cc KSP-

Hence, K, is a pseudo SP-Ideal of (Sp, *, 0, eg,.). O

Theorem 2.2. If (Sp, *, J, eg,) is an identity pseudo SP-Algebra and if ¢ € Kg,
and f ¢ Kg,, thencxfe€ Sp-Kg, andc§ f € Sp-Kg,.

Proof. Let (Sp, %, d, es,,) be an identity pseudo SP-Algebra. Let ¢ € K, and f ¢
Kg,. To prove ¢ f,cd f € Sp-K,, suppose, ¢ * f,cd f € Kg,. Then, f € Kg,,
since K, is a pseudo SP-Ideal, which is a conflict to our hypothesis. Hence,
cx f,co f e Sp-Kg,. O

Theorem 2.3. If I, is a pseudo SP-Ideal of pseudo SP-Algebra (Sp, *, 6, es,) then

@ (hxf)oc=es, =ce€lg,, Ve,f €ls, and h € Sp;
(ii) (hdf) xc =es, = h € Is,, Ve, f € I, and h € Sp.

Proof. Let Ig, be a pseudo SP-Ideal of pseudo SP-Algebra (Sp, *, 9, es,.).
(i) Let (h * f)dc = es,, where ¢, f € Ig, and h € Sp;
= (h* f)ic € Ig,, since eg,, € Ig,;
= (hx* f) € Is,, since (h* f)oc € Is, and ¢ € Ig,;
= h € Ig,, since f € Ig,.
(ii) Given, (héf) * ¢ = eg,, where ¢, f € Is, and h € Sp.
= (hof)*c € Ig,, since eg, € Ig,;
= (hof) € Is,, since ¢ € Ig,;
= h € Ig,, since f € Ig,. O

Theorem 2.4. Let Is, be a closure subset of a pseudo SP-Algebra (Sp, *, 0, es,)
and esp € ISP, then c € ISp; fe SP'ISP = fxc, foc€E SP-ISPJ Ve, f € Sp WISP
is a Pseudo SP-Ideal of the Pseudo SP-Algebra Sp.

Proof. Let f xc, foc € Sp-Ig,, Ve € Is, and f € Sp-Is,. To prove Ig, is a Pseudo
SP-Ideal, it is enough to prove that f € I, if f * ¢, féc and ¢ € Is,. Suppose,
f ¢ Is,, then f xc, foc € Sp-Is,, which is a contraction to our assumption that,
fxc, foce Is, = f € Is,. Hence, Ig, is a pseudo SP-Ideal of Sp.

In reverse, assume that /g, is a pseudo SP-Ideal of Sp. Let ¢, f € Sp, such that
celg,and f ¢ Ig,. To prove f x ¢ € Sp-Ig,, suppose f x c ¢ Sp-Is,. Then
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= [ xc € I, which implies = f € Ig,, since ¢ € Ig,. This is a contradiction to
f ¢ Is,. Therefore f xc € Sp-Ig,.
Similarly, foc € Sp-Is,. O

Proposition 2.1. Let Sp; be a pseudo SP-Ideal of a pseudo SP-Algebra (Sp, *, 6,
esp) and Spy be a pseudo SP-Ideal of Spy, then Sps is a pseudo SP-Ideal of Sp.

Proof. Given, Sp; is a pseudo SP-Ideal of Sp and Sp, is a pseudo SP-Ideal of Sp;.
To prove: Sp, is a pseudo SP-Ideal of Sp.

Clearly, es, € Sps and ¢ f,cd f € Spo, Ve, f € Spa, since Sp, itself is a pseudo
SP-Ideal of Sp;.

It remains to prove that ¢ € Sp, if f,c* f,cdf € Spy, for some ¢ € Sp. If ¢ €
Sp1, then ¢ € Spy, since Spy is a pseudo SP-Ideal of Spy.

