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ON VON NEUMANN REGULAR MODULES
G. N. SUDHARSHANA! AND D. SIVA KUMAR

ABSTRACT. Results gotten for a module M over a commutative ring have been
broadened to module over a ring which is not necessarily commutative. It has
been indicated that an R-module M is V N-regular module if and only if M is a
multiplication module and R/(0 : M) is strongly regular ring. It has also been
indicated that the notions of prime submodule, completely prime submodule,
maximal submodule coincide in a strong symmetric V' N-regular module.

1. INTRODUCTION

In this manuscript, we develop the outcomes admitted for a V' N-regular mod-
ule over a commutative ring to a VV N-regular module over a ring which is not
necessarily commutative. Following [2], an element ¢ € R is said to M-V N-
regular if aM = a>M where R is a commutative ring and M is an R-module,
respectively. Since R is commutative, aM =< a >2 M if and only if an element
a € Ris M-V N-regular, where < a > is the ideal generated by a. An R-module
M is said to be V N-regular module if for any m € M, Rm = aM for some a € R,
where a is a M-V N-regular element. We present the V' NV-regular modules over
rings definitions which are not necessarily commutative and obtain the neces-
sary and sufficient condition for an R-module M to be V N-regular module in
Section 2.
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In this manuscript, all rings are with nonzero identity and all modules are
nonzero unital. The ring R is said to be regular if given a; € R, we can find a;
in R in a ways that a; = ajasa;. The ring R is said to be strongly regular if given
a; € R, we can find a, in R in a ways that a; = aya?. The two notions of regular
and strongly regular coincide if R is a commutative ring. since R is regular and
idempotents are central if and only if a ring R is strongly regular .

In recent years, some significant scientific results about several types of mod-
ule had been accounted, see [3]-[7]. Anderson et al.[3] called VN-regular mod-
ule as J7T-regular module (Jayaraman and Ticker) and weakly JT-regular mod-
ule if every a € R is M-V N-regular. In between these modules, they have
shown that there are two other regular modules, namely strongly F'-regular and
F-regular. In fact they have shown that a module M is JT-regular which implies
that M is strongly F-regular. It follows that M is F-regular which implies that
M is weakly JT regular.

In this manuscript, we follow the notation given in [2] and develop the out-
comes gotten by [2] for modules over commutative rings to modules over rings
which are not necessarily commutative. We have given illustrations of VN-
regular modules over ring which is not commutative. Throughout this manu-
script R stands for a ring which is not necessarily commutative unless otherwise
specified and M stands for an R-module. The ideal (A : B) is represented by
(A: B) ={a € R:aB C A}, where A and B are any two submodules of
M. The annihilator of M is denoted by (0 : M). A of M is called proper if
A # M. A definition of a maximal submodule is that a proper submodule A of
M is not consists in any other proper submodule of M. P is completely prime if
a € R,m € M, such that am € P, where P is proper submodule, then we have
m € PoraM C P. P of M is said to be a prime submodule if for all ideals I of
R and submodules A of M such that JA C P,wehave AC Por IM C P.If M
is a module over R, where R signifies a commutative ring then the two notions,
completely prime submodule and prime submodule coincide.

Every submodule of M is of the form /M then a module M is called a mul-
tiplication module, for some ideal I of R. If there exists a submodule B of M
such that A+ B = M and AN B = 0, then a submodule A of M is called a
complemented submodule. £(R) and £(M) signifies the lattice of all ideals of
R and the lattice of all submodules of M, respectively.
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2. CHARACTERIZATIONS OF V N-REGULAR MODULES

Definition 2.1. An element a € R is said to be M-V N-regular if aM =< a > M,
where Let M is an R-module.

Definition 2.2. If for any m € M, Rm = aM for some a € R then b R-module M
is called V N-regular module, where a is a M-V N-regular element.

Now we provide a counter examples V' N-regular module over a ring which is

() e

be the ring with usual matrix addition and matrix multiplication. Then the R-

w10 60))

is a V N-regular module as for
01
m = ,
00

(0 ;).

For other element in M the choice of a is obvious.

not commutative.

Example 1. Let

module

Rm = aM =< a >> M where

Example 2. Consider the ring R as in the example 2.3. Then the R-module Ry, is
not a V N-regular module as for
11
m = :
0 0

(; g).

There does not exist a in R such thatRm = aM =< a >2 M.

Rm # aM =< a >* M where
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Definition 2.3. If f — f? € (0 : M), then f € R is called weak idempotent element.

