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SOME THEOREMS IN INTUITIONISTIC MULTI FUZZY
SUBFIELDS OF A FIELD

M. VASU

ABSTRACT. In this paper, some properties of intuitionistic multi fuzzy subfield
of a field are defined and studied. Also some definitions, results and Theorems
are given.

1. INTRODUCTION

After the introduction of fuzzy sets by L.A.Zadeh [13], several researchers
explored on the generalization of the notion of fuzzy set ( [3—10]). The concept
of intuitionistic Multi fuzzy subset was introduced by K.T.Atanassov [1], as a
generalization of the notion of fuzzy set. Azriel Rosenfeld [2] defined a fuzzy
groups. Vasu.M, Sivakumar.D and Arjunan.K [12] defined an anti-Multi fuzzy
subfield of a field. We introduce the concept of intuitionistic Multi fuzzy subfield
of a field and established some results.

2. PRELIMINARIES

Definition 2.1. Let X be a non-empty set. A fuzzy subset A of X is a function
A: X —0,1].

2010 Mathematics Subject Classification. 03F55, 08A72, 20N25.
Key words and phrases. Fuzzy set, multi fuzzy subset, intuitionistic multi fuzzy subset, multi
fuzzy subfield, intuitionistic multi fuzzy subfield.
1955



1956 M. VASU

Definition 2.2. A multi fuzzy subset A of a set X is defined as an object of the
form A = {(z, Ai(z), As(x), As(x), ..., An(x)) Jx € X}, where A; : X — [0, 1] for
all i. Here A is called multi fuzzy subset of X with dimension n. It is denoted as
A= (A, A, As, .. Ay

Definition 2.3. An intuitionistic fuzzy set (IFS) A in X is defined as an object
having the form A = (z, pa,(x),v4,(z))/x € X, where pa, : X — [0,1] and 74, :
X — [0, 1] define the degree of membership and the degree of non-membership of
the element « € X respectively and every x in X satisfying 0 < 4, (z)+7va4,(z) < 1.

Definition 2.4. An intuitionistic multi fuzzy subset A of a set X is defined as an
object of the form

A= (i, (), iy (@), i, (2), 70, (), 7 (@), 70, (2)) [ € X,

where 4, : X — [0,1] and 4, : X — [0, 1] for all i, define the degrees of mem-
bership and the degrees of non-membership of the element x € X respectively
and every x in X satisfying 0 < pa,(z) + va,(z) < 1 for all i. It is denoted as
A; = (pa,,va,), where pia, = (Jay, hayy - fha,) And Ya, = (YA, Yags s YA, )-

Definition 2.5. Let A and B be any two intuitionistic multi fuzzy subset of X. We
define the following relations and operations:
(i) A C Bifandonly if pA;(x) < uB;(x) and vA;(z) > vB;(z) forall x € X
and for all i.
(i) A = Bifand only if uA;(z) = uB;(z) and yA;(x) = vB;(x) forall x € X
and for all i.
(iii) AN Bifandonly if (AN B)(x) = min pA;(x), uB;(x), max pA;(z), vBi(z)
for all x € X and for all i.
(iv) AUB ifandonly if (AU B)(x) = max pA;(x), uB;(x), min yA;(x), vB;(x)
for all z € X and for all i.

Definition 2.6. Let (F,+,-) be a field. A multi fuzzy subset A of F is said to be a
multi fuzzy subfield (MFSF) of F' if the following conditions are satisfied:
(1) Aj(x —y) > min A;(z), A;i(y), for all z,y € F, for all i,
(ii) A;(xy—1) > min A;(x), A;i(y), forall x,y # 0 € F, for all i, where O is the
additive identity element of F.
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Definition 2.7. Let (F,+,-) be a field. An intuitionistic multi fuzzy subset A of
F is said to be an intuitionistic multi fuzzy subfield (ILFSF) of F if it satisfies the
following axioms:

(D) pa,(z —y) > minpa,(x), pa,(y), for all x,y € F, for all .
(ii) pa,(ry — 1) > min pa, (x), pa, (y) for all x,y # 0in F, for all i.
(iii) va,(x —y) < minwvy,(z),va,(y) for all z,y in F, for all i.
(10) va,(zy — 1) < minwvy,(z),va,(y) for all x,y # 0 in F, for all i where 0 is
the additive identity element of F.

