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AN EDGE PRIME OF SOME GRAPHS
M. SIMARINGA! AND K. SANTHOSHKUMAR

ABSTRACT. Let G = (V, E) be a (I, m) graph. A bijectiong : E — {1,2,...,m}
is said to be an edge prime labeling if for each edge ab € F, we have
ged(g*(a), g™ (b)) =1,

where g*(a) = 3 .cpg(ac). Moreover, a bijection g : E — {1,2,...,m} is
semiedge prime labeling if for each ab € E, either ged(g*(a), gt (b)) = 1 or
g (a) = g*(b). A graph that admits an edge prime (or semiedge prime) labeling
is said to be an edge prime (or semiedge prime) graph. In this paper, we prove
that if G has an edge prime, then G U P, is an edge prime graph. Also, we
obtain #(3[™) ® §(3["), n£0(mod 5) and some graphs superimposing of path
are an edge (or semiedge) prime graph.

1. INTRODUCTION

Let G = (V, FE) be a simple, finite, undirected graph with vertex set V' and
edge set F of order |V| = [ and |E| = m. For all other notations and termi-
nology in graph, we refer Balakrishnan. R and Renganathan. K [1]. A graph
labeling is an assignment of integers to the vertices or edges or both subject to
the certain conditions. An excellent survey on graph labeling is maintained by
Gallian [2]. A graph with vertex set V is said to have a prime labeling if its
vertices are labeled with distinct integers 1,2, 3, ..., |V| such that for each edge
xy the lables assigned to x and y are relatively prime. A graph which admits
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prime labeling is called a prime graph. The notion of a prime labeling was orig-
inated by Roger Entinger and it was discussed in a paper by Tout et.al., [5]. The
following is taken from [4] “Shiu et.al., [4] was introduced the concept an edge
(or semiedge) prime graph.

Let G = (V,E) be a graph with [ vertices and m edges. A bijecction func-
tion g : £ — {1,2,3,...,m} is called an edge prime labeling if for each edge
ab € E(G), we have ged(g9*(a),g* (b)) = 1, where g*(a) = ), .. 9(ac). More-
over, a bijection g : £ — {1,2,3,...,m} is a semiedge prime labeling if for each
edge ab € E(G), we have either gcd(g*(a),g" (b)) = 1 or g*(a) = ¢g*(b). A
graph which admits an edge (or semiedge) prime labeling is called an edge (or
semiedge) prime graph. They [3] obtained a necessary and sufficient condition
for disjoint union of path to be edge prime.

We use (z,y) instead of ged(x,y) if there is no ambiguous. They [3] also
determined that all 2- regular graphs, bipartite and tripartite graphs are edge
prime. Also, they [3] investigated that bipartite and tripartite graphs are a
semiedge prime. The generalized theta graph 6(S;, Ss, ..., Sk) consists of a pair
of end vertices joined by £ > 3 internally disjoint paths of lengths S, S5, ..., Sk,
k>1.

Let DS(m,n) be the double star with V(DS(m,n)) = {a,b,r;,s; : 1 < i <
m,1 < j < n} and E(DS(m,n)) = {ab,ar;,;bs; : 1 < i < m,1 < j < n}”
The following definition taken from [3] “If G;(p1, ¢1) and Gy(ps, ¢2) are two con-
nected graphs, then the graph obtained by superimposing any selected vertex
of GG, on any selected vertex of G; is denoted by G; ® G,. The resultant graph
G = (G; ® G4 contains p; + po — 1 vertices ¢; + g2 edges.”

In the present work C,, denoted by the cycle with n vertices and P, denotes
the path of n vertices. In the wheel W,, = C,, + K1, the vertex corresponding to
K is called the open vertex and the vertices, corresponding to C,, are called the
rim vertices.

In this paper, we investigate if G is an edge prime graph, then G U P, is
edge prime graph, 6(3[") ® 6(3["), n£0(mod 5), bipartite and tripartite graphs
superimposing of path are edge (a semiedge) prime graphs.