Lemma 2.1. Let M be an R-module. If R/(0 : M) is strongly regular, then for any
r€ R, ac Rand forall m € M, there exist v € R such that ram = ar’ m.

Proof Let a € R. Suppose R/(0 : M) is strongly regular. Then there exist
b€ R/(0: M) such that a = ba® . It follows that a = aba. Let r € R. Since ab
is central we have 7a = 7(aba) = (ab)Fa = ar for some r’ = bra € R/(0 : M).
Then ram = ar'm for all m € M. O

Lemma 2.2. Let R/(0 : M) be strongly regular and M be an R-module. If for any
element a in R, we have aM =< a > M.

Proof. Suppose R/(0 : M) is strongly regular. Let a € R. It is obvious that
aM C< a > M. Let x €< a > M. Then x can be written as z = Zm riarims,
where the sum is finite, for some r;,7; € Rand m; € M. Thenz =, r;am;, for
some m; = r;m € M. Thus r = 3", ar;m; by Lemma 2.1. Hence < a > M C aM
and aM =< a > M holds. O

Lemma 2.3. Let R/(0 : M) be strongly regular and let f,, f» € R be weak idem-
potent elements of R, Then

(D 1— f1, fifs, f1+ fo(1 — f1) are weak idempotent elements of R.

(i) LM NaM = fiaM ¥V a € R.

(ii) 1M + foM = (fi + fi(1 = f1)) M.

W) fiM = foM <= (f1) + (0: M) = (f2) +(0: M)

(v) fiM has a complement in L(M).

Proof.

(i) Let fi, f» € R be any weak idempotent elements of R. Then f,, f; are
idempotent elements of R/(0 : M), so 1 — f; is idempotent element of R/(0 :
M). Since fi is central (fif2)* = fi(foaf1)fo = f12f22 = fifo. Hence fif, is an
idempotent element of R/(0 : M). As f, is central, we have (f; + fo(1 — f1))? =
fi+ fo(1 = f1). It follows that 1 — f1, f1fo, fi + fo(1 — f1) are weak idempotent
elements of R.

(ii) Let fam € fiaM. Then fiam = af;m € aM, by Lemma 2.1. Hence
fiaM C fiM NaM. Since f; — f2 € (0: M), we get fim = fim forall m € M.
Let my € fiM N aM. This implies m; = fim and m; = am’ for some m/,
m’ € M. Thus m; = fim' = ffm/ = fl(flm') = fim, and since fim; = fiam’,
we have m; = fiam . Thus m; € fiaM. Therefore fiaM = fiM N abl.
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(iii) Obviously (fi1 + f1(1 — f1))M C fiM + foM. Let fym € foM. It is clear
that fi = £ + fo(1— fi)fi = fi’ + fifo(1 — f1) since f; is central. It follows
that fiM C fi(fi + f2(1 — f1))M. Hence fiM = fi(f1 + fo(1 — f1))M. Hence
HM = fi(fi+2(1=f0)M = (fi+f2(1=f1)) iM C (fi+ fo(1— f1))M. Similarly
foM C (fi + fo(1 = f1))M. It follows that fiM + foM C (fi + fo(1 — f1))M.
Hence fiM + foM = (f1 + f2(1 — f1))M holds.

(iv) Assume that fiM = foM. As in Lemma 1(@Gv)[2],
< fi>+(0:M)=< f, >+(0: M) holds.

Conversely, now to claim fiM = foM. Let fym € fiM since f; €< f; > +(0:
M), it follows from the assumption that f; = Zi’ i farj + « for some r;,7; € R
and x € (0: M). Then fim = Z” riforym =", r; fam' for some m' = r;m € M.
Hence fim = Y, for;m’ by Lemma 2.1. It follows that fM C f,M and similarly
foM C fiM. Hence f1M = f,M holds.

(v) Let me M. Thenm =1m=(fi +(1— f1))m € f1M + (1 — f;)M. Hence
AIM +(1— f,)M = M. Since by(ii) M N (1— f,)M = f,(1 — f;)M = 0. Hence
fiM has a complement in L(M). d

Lemma 2.4. Suppose R/(0 : M) is strongly regular then for every a € R we have
aM = eM for some weak idempotent element e in R.