3. SOME PROPERTIES

Theorem 3.1. Let (F,+,-) be a field. If A is an intuitionistic Multi fuzzy subfield
of F, then

(@) pa,(x+y) = pa,(2) V pa,(y) with pa, () # pa,(y),
(i) va,(x +y) = va,(x) Ava,(y) with va,(x) # va,(y), for each x and y in F.
(iii) pea,(vy) =

pas () V pa(y) with pa, () # pa; (),
(iv) va,(zy) = va,(z) A va,(y) with va, () # va,(y), foreach z and y # 0in F

for all i.

Theorem 3.2. Let A be an intuitionistic Multi fuzzy subfield of a field (F,+,-).

(@ If pa,(x) < pa,(y), for some x and y in F, then pi, (v +y) = pa,(z) =
pa,(y + x) for all i.

(i) If va,(y) < va,(x), for some z and y in F for all i, then vu,(z + y) =
va,(7) = va,(y + ).

(iii) If pa,(x) < pa,(y), for some z and y # 0 in F for all i, then pa,(zy) =
KA, ({IJ) = K4, (yx)

() If va,(y) < va,(z), for some x and y # 0 in F for all i, then va,(zy) =

va, (@) = va,(yx).

Proof. Let A be an intuitionistic Multi fuzzy subfield of a field F.

(i) Also we have pi4,(x) < pa,(y), for some = and y in F', Then, p4,(z+y) >
pa, (@) Vopa(y) = pa,(x); and pa, (x) = pa,(@ +y —y) = pa,(z +y) v
pa,(=y) = pa,(x+y)Va,(y) = pa,(z+y). Therefore, pug, (x+y) = pa,(2).
Hence ju4,(z +y) = pa, () = pa,(y + ).
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(ii) Also we have vy, (y) < va,(x), for some x and y in F'. Then, v, (z +y) <
va,(x) Ava,(y) = va,(2); and va, () = va,(x +y —y) < va,(x +y) A
va,(—y) <wva,(x+y)Ava,(y) = va,(x+y). Therefore, va,(x+y) = va,(x).
Hence v4, (. +y) = va,(x) = va,(y + ).

(iii) Also we have py,(z) < pa,(y), for some x and y # 0 in F for all ..
Then, fia,(zy) > pa,(2) V pa, (y) = pa,(2); and pia,(z) = pa,(zyy — 1) >
pa;(xy) V pa(y — 1) = pa,(2y) V pa, (y) = pa,(vy). Therefore, pa, (zy) =
fa,(x). Hence pa,(zy) = pia,(x) = pia, (yz).

(iv) Also we have vy, (y) < vg,(x), for some = and y # 0 in F. Then,
va,(zy) <wva,(x)Ava,(y) = va,(z); and va, (z) = va, (zyy —1) < va,(zy) A
va,(y — 1) < va,(zy) Ava,(y) = va,(zy). Therefore vy, (zy) = va,(x).
Hence vy, (zy) = va,(z) = va,(yz).

U

Theorem 3.3. Let A be an intuitionistic Multi fuzzy subfield of a field (F,+,-).

@ If pa,(z) > pa,(y), for some x and y in F, then pa,(x +y) = pa,(y) =
fa,(y + ).
(i) If va,(y) > va,(z), for some x and y in F for all i, then va,(z + y) =
va,(y) = va,(y + ), for all z and y in F.
(iii) If pa,(x) > pa,(y), for some x and y # 0 in F for all i, then pa,(zy) =
pa(y) = pa,(yz).
(iv) If va,(y) > va,(x), for some x and y # 0 in F for all i then v, (zy) =
va (y) = va, (yx).