2. MAIN RESULTS

Theorem 2.1. If G has an edge prime, then G U P, is an edge prime.
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Proof. Let G(d*,e*) be an edge prime graph. Define g : E(G) — {1,2,...,e*}
with the property that for each edge rs € E(G), the numbers g™ (r), g*(s) are
relatively prime. Consider the path P, with vertex set {¢, : 1 < h < n} edge
set {chcpe1 1 1 < h < n — 1}. Define a new graph G' = G U P, with vertex set
V=V U{c,:1<h<n}andedgeset E' = FU{cpcpr1:< h <n—1}. Define
the bijective function g : E'(G') — {1,2,...,d* +e*,d* +e*+1,...,d*+e*+n—1}
by g(ab) = f(ab) for all ab € E(G), (ChCh+1) =g+ h,1 <h<n-—1. To prove
that G is an edge prime graph. In earlier, G is an edge prime graph, it is enough
to prove that for any ab € E' which is not in G, the numbers g*(a), g*(b) are
relatively prime, For any edge cpcp1 € EY, 2 < h <n—1, (g7 (cn), g (chs1)) =
(2¢* +2h — 1,2e* +2h + 1) = 1, (¢7(c1), g7 (c2)) = (e* + 1,2¢* +2h — 1) = 1,
(97 (en-1),9%(cn)) = (2¢* +2n — 3,e* +n — 1) = 1. It is easily verified that,
for any edge rs € E(G), g7 (r), g7 (s) are relatively prime. Hence G is an edge
prime. U

Theorem 2.2. The graph G = K,y ® P, is an edge prime.

Proof. Let G = K,,, ® P, be a graph. Then V(G) = {aq,bs,¢, : 1 < a < 2,
1 < <ml<y<n}and E(G) = {axbsg : 1 <a<21< < m}U
{aicr} U{cyeypr 0 1 < vy < n—1}. G has 2m + n edges. Let g : E(G) —
{1,2,...,2m + n} be defined by, for each 1 < 5 < m, g(a1bz) = 25 — 1, g(asbg) =
2m+2 —25,g(a1c;) =2m +1,foreach 1 <~ <n—1,g(c,cy41) =2m+1+41.
Clearly, g*(az) = m* + m,g"(a1) = m* +2m + 1,97 (¢;) = dm + 2y + 1,1 <
v <n-—1,4¢%(c,) = 2m + n. It can be easily verified that (¢ (a1), 9" (bg)) =
(g+(az), g% (bs)) = (g"(ar),g" (1)) = (g%(ca) g% (ca1)) = 1. Hence, G is an
edge prime. O

Theorem 2.3. The graph G = 0(3I™)) ® 0(3I"), n#£1(mod5) is an edge prime.

Proof. Let G = 0(3™) © 6(3"), n£0(mod 5) be a graph.

Then V(G) = {a,b,¢,ay, by, rz,¢ - 1 < w < n,1 <z < m}and E(G)
{aauy, by, bby, : 1 < w < n} U {br,, rece,ce, : 1 < x < m}. Note that |[E(G)| =
3(n +m). Define g : E(G) — {1,2,...,3n + 3m} by for each 1 < w < n,
g(aay,) = w, g(awby,) = 2n+1—w, g(bb,) = 2n+w, for each 1 < w < m, g(br,)
3n+m+1—x,9(ryc,) =3n+m+x,9(cc,) =3n+3m+1—z. Clearly, g*(a) =
gt (aw) = 20+ Lg% (be) = dn ot 1t (b) = O 4 R, g () =
6n+2m+1,9g%(c,) =6n+4m+1,¢97(c) = w It can be easily verified
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that, (g7 (a), 9" (aw)) = (97 (aw), g7 (b)) = (g7(b),97 (b)) = (g7 (b),g" (rz)) =
(97 (rz), 97 (cz)) = (g7 (), g7 (¢)) = 1. Hence, G is an edge prime labeling. [J

Theorem 2.4. The graph 0(3[™) ® P,, m#2(mod5) is an edge prime.

