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GENERALIZED FUZZY Z CLOSED SETS
IN DOUBLE FUZZY TOPOLOGICAL SPACES

SHIVENTHIRA DEVI SATHAANANTHAN, A. VADIVEL!, S. TAMILSEIVAN,
AND G. SARAVANAKUMAR

ABSTRACT. In this paper we introduce (I, k)-generalized fuzzy Z-closed respec-
tive border, exterior & frontier in double fuzzy topological spaces. Some char-
acterizations of these notions are presented.

1. INTRODUCTION AND PRELIMINARIES

In 1986, Atanassov [1] started ’Intuitionistic fuzzy sets’and Coker [2] in 1997,
initiated Intuitionistic fuzzy topological space. The term ’double’ instead of ’in-
tuitionistic’ coined by Garcia and Rodabaugh [3] in 2005. In the previous two
decades many analysts accomplishing more applications on double fuzzy topo-
logical spaces. From 2011, Z-open sets and maps were introduced in topological
spaces by El-Maghrabi and Mubarki [4].

In [6] (I, k)-fuzzy Z-closed sets and study some of their properties were stud-
ied in double fuzzy topological spaces.

X denotes a non-empty set, I, = [0,1), I, = (0,1], I =10,1], 0= 0(X),
1=1(X), r € Iy and k € I, and always 1 > r + k. [X is a family of all fuzzy sets
on X. In 2002, Double fuzzy topological spaces (briefly, dfts), (X, n,n*), (r, k)-
fuzzy open (resp. (r, x)-fuzzy closed) (briefly (r, x)-fo (resp. (r, k)-fc)) set were
given by Samanta and Mondal [5].
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All other undefined notions are from [4-6] and cited therein.

2. AN (I, k)-GENERALIZED FUZZY Z CLOSED SETS

Definition 2.1. Let (X,v,7*) be a dfts, \,\p € [, l € [yand k € [, 51+ k <1
the fs A is called an (I, k)- generalized fuzzy
(i) Z closed (briefly (I,k)-gfZc) set if ZC, ,«(A, 1, k) < p whenever A < p,

() = 12y (n) < k.
(ii) Z open (briefly (I,k)-gfZ0) setif 1 — Nis an (I, k)-gf Zc set.

Example 1. Let X = {u, v, w} and let the fs’s a1, ay and ag are defined as a; (u) =
0.3, az(v) = 0.4, ai(w) = 0.5, as(u) = 0.6, az(v) = 0.9, as(w) = 0.5 and
asz(u) =04, az(v) = 0.0, asz(w) = 0.5. Consider the dfts’s (X,~,v*) with

1, ifped{0 1}, 0, ifpef01}
Yw) =193 Ure{a,mm}t, YWW=<35 ifpe{a,a}.
0, o.w. 1, o.w.

Then the fs a3 is an (1, 1)-gf Zo set.

Theorem 2.1. Let (X, v,~*) be a dfts, | € Iyand k € I, X € I’ is (1, k)-gf Zo set
iff € < Z1, «(\ 1, k) whenever £ < X\, y(1 —&) > land y*(1 - &) < k.

Definition 2.2. Let (X,~,v*) be a dfts, VN, é € IX, € lyandk e [ 51+ k<1
we define an (I, k)-generalized fuzzy Z closure operator (I, k)-GZC., . : I* x Iy x
I = X as GZC, (N 1L k) = A {€ € IX|\ < gand€ is (I, k)-gf Z¢} .

Remark 2.1. Every (1, k)-fZcset is an (I, k)-gf Zc set. But not conversely.
Example 2. In Example 1, the fs a; is an (3, 1)-gf Zo set but not an (3, 5)- fZo.