Proof Let a € R. Fora € R/(0 : M) there exists b € R/(0 : M) such that
a = ba?. Hence a = aba and it follows that ab is a weak idempotent in R. Clearly
abM C aM. Let am € aM. Since a = aba, it follows that (a — aba)m = 0 for
all m € M. Hence am = abam € abM. Therefore aM = abM for some weak
idempotent ab in R. 0

Lemma 2.5. Suppose J;, Jo be any two ideals of R such that J, + J, = R and
JiJo € (0 : M), where M is an R-module. Then the subsequent axioms are
satisfies:

D J+(0:M)=<fi >+(0: M) for some f, € J;

() Jo+ (0: M) =<1—f; >+(0: M) for some (1 — f1) € J,

(iii) 1M =< f; > M and JoM =< 1— f; > M for some f,; and (1 — f;) such
that fi € J, and (1 — f1) € J,.

Proof.
(i) Let J; + Jo = R, there exist i € J; and j € J, such that i + j = 1. As
i(1 —i) = (1 —j)j =1ij € (0: M) this implies that 7,(1 — ¢) and j,(1 — j) are
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weak idempotent elements of R. It is clear that < « >C J;. Let r € J;. Then
r=r(i+j)=ri+rje<i>+J1Js C<i>+(0: M). Hence <i > +(0: M) =
J1 + (0 : M) for some weak idempotent i € J;.

The proof of (ii) is same as proof of (i).

(iii) Let ), ixmy, € Ji M, where the sum is finite. As i, € J; + (0 : M), by (i)
it follows that i, = Zm. r; fir; + « for some r;,r; € Rand z € (0 : M). Then
My = Zm rifirymy, €< fi > M. Thus 1M C< f; > M. Lety e< f; > M.
As fi €< fi > +(0 : M)by (i) fi = i+« forsome i € I, 2" € (0 : M).
Theny = Y, rifirym = Y, ri(i + ' )rym €< i > M C JyM. Tt follows that
JiM =< f; > M for some f; € Jy. Similarly Job,M =< 1 — f; > M for some
weak idempotent (1 — f,) € J,. 0O

Definition 2.4. An R-module M is said to be strong symmetric if for any a, b € R,
m € M such that abm = bam.

Note: If R is a commutative ring, every R-module M is strong symmetric. There
exist R-module M which is strong symmetric even though R is not commutative
ring.

Now we give an illustration of a strong symmetric module.

Example 3. The Module in Example 1 is strong symmetric module even though R
is not commutative ring.

Lemma 2.6. Assume M is a strong symmetric R-module and let fi, fo» € R be any
two weak idempotent elements of R. Then fiM + foM = (f1 + fo(1 — f1)) M.

Proof. Obviously, (fi+ fo(1—f1))M C f1M+ foM. Let fym € fiM. Itis clear that
A= 4= f)fiasv € R/(0: M). It follows that fym = (f2+ fi(1— f1))m
for all m € M as M is strong symmetric.
This shows that f1 M C fi(f1 + f2(1 — f1))M and hence
fiM = fi(fi+ fo(1 = f1))M = (f1 + fo(1 — f1)) 1M as M is strong symmetric.
Hence fiM = (fi + fo(1 — fi))iM C (fi + fo(1 — f1))M. Similarly
foM C (f1 + fo(1 — f1))M and therefore f,M + foM C (fy + fo(1 — f1))M.
This shows that fi M + foM = (f1 + fo(1 — f1))M. O

The subsequent theorem finds the condition under which any element a € R
to be M-V N-regular element.

Theorem 2.1. a € Ris M-V N-regular if R/(0 : M) is strongly regular.
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Proof. Since R/(0 : M) is strongly regular, we have for a € R/(0 : M) there
exists b € R/(0 : M) such that @ = @*b. Then a — a?bh € (0 : M). This im-
plies a — a?b = z for some x € (0 : M), we have a = a’h + 2 €< a® >
+(0 : M). Hence < a > +(0 : M) C< a®> > +(0 : M). Therefore, we have
<a>+4+(0:M)=<a*>+(0: M).

Let am € aM. Since a €< a > +(0 : M), we have a = Y, . ra’r; + " for
some r;,r; € Rand ' € (0: M). Then am = Y, ,ria®rym = Y-, r;a’m; for some
m; = r;m € M. We have am = Y, a®>r;m; by Lemma 2.1. This implies
aM C< a >< a > M. Clearly < a >< a > M C< a > M. By Lemma 2.2
<a>%M CaM. Hence aM =< a >? M. 0O

Theorem 2.2. Suppose R/(0 : M) is strongly regular. Then the following condi-
tions are equivalent.