Proof Let G = 0(3") ® P,,m#2(mod5) be a graph. Then V(G) = {a,b, a,, ba,,

1 < a<ml < p <n}and E(G) = {atq, aaba,beb : 1 < o < m} U
{bcl} U{c,cyq1 : 1 < < n—1}. Hence, |[E(G)| = 3m + n. Let the labeling
g: E(G) = {1,2,...,3m + n} by g(aa,) = a, for each 1 < a < m, g(a.bs) =
2m+ 1 — «,g(byb) = 2m + 1 — «, g(ac,) = 3m + 1, g(cycy41) = 3m + 1+ v for
1 <y <n-—1 Clearly gt(a) = ™*m42 g+(q.) = 2m 4 1,¢7(bs) = 4m +
1, gt (b) = o2 A gt (ey) =6m+2y+1for1 <y <n-—1andg"(c,) = 3m+n.
It’s enough to prove that (g7 (a), 97 (da)) = (97 (aa), 9" (ba)) = (97 (ba), g7 (b)) =
(97 (a),g" (1)) = (g7 (ca), 9" (cas1)) = 1. Hence 0(3™) ® P,, m#2(mod5) is an
edge prime. O

Theorem 2.5. The graph 6(4") ® P,, m#1(mod3) is an edge prime.

Proof Let G = 0(4™) ® P,, m#1(mod3) be a graph. Then V(G) = {r, b, 54, 4, a,
e : 1 <d<m,1 <e<n}and E(G) = {rsq, Sata, taaq,aqsb : 1 < d < m} U
{rei,cpepin 1 < f <n—1}. Also,| E(G)| = 4m + n. Define a bijective function
g: E(G)—{1,2,....4m + n} be as follows: g(rs;) = d for 1 < d < n,g(sqtq) =
2m+1—dfor1 <d <m,g(tgaq) =2m+d,1 <d <m,g(aqb) = 4m+ 1 —d for
1<d<m,g(re)) =4m+1,g(cscrp1) =4m+ f+1for 1 < f <n — 1. Clearly,
gt(r) = "M gt (sy) = 20+ 1,g*(tg) = 4m + 1,97 (ag) = 6m + 1, g% (b) =
7’”2%,@“(@) =8m+2f+1forl1 < f<n-—1andg"(c,) = 4m + n. It can
be easily verified that (g (), g*(s4)) = (9" (s0), 9% (ta)) = (" (ta). 9" (aa)) —
(9" (aa).g*(0) = (g7(r).g"(c1)) = (g7(cs), g% (cy1)) = 1. Hence 9(4)) @
P,,m#1(mod3) is an edge prime. O

Theorem 2.6. The graph 6(m, m,m) ® P, is edge prime for m#0(mod 7).

Proof. For m = 3,4 the result follows from theorem 2.4 and 2.5. We may
assume that m > 5. Let G = #(m,m,m) ® P,,(m#0(mod 7)) be a graph.
Then V(G) = {a,b,7,8;,ti,c; : 1 < i <n—-11<j < n}and E(G) =
{ari,asy,aty, rpm_1b, Sp_1b, ti_1b,acr} U {ririg, siSivr, titir, ¢ :
1<i<m-21<j<n-—1}. Clearly, |E(G)| =3m+n. Letg: E(G) —
{1,2,3,...,3m + n} be defined as follows: g(ar;) = 1,g9(as1) = 2,g(at1) =
3,g9(acy) = 3m + 1.
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ric1ri) = 3i, g(si—1s;) = 3i — 1, g(t;_1t;) = 3i — 2 for even i > 2.
Tri— 17’Z) 31 — 2,9(51'_181') =31 — 1,g(t1_1tz) = 37 for odd 7 > 3.