Let f,cx f,cdf € Spa C Sp1. Then = ¢ € Spy, since Sp; is a pseudo SP-Ideal,
i.e., = ¢ € Sp;. Hence Sp, is a pseudo SP-Ideal of Sp;. O

Definition 2.5. Let (Sp, *, , es,) be a pseudo SP-Algebra. For any c, f € Sp, we
define H(c, f) = {x € Sp/(x *xc)6 f = es, }.

Theorem 2.5. If Is, is a pseudo SP-Ideal of a pseudo SP-Algebra (Sp, *, 9, €s,),
then Is, = UH (c, f), where c, f € Ig,.

Proof. Let Is, be a pseudo SP-Ideal of SP-Algebra (Sp, *, 9, es,.).
We will prove that Is, = UH(c, f), where ¢, f € Is,. Let ¢ € Is,. Consider,
(cxc)d es, = eg, 0 €5, = eg,. Hence
c€ H(c,es,) = H(c,es,) C H(c, f), since c € H(c, f)
= UH(c,es,) CUH (¢, f), where e, f € Ig,
= ce€UH(c, f), wherec, f € Is,
= Is, CUH(c, f).
Conversely, let z € UH(c, f), where ¢, f € Ig,.
=z € H(c, f), forsomec, f € Ig,
= (z*c)df = eg, € Ig,, since Ig, is a pseudo SP-Ideal
=zxc€lg,, felg,
=x € lg,,c€lg,.
Hence, UH (¢, f) C Is, = Is, = UH(c, f). O

Corollary 2.1. If I, is a pseudo SP-Ideal of pseudo SP-Algebra (Sp, *, 9, es,),
then ISP = UH(C, GSP), Ve € Sp.
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Proof. We will prove Is, = UH(c,es,.), Ve € Sp. We have UH (¢, f) C Ig,, since
2.1 UH (c,es,) CUH(c, f) = Is,.

Let ¢ € Ig, be arbitrary (i.e.,) ¢ € H(c, es,.). Then ¢ € U H(c, eg,), i.e.,

(2.2) Is, CUH(c,es,).

From (2.1) and (2.2), we obtain /s, = UH(c, eg,). O

Proposition 2.2. Let I, be a non void closure subset of SP-Algebra (Sp, *, 0, es,)
with the element eg,. If Is, = UH(c, f), where ¢, f € Ig,, then Ig, is a pseudo
SP-Ideal of Sp.

Proof. To prove Ig, is a pseudo SP-Ideal of Sp, it is enough to prove that if
r*$,108,5 € Ig,, thenr € Ig,.

Let r x s,7ds,s € Is,. Thenr € H(s,r *s), since (r * s)6(r x s) = eg, and
further r € Ig,. Hence, Ig, is a pseudo SP-Ideal of Sp. O

Proposition 2.3. Let Is, be a subset of a pseudo SP-Algebra (Sp, *, 9, es,) with
the following conditions:

(i) esp € Isp,

(ii) c* h,céh, f «h, foh € Is, and h € Is, = c* f,cdf € Is,, Ve, f,h € Sp.
Then Ig, is a Pseudo SP-Ideal of Sp.

Proof. Let, I, is a subset of pseudo SP-Algebra(Sp, *, 9, eg,.). We will prove Ig,
is a Pseudo SP-Ideal of Sp.

Clearly, es, € Is,, by (). Letc,f € Is,. Then = ¢ f,c0f € Ig,, since cx
esp,Co es,, [x esy, foes, € Ig,.
Next, let cx f,cdf, f € Is,. Then eg, *f,es, 6f,cx f,cd f e Ig,,ie., ce€ Ig,, by
(ii). Hence, Ig, is a pseudo SP-Ideal of Sp. O

3. CONCLUSION

In this paper, the concept of pseudo SP-Algebra is introduced with definitions
and suitable examples. Some theorems on pseudo SP-Algebra and pseudo SP-
Ideals are also established. Using this concept, the properties of pseudo SP-
Algebra will be investigated in future.
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