(i) Every element of R is M-V N-regular.

(i) (L NJ)M = 1M VY Ji, Jy € L(R).

(i) LM = JPM Y J; € L(R).

Proof.

(i) = (it). Under condition (i) satisfied. Let J;, Jo € L(R). Let a € R. By
(i) we have aM =< a >2 M. Clearly J; /oM C (J; N Jo)M. Let z € (J; N Jo) M.
Then z = ) . a;m; where the sum is finite and for some a;, € JiNJ; and m; € M.
Since aM =< a >< a > M, For any i, a;m; = Zn(zw riarj)(zm rRAT) My,
for some r;,r;,r,r; € R and m,, € M. Hence by Lemma 2.1, a;m; = a?m,, for
some m, € M. Thus z = a.am, € J1JoM since a € J; N J,. This implies that
(J1NJy)M C JyJoM and hence (J; N Jy)M = J;JoM holds.

(11) = (1ii). Under condition (ii) satisfied. Let J; € L(R). It follows by (ii)
that ;M = (J; N J)M = J2M.

(14i) = (7). Under condition (iii) satisfied. Let a € R, then by (iii), < a >
M =< a >? M. Hence by Lemma 2.2, we have aM =< a >? M. O

Lemma 2.7. [1] Let M be a finitely generated strong symmetric R-module and let
I be an ideal of R such that IM = M then there exists v = 1(modI) such that
xM = 0.

Proof. Suppose M has two generators. Let mq,m, be the generators of M. Since
my € IM, m; = ilm, where 11 €1, TTL, € M. As ml e M, m, = 511m1+612m2 for
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some [11,512 € R. Somy = i1(B11ma + frame) = (i1811)ma + (41 512)me. Therefore
(2.1) my = 111M + 112My

for some iy, = 11011 € I, 110 = 11012 € 1. Again, Since my € IM, my = izm”
where 19 € I, m € M.Asm € M, m = Bglml + ngmg for some 521,522 € R.
So mo = ig(ﬁglml -+ ,ngmg) = (igﬁgl)ml —+ (i2ﬁ22)m2. Therefore

(2.2) My = 1M + 1221y

for some i9; = 99091 € I, i9y = 19399 € I. From (2.1),

(23) (1 - z'n)ml - ilgmg =0.
From (2.2),
(24) —i21m1 -+ (1 — ng)mQ =0.

Let 2 = (1 — i11)(1 — di92) — d19ia1. Then zmy = ((1 — i11)(1 — o) — i19ia1)my =
(1 — d9)(1 — 411)my — d19i91my since M is strong symmetric. By (2.3), zm; =
(1 — d9g)(i19ma) — d12i21my = (1 — d9g)(i19ma) — i12((1 — i22)ms2) by (2.4). Since
M is strong symmetric, we have xm; = 0. Similarly zms; = 0. Let m € M,
m = aymy + asmy for some ay, as € R. Then xm = z(aym; + agms) = 0
since M is strong symmetric and xm; = xms = 0. Hence zm = 0 for all
m € M.Thus zM = 0. We write (1 — y)M = 0 where y € I since z is of the form
x = (1 —i11)(1 — ige) — 71272, Hence for n generators, we can easily find

1-— 111 —112 e —11n
—1921 1-— 192 . . . —19n
xr =
—Inl —lp2 . . . 1=, |

U

Now we find the necessary condition for an element « € R to be M-V N-
regular.

Theorem 2.3. Let M is a strong symmetric R-module and it is finitely generated.
Then a is M-V N-regular if and only if R/(0 : M) is strongly regular.
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Proof. Suppose R/(0: M) is strongly regular. Let a € R. Then by Theorem 2.1,
we have a is M-V N-regular.

Conversely, suppose that a is M-V N-regular. Then aM =< a >2 M. As M is
strong symmetric, we have < a > M =< a >* M. By Lemma 2.7, (1 —r) < a >
M = 0 for some r €< a >. It follows that (1 — r)am = 0 for all m € M. Then
(1=>_,  riar;)am = 0 for some r;,r; € R . Since M is strong symmetric, we have
0=a(l=> ;mary)m =a(lm—>3_, riarym) =a(m—73_, ;arjrm) = (a— afr’)m
for all m € M and for some v = Y, .r;r; € R. It follows that a = @ and
hence R/(0: M) is strongly regular. O

Lemma 2.8. Let M is a strong symmetric R-module and it is finitely generated.
Then a € Ris M-V N-regular if and only if aM =< e > M for some e¢ € R.