9(

(

(rm—1b) = 3m, g(S;m_1b) = 3m — 1, g(t,,—1b) = 3m — 2 if m is even.
( ) =

(c

=

g(rm—1b) = 3m — 2, g(sm_1b) = 3m — 1, g(t,,_1b) = 3m if m is odd.

g(cjcip1) =3m+j+1for1 <j<n-1
We note that g™ (a) = 3m + 7,g7(r;) = g%(s;) = ¢g7(t;)) = 6i + 1 for
1 < i < m—1,¢%0) = 9Im — 3,g7(¢;) = 6m + 2j + 1 for
1 < j < n-—1. We know that, (¢g%(a),g"(r1)) = 1 = (¢7(a),g"(c1)) for
1<i<m—2,(g"(ri), g (riy1)) = (60 + 1,60 +7) = 1. Also, (g7 (rm+1), 97 (b)) =
(6m —5,9m —6) = 1,(g%(¢;),97(¢j41)) = (6m +2j + 1,6m + 2j + 3) = 1 for
1 <j <n—1. Hence, G is an edge prime labeling. 0

Theorem 2.7. For even m = 2! > 2, DS(m — 1,m) ® Pn) is an edge prime if
m + 1 is prime.

Proof. Let G = DS(m — 1,m) ® P, (for even m = 2! > 2,m + 1 is prime)
be a graph. Then V(G) = {a,b,74,53,t, : 1 < a < m—-11 < g < m,
1 <~ <n}and E(G) = {ab,aty,ar,,bsg, tyto41 1 <a<m—1,1<p<m,
1 <y <n-—1}. G has 2m + n edges. Define g : E(G) — {1,2,....,2m + n}
be as follows, g(ab) = m + 1, g(ar,) = %20;11}) for1 < a <m—1,g(bsg) = 20
for 1 < g < m,g(at;) =2m + 1,9(tyty41) =2m+y+1forl <y < n-—1.
We have, g™ (a) = m*> +2m + 1,¢7(b) = (m + 1)%,g7(t,) = 4m + 2y + 1 for
1 <~y<n-—1,g"(t,) = 2m + n. It can be easily verified that (¢* (a), g" (b))
(97(a),g7(ra)) = (g7(b),97(s4)) = (97(a),g"(tr)) = (97 (ta), 9" (tat1)) =
Hence, G is an edge prime.

O =l

Theorem 2.8. For odd m = 2! — 1 > 1, DS(m,m) ® P, is an edge prime if
m? +m + 1 is prime.

Proof Let G = DS(m,m) ® P,, (forodd m = 2! —1 > 1, m®> +m + 1 is
prime) be a graph. Then V(G) = {a,b,74,53,t, : 1 < o, < m,1 <~ < n}
and E(G) = {ab,aty,ar,,bsg, tyty1 01 < a,f < m,1 <~y < n—1}. Here,
|E(G)| = 2m+n+ 1. Define a bijective function g : E(G) — {1,2,...,2m+n+1}
by g(ab) =1, g(ar,) =2a+1forl < a <m, g(bsg) =28forl < g <m, g(at,) =

2m+2, g(tyt,41) =2m+~y+2for1 <~ <n-—1. Clearly, g*(a) = m? +4m + 3,
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gt (b) = m*+m+1, g™ (t,) = 4m+2y+3, g (t,) = 2m+n+1. It can be easily ver-

ified that (g7 (a), g% (b)) = ((97(a), g7(ra)) = (¢7(b), g% (54)) = (g7 (a), g7 (t1)) =
(g7 (t,), g*(t,4+1)) = 1. Hence, G is an edge prime. 0

Theorem 2.9. The complete tripartite graph K, ; , is edge prime.

Proof. Define g : E(K,,) — {1,2,....2n} by g(s1t;) = 2j — 1 and g(sqt;) =
2n +2—2j4, 1 < j < n. Then g™ (¢;) = 2n + 1 for all j,¢g%(s;) = n* and
gt (sa) = n? 4+ n. The labeling g is called the basic labeling of K> ,,. If we add an
edge s1s, and get the graph K, ,. Define g, : E(K11,) — {1,2,...,2n + 1} by
follow the same ¢ and ¢;(s1s2) = 2n + 1. Then thus we have g; (¢;) = 2n + 1
for all j, g; (s1) = (n+ 1)? and g; (s2) = (n + 1)® + n. Hence K, is an edge
prime. O

Theorem 2.10. W,, ® P, is semiedge prime.