Theorem 2.2. Let (X,v,v*) be adfts, VN, é€IX,l e lyandke , 51+ k<1,
then the operator (I, k)-GZC, - satisfies the statements

() GZC,-(0,1,k) =0 and GZC, (1,1, k) = L;

(D) A < GZC, (N 1 K);

(iii GZC,-(AVE LK) > GZC e (M 1K)V GEC, (€1, K);

(V) GZC, e (GZCy (N LK), 1 k) = GZC, 1o (A1, K);

V) If Xis (I, k)-gf Zc set then GZC,, 1« (A, [ k) = X,

vi) GZC, .+ (N L k) < ZC, (N 1, k) < Cy (N1 EK).
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Theorem 2.3. Let (X,v,7*) be a dfts, V& € IX, 1 € Iyand k € I, > 1 +
k < 1 we define an (I, k)- generalized fuzzy Z interior operator (I,k)-GZL, .~ :
IX xIox Iy = IX as GZL, (N k) =V {{ € IX|IA > Eand Eis (I, k)-gf 2o},
then GZIL, (1 — A\ 1,k) =1 — GZC, (M1, k).

Proposition 2.1. Let (X,v,~*) be a dfts, \ € I*, | € Iy and k € I,.
@D If Nis (I,k)-gf Zc set and an (1, k)-f Zo set then X is an (I, k)- f Zc set.
(i) If A is (I, k)-gf Zc set and an (I, k)-fo set then A A€ is an (I, k)-fZc set
whenever £ < ZC., +(\, 1, k).

Definition 2.3. Let (X,v,~*) be a dfts, VA € IX,l € Iyand k € I,. Afs \is
called as (I, k)- generalized* fuzzy
(i) Z closed (briefly (I,k)-g*fZc) set if ZC., (A, [, k) < £ whenever A < ¢
and & is an (1, k)-g fo set in IX.
(ii) Z open (briefly (I, k)-g*fZ20) setif 1 — Nis (I, k)-g* f Zc set.

Example 3. In Example 1, the fs a;z is an (3, 1)-g * fZo set.

Theorem 2.4. Let (X,v,7*) be a dfts, A € I*, 1 € Iy and k € I, then X is
(Lk)-g*fZosetiff ¢ < ZI,.+(\, [, k) whenever £ is an (1, k)-g fc set.
Proposition 2.2. Let (X,v,~*) be a dfts. For each Aand ¢ € IX, | € I, and
ke I,

(@) If \and & are (1, k)-g* f Zc sets then A A\ is an (1, k)-g* f Zc set,

(i) If Ais (I, k)-g*fZcsetand v(§) > [,v*(§) < kthen A\AN¢isan (I, k)-g* fZc

set.

Proposition 2.3. Let (X,v,~*) be a dfts. V dand¢ € I*, 1 € Iy and k € I,.

() If Ais both (I, k)-gfo and (I, k)-g* f Zc set then X is an (I, k)- f Zc set.

(i) If Nis (I, k)-g* fZcset and A < &€ < ZC.,-(A\, 1, k) then & is an (I, k)-g* f Zc

set.

Theorem 2.5. Let (X,v1,77) and (Y,72,75) be dfts’s. If A < 1, < 1y, 2 \is
(I,k)-g*fZcsetin [*,1 € Iy and k € I, then X is an (I, k)-g* f Zc set relative to Y.

Theorem 2.6. Let (X,~,7*) be a dfts, V \,& € I*X,l € Iy and k € I}, with £ < ).
If €is (1, k)-g* f Zc set relative to X > X is both (I, k)-gfo and (1, k)-g* f Zc set of I*
then ¢ is an (I, k)-g* f Zc set relative to X.
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3. PROPERTIES OF (I, k)-GENERALIZED FUZZY Z OPEN SETS

Proposition 3.1. For any \,{ in a dfts (X,~,~"),
(i) GZI, (N1, k) is the largest (I, k)-gf Zoset 5 GZL,.»(\, [, k) < A

(i) N\=GZ1, N\ 1, k) iff Nisan (I, k)-gf Zo set.
(iti) GZL, 4+ (GZ1y 7N LK), L E) = GZL, (N 1L K).
(i) 1— GZIM (NLE)=GZC, (L= N1 E).
(U) l "/’Y <A7l7k> GZIWW ( /\7[’]{7)
(vi) If A <§ then GZ1, . (N, 1, k) < GZL, .. (&1, k).
(vit) If A < & then GZC, (AN k) < GZC, (&, 1 k).
(viti) GZL, (N LE)NGZL, (&, LK) = GZL, «(ANE L EK).