Proof. Let a be M-V N-regular. According to Theorem 2.3, R/(0 : M) is strongly
regular. Since by Lemma 2.4, we have aM = eM for some e € R. By Lemma
2.2, we have aM =< e¢ > M for some e € R.

Conversely, suppose that aM =< e > M for e € R. As M is strong symmetric,
oneobtain < a >> M =<a><e>M=<a>eM =e<a>M=e*M =
eM = aM. Therefore aM =< a >2 M. O

Lemma 2.9. Let M is a strong symmetric V N-regular R-module and it is finitely
generated. Then R/(0 : M) is strongly regular.

Proof. Let b € R. Since M is finitely generated, we have < b > M is also finitely
generated. As M is strong symmetric, we have bM is finitely generated. Then
bM = > | Rm; for some my,ms,...,m, € M. As M is a V N-regular module,
for each i, there exists a M-V N-regular element b; € R such that Rm; = b; M.
According to Lemma 2.8, for each i, there exists ¢; € R such that ;M =< ¢; >
M =e¢e;M.

Now by utilizing Lemma 2.6, )", Rm; = > -  bM = >""  e;M = eM for
some e € R. SobM = eM. This implies bM =< e > M for e € R. By Lemma 2.8,
we have b € R is M-V N-regular and hence by Theorem 2.3, we have R/(0 : M)
is strongly regular. g

Lemma 2.10. Suppose M is a multiplication R-module and R/(0 : M) is strongly
regular. Then M is a V N-regular module.

Proof. As Rm is finitely generated, this implies that Rm = I M for some finitely
generated ideal / C (Rm : M). As R/(0 : M) is strongly regular, by Lemma
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2.4, we have for any a € R, aM = eM for some weak idempotent element e in
R and since [ is finitely generated, IM = """  a,M = >  e;M = fM, since
by Lemma 2.3(iii), for some weak idempotent element f € R. Consequently,
Rm = (Rm: M)M = IM = fM for some weak idempotent element f € R, and
hence M is a V' N-regular module. O

Theorem 2.4. Let M is a strong symmetric R-module and it is finitely generated.
Then the following conditions are equivalent.

(i) M is a V N-regular module.

(i) M is a multiplication module and R/(0 : M) strongly regular.

Proof.

(i) = (ii) As M is a finitely generated strong symmetric V N-regular module,
then by Lemma 2.9 it is clear that R/(0 : M) is strongly regular.

We have for each m € M, Rm =< a >2> M = aM. Let A be a submodule
of M. Let x € A. Then Rx = I, M for some ideal I, of R. Let I = )  _\ ..
Then x € I[,LM C IM, this implies that A C M. Let i € I be such that
1 =1, + iy + ... + i,(say). Then im = iym + iom + ... + i,m € A. This implies
IM C A and hence A = I M implies that M is a multiplication module.

(i1) = (1) follows by Lemma 2.10. O

Lemma 2.11. If M is a strong symmetric module then every prime submodule of
M is a completely prime submodule of M.

Proof. Let P be a prime submodule of M. Let a € R, m € M such that am € P.
Since M is strong symmetric module, for any r € R,m € M we have arm = ram.
Let < m > be a submodule generated by m. Then for any x €< m > we have
x = rm for some r € R. Hence ax = arm = ram € P . Hence a < m >C P.
Since a € (P :< m >), an ideal, it follows that < a >< m >C P. As P is a prime
submodule, we have < m >C Por<a > M C P. Thusm € P oraM C P.
Thus P is completely prime submodule. O

Lemma 2.12. If M is a strong symmetric V N-regular module then every prime
submodule of M is a maximal submodule of M.

Proof. Let A be a prime submodule of M. Let B be a submodule such that
A C B. Let x € B/A. By definition 2.2, Rx = aM =< a >? M. For any m € M,
let am € aM. Then am € a>M since M is a strong symmetric. Consequently
am = a®>m’ for some m’ € M. Thus a(m —am’) € A.
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Since A is prime, aM C A or (m — am') € A. If aM C A then Rz C A implies
that 2 € A, a contradiction. So (m —am’) € A. Since aM = Rz C B, am’ € B.
Since (m — am') € A, it follows that (m — am’) € B. As am’ € B, we have
m € B. Thus B = M. Hence A is a maximal submodule of M. O
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