Proof. Let G = W, ® P, be a graph. Then V(G) = {a,bg,cc : 1 < d <m,1 <
e <n}and E(G) = {aby : 1 < d < n}U{bgbgy1 : 1 <d <n—1}U{bb,} U
{ac1} U{ceCer1 = 2 < e < n—1}. Note that, |E(G)| = 2m + n. Let the labeling
g: E(G) = {1,2,....2m + n} be defined as follows and consider the following
cases.

Case 1: m is even.

glaag) =2m —2d+ 1, for 1 < d < m, g(agaqs1) = d+ 1 for odd d, g(agaqi1) =
m + d for even d, g(ac;) = 2m + 1,g(ceCer1) =2m+1+eforl <e < n-—1.
Observe that g™ (a) = m* +2m + 1, g™ (a;) = 4m + 1, g*(aq) = 3m + 1 for
2<d<m,gt(c.)=4m+2e+1for1 <e<n-—1,9"(c,) =2m+n.

Case 2: m is odd.

g(aag) =2m —2d+ 1, for 1 < d < m, g(agaqr1) = d+ 1 for odd d, g(agass1) =
m+d+ 1, foreven d, g(ac;) =2m+1,9(ceCer1) =2m+e+1forl <e<n-—1.
Observe that g*(a) = m* +2m + 1, g(ag) = 3m + 2, for 1 < e < m. g*(c.) =
dm+1+2eforl <e<n-1,g"(c,) = 2m + n, We know that (g7 (a), g*(aq))
= (9" (aa), 9" (aat1)) = (97 (a), 9" (ca)) = (97 (ca), g7 (cas1)) = 1. Hence, W;,, © P,
is an semiedge prime. O

Theorem 2.11. The graph P(2,m) ® P, is semiedge prime if m > 6.

Proof. Let G = P(2,m) ® P, be a graph (m > 6). Then
V(G)={aq:1<d<m}uU{b.:1<e<n}and
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E(G) = {agagr1 : 1 <d <m—1} U{agagie : 1 < d < n—-2}U{ab} U
{bebieq1y 1 1 < e <n—1}. Also, |[E(G)| = 2m +n — 3. Define a bijective function
g: E(G)—{1,2,3,...,2m+n—3} be as follows g(aqas+1) =dfor1 <d <m-—1.
g(agagis) =2m—d—2for1 <d <m—2.g(a1by) = 2m—2.g(bebey1) = 2m—+e—2
for 1 < e < n—1. Observe that, g™ (a;) = 4m — 2,¢"(az) = 2m — 1 = g*(an),
g (am—1) =3m—2,g%(b1) =4d—3for3<d<m—2,g7(b.) =4m+2(e—1)—3
for1 <e<n-—1andg"(b,) =2m+n — 3. It is easily to verified that every two
adjacent vertices labels that are relatively prime. O

Theorem 2.12. The graph K, U W,, is semiedge prime.

Proof. Let G = K, ,, UW,, be a graph. Then

V(G) ={a1,a9,b; : 1 <i<m}U{r,r;: 1 <i<n}and

E(G) ={aibj,asb; : 1 <i<m}U{rr,: 1 <i<n}U{rmr:1<i<n-—1}
Also, |E(G)| = 2(m +n). Define g : E(G) — {1,2,...,2m + 2n} by as follows for
each 1 <i < m,g(a1b;) = 2i — 1, g(asb;) = 2m + 2 — 2i, Consider the following
cases.

Case 1: n is even.

g(ririv1) = 2m + i+ 1 for odd i, g(r;r;41) = 2m + n + i for even i, g(rr;) =
2m +2n — 2i + 1 for 1 < i < n. Observe that g™ (r) = 2mn + n?, g™ (r)) =
6m +4n+ 1,97 (r;) = 6m + 3n + 1.

Case 2: n is odd.

g(ririv1) =2m+i+1forodd ¢, g(ririv1) = 2m+n-+i+ 1 for even i, g(rr;) =
2m +2n — 2i+ 1 for 1 < i < n. Clearly, g™ (r) = 2mn + n?, g™ (s;) = 6m + 3n + 2
for 1 <i < n. It is easily to verified that every two adjacent vertices labels that
are relatively prime. O
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