(iz) GZL,0 (ML E)V GEL o (6,1,k) = GZL, (A V &1, k).

Definition 3.1. In any dfts (X,v,~"), the (I, k)-fuzzy Z border (resp. frontier
and exterior) of a fs A € I (briefly ZB, +(\,1,k) (resp. ZF, (A1, k) and
ZE, (N k) isgivenby ZB 1« (N, 1 k) = A=Z1, «(\, k) (resp. ZF, +(\, 1 k)
= ZC, (ML) — ZL,0-(M 1 k) and ZE,+(\ 1L k) = Z1, (1 — X\, 1, k).

Definition 3.2. In any dfts (X,v,7*), the (I, k)-generalized fuzzy Z border (resp.
frontier and exterior) of afs A\ € I* (briefly GZB, (A, 1, k) (resp. GZF, (N, 1, k)
and GZE, (AN, 1,k))) is given by GZB, (N, 1, k) = X — GZL,~(\ 1, k) (resp.
GZF, (N L k) =GZC, «(N\ 1L k)—GZ1, (N1, k) and GZE,, « (N, 1, k) = GZL,
(1= X1, k).

Proposition 3.2. For any \,{ in a dfts (X,~,~*),

(i) GZByqr (N 1K) < 2B, (A, 1, K).

(i1) If Nisan (I,k) — gf Zo, then GZB,, (A, [, k) = 0.
(iii) GZB, (M1 k) < GZC e (1 — A1, K).

(iv) GZL, (GZBy (N LK), 1L k) < A

(v) GZB, (A E) < GZB, (N 1K)V GZB, (€1, k).
(i) GZBy+(ANE) > GZB,« (N k) NGZB,, (&, 1, k).

Proposition 3.3. For any \,{ in a dfts (X,~,~"),
(i) GZF, (ML k) < ZF, o (N, L k).
(it) GZBy (N k) < GZF, 1« (N 1 K).

(i19) GZF (L= N1 k) = GZF, 4« (N L E).
) GEF, 1 (GEL + (M LK), k) < GZF, (A 1 k).

/\/\/'\/'\

(1w



GENERALIZED FUZZY Z CLOSED SETS ... 2111

GZF, (G2 Cyoe (N 1K), 1K) < GZF, 1w (N1, K).

A= GZF, -\ k) < GZL, - (A1, k).

GZF, AV ELE) < GZF, (ML E)V GZF, - (6,1, k).
GZF,ANNELK) > GZF, o (ML k) ANGZF, - (£,1,k).

(v
(vi

(vii

NSNS NS N

(viii

Proposition 3.4. For any dfts (X,v,~*), VX € IX, | € Iy and k € I,, we have:
(i) ZE.-(\1Lk) < GZE, (M1 E).

(i) GZE, (A1 E) =1 — GZC, (N1, k).

(i11) GZE, o (GZE (N1, K), 1, k) = GZL, (GZC, e (M1, k), 1, ).

() If A < & then GZE,..(\ 1 k) > GZE, .-(€,1, k).

(v) GZE, (L,1,k) = 0.

(vi) GZE,.- (0,1,k) = 1.

(vii) GZL,-(\ 1, k) < GZE, - (GZE,.-(\ 1, k), L k).

(Wiid) GZEy e AV E1k) = GZE, (N1, k) A GZE, .-(€,1, k).

(ir) GZE, -NAE LK) = GZE, (ML E)V GZE, - (€,1, k).

Proposition 3.5. If N is an (I, k)-gf Zc set in a dfts (X,~,~*) then
(i) GZBy\- (N, 1L k) = GZF, - (N 1, k).
(i) GZE, v (A LK) =1— A,

Definition 3.3. A dfts (X,v,~*) is said to be a generalized* double fuzzy Z-
(7, 7*)1/2 space (briefly, g*df Z-(v,v*)1,2), if each (I, k)-gfZc set in X is an (I, k)-
gfc set.

Proposition 3.6. Let (X,~,~7*) be a g*df Z-(~,7")12 space and A be an (I, k)-gf Zc
set in X. Then the statements

1) GBy (AN 1L k) = GF, (N LK),

(i) GE, (N, 1,k) =1 — A are hold.
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