Proof. It is trivial. O

Theorem 3.4. Let A be an intuitionistic Multi fuzzy subfield of a field (F,+,-).
@D If pa,(x) > pa,(y), for some z and y in F for all i, then pa,(z +y) =

pa,(y) = pa,(y + o).
(i) If va,(y) < va,(z), for some x and y in F for all i, then va,(z + y) =
VAi<x>: i(y+‘r>'
(iii) If pa,(x) > pa,(y), for some x and y # 0 in F for all i, then ua,(zy) =
fa;(y) = pa, (yz).
(iv) If va,(y) < va,(x), for some x and y # 0 in F for all i, then va,(zy) =
)

va,(z) = va,(yx).

Proof. It is trivial. O
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Theorem 3.5. Let A be an intuitionistic Multi fuzzy subfield of a field (F,+,-).

(1) If pa,(x) < pa,(y), for some x and y in F for all i, then pa, (v +y) =
:LLAi(x) = 4, (y + :B)

(ii) ) If va,(y) > va,(x), for some x and y in F for all i, then va,(x +y) =
va,(y) = va,(y + ).

(iii) If pa,(x) < pa,(y), for some x and y # 0 in F for all i, then pa,(zy) =
pa, (@) = pa, (yz).
(iv) If va,(y) > va,(x), for some x and y # 0 in F for all i, then vy, (vy) =
va,(y) = va ( z).
Proof. It is trivial. O

Theorem 3.6. Let A be an intuitionistic Multi fuzzy subfield of a field (F,+,")
such that Im pus = awand Im vy = 3, where aand g in L. If A= BUC, where B
and C are intuitionistic Multi fuzzy subfields of F, then either B C C or C' C B.

Proof Let A=BUC = ((z),pa(z),va(z)) /xin F, B = ((z), ug(x),ve(z)) / in
Fand C = ((z), po(z),ve(x)) /xin F.
Case (i): Assume that pp(z) > pc(x)andup(y) < pe(y), for some = and y in R.
Then,

a=pa(x) =ppUpc() = pp(x) vV pc(z) = pp(x) > po().

Therefore, o > pc(x), and

a=pa(y) = ppUpc(y) = pnp(y) vV pc(y) = pely) > ps(y).

Therefore, « > ugp(y). So that, uc(y) > pce(z) and pp(x) > pp(y). Hence
up(r+vy) = pp(y), forall x and y in F and pc(z +y) = pe(x), for all x and y in
F'. But then,

(3.1) a = pa(z+y) = ppUC(z+y) = pp(z+y)Vuc(z+y) = pp(y)Vuc(z) < a.

Case (ii): Assume that vp(x) < pc(z) and vg(y) > vo(y), for some x and y in F.
Then,

f=valz) =vpUC(x) =vp(x) ANve(x) =vp(r) < vo(z).
Therefore, 5 < vo(z). And

B=valy) =vpUC(y) = ve(y) Nvaly) = ve(y) < vs(y).
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Therefore, § < vg(y). So that, vo(y) < ve(x) and vp(z) < vp(y). Hence
ve(x +vy) = vp(y) and ve(z + y) = ve(zx), for x and y in F. But then,

(3.2) B=va(z+y) =vgUlC(x+y) = ve(z+y) Avc(z+y) = ve(y) Ave(x) > 5

It is a contradiction by (3.1) and (3.2). Therefore, either B C C or C C B is
true. O

Theorem 3.7. If A; and B; are any two intuitionistic L-fuzzy subfields of a field
(F,+, ), then their intersection A; N B; is an intuitionistic L-fuzzy subfield of F.

Theorem 3.8. The intersection of a family of intuitionistic L-fuzzy subfields of a
field (F,+, ) is an intuitionistic L-fuzzy subfield of F.

Theorem 3.9. If A is an intuitionistic Multi fuzzy subfield of a field (F,+,-), then
A is an intuitionistic Multi fuzzy subfield of F.

Proof. Let A be an intuitionistic Multi fuzzy subfield of a field F. Consider A =
(), pa(x),va(x)), for all x in F', we take

A=DB=((z), pp(x),ve(z)),

where pup(x) = pa(x),vp(z) =1 — pa(x). Clearly,

pe(z —y) = pp(x) V 1Y),
forall z and y in F' and pp(zy—1) > pup(x)Vug(y), forall x and y # 0in F. Since
Ais an intuitionistic Multi fuzzy subfield of ', we have ps(z—y) > pa(z)Vua(y),
for all x and y in F, which implies that 1 —vg(z —y) > (1 —vp(x)) vV (1 —vp(y)),
which implies that
vp(x —y) <1—(1—vp(x) V(1 -vp(y) =vs(x)Avsy)
Therefore,
vp(r —y) < vp(z) Ave(y),
for all x and y in F'. And,pua(zy — 1) > pa(x) V pa(y), for all z and y # 0 in F,
which implies that 1 — vg(zy — 1) > (1 —vg(x)) V (1 — vg(y)) which implies that
vp(ey —1) < 1— (1 vp(@)) V (1 va(y)) = va(2) V vs(y).
Therefore,
vp(xy — 1) < vp(x) Avs(y),
forall x and y # 0 in F.
Hence B = A is an intuitionistic Multi fuzzy subfield of a field R. 0
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Remark 3.1. The converse of the above theorem is not true. It is shown by the
following example.

Example 1. Consider the field Z5 = 0, 1, 2, 3, 4 with addition modulo 5 and multi-
plication modulo 5 operations. Then

A =1(0,0.7,0.2), (1,0.5,0.1), (2,0.5,0.4) , (3,0.5,0.1) , (4,0.5,0.4)
is not an intuitionistic Multi fuzzy subfield of Zs, but

A=1(0,0.7,0.3),(1,0.5,0.5) , (2,0.5,0.5) , (3,0.5,0.5) , (4,0.5,0.5)
is an intuitionistic Multi fuzzy subfield of Zs.

Theorem 3.10. If A is an intuitionistic Multi fuzzy subfield of a field (F, +, -), then
A is an intuitionistic Multi fuzzy subfield of F.

Proof. Let A be an intuitionistic Multi fuzzy subfield of a field /. Thatis A =
(), pa(x),va(x)), for all x in F. Let A = B = {((z),up(x),vs(z)), where
pp(z) =1—wva(x),vp(zx) = va(z). Clearly,

ve(r —y) < vp(x) Avp(y),
forall x and y in F and vg(xy—1) < vg(z)Avg(y), forallz and y = 0 in F'. Since

A is an intuitionistic Multi fuzzy subfield of F', we have v, (z—y) < va(x)Ava(y),
for all z and y in F, which implies that

1— pplz—y) < (1 —pp@) A (1= psly)),

which implies that

pp(z—y) =21 — (1 —pp@) AL = ppy) = ps(@) V us(y).

Therefore,
pp(x —y) = pp(@) V ps(y),
forall z and y in F. And vs(zy — 1) < wa(x) AvA(y), for all  and y in F, which
implies that
1—pp(ry —1) < (1 —pp(@)) A (1 —pp(y)),

which implies that

pp(ry —1) 21— (1= pp(x)) A (1= pp(y)) = pa(x) V pus(y).
Therefore,

pp(zy — Dps(@) V ps(y),
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for all z and y in F. Hence B = A is an intuitionistic Multi fuzzy subfield of a
field F. O

Remark 3.2. The converse of the above theorem is not true. It is shown by the
following example.

Example 2. Consider the field Z5 = 0,1, 2, 3, 4 with addition modulo 5 and multi-
plication modulo 5 operations. Then

A=(0,(0.5,0.4,0.3),(0.1,0.2,0.3)), (1,0.6,0.4) , (2,0.5,0.4) ,

(3,0.6,0.4) , (4,0.5,0.4)
is not an intuitionistic Multi fuzzy subfield of Zs, but

A=1(0,0.9,0.1),(1,0.6,0.4), (2,0.6,0.4) , (3,0.6,0.4) , (4,0.6,0.4)

is an intuitionistic Multi fuzzy subfield of Zs.
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