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FUZZY Z-OPEN MAPPINGS
IN DOUBLE FUZZY TOPOLOGICAL SPACES

SHIVENTHIRA DEVI SATHAANANTHAN, A. VADIVEL1, S. TAMILSELVAN,
AND G. SARAVANAKUMAR

ABSTRACT. We introduce and investigate some new class of mappings called
double fuzzy Z-open map and double fuzzy Z-closed map in double fuzzy
topological spaces. Also, some of their fundamental properties are studied.
Moreover, we investigate the relationships between some double fuzzy open
and their respective closed mappings.

1. INTRODUCTION AND PRELIMINARIES

In 1986, Atanassov [1] started ’Intuitionistic fuzzy sets’ and Coker [2] in 1997,
initiated Intuitionistic fuzzy topological space. The term ’double’ instead of ’in-
tuitionistic’ coined by Garcia and Rodabaugh [4] in 2005. In the previous two
decades many analysts accomplishing more applications on double fuzzy topo-
logical spaces. From 2011, Z-open sets and maps were introduced in topological
spaces by El-Maghrabi and Mubarki [5].
X denotes a non-empty set, I1 = [0, 1), I0 = (0, 1], I = [0, 1], 0 = 0(X),

1 = 1(X), r ∈ I0 & κ ∈ I1 and always 1 ≥ r+κ. IX is a family of all fuzzy sets on
X. In 2002, Double fuzzy topological spaces (briefly, dfts), (X, η, η∗), (r, κ)-fuzzy
open (resp. (r, κ)-fuzzy closed) (briefly (r, κ)-fo (resp. (r, κ)-fc)) set were given
by Samanta and Mondal [6].
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All other undefined notions are from [3,6,7] and cited therein.

2. ON DOUBLE FUZZY Z OPEN (RESP. CLOSED) MAPPINGS

Definition 2.1. A function f from a dfts (X, ρ, ρ∗) to a dfts (Y, ζ, ζ∗), is called as a
double fuzzy Z open (resp. δ semiopen, δ preopen, preopen, semi open and b open)
(briefly DFZO (resp. DFδsO, DFδpO, DFpO, DFsO and DFbO)) function
if f(µ) is an (r, κ)-fZo (resp. (r, κ)-fδso, (r, κ)-fδpo, (r, κ)-fpo, (r, κ)-fso and
(r, κ)-fbo) set in IY ∀ (r, κ)-fo set µ ∈ IX for all r ∈ I0 & κ ∈ I1.

Definition 2.2. A function f from a dfts (X, ρ, ρ∗) to a dfts (Y, ζ, ζ∗), is called
as a double fuzzy Z closed (resp. δ semiclosed, δ preclosed, preclosed, semi closed
and b closed) (brieflyDFZC (resp. DFδsC, DFδpC, DFpC, DFsC andDFbC))
function if f(µ) is an (r, κ)-fZc (resp. (r, κ)-fδsc, (r, κ)-fδpc, (r, κ)-fpc, (r, κ)-fsc
and (r, κ)-fbc) set in IY ∀ (r, κ)-fc set µ ∈ IX for all r ∈ I0 & κ ∈ I1.

Theorem 2.1. Let f : (X, ρ, ρ∗)→ (Y, η, η∗) be a mapping

(i) Every DFδO mapping is DFO (resp. DFδpO and DFδsO) mapping.
(ii) Every DFO mapping is DFsO (resp. DFpO) mapping.

(iii) Every DFδpO mapping is DFeO mapping.
(iv) Every DFδsO mapping is DFeO (resp. DFZO) mapping.
(v) Every DFpO mapping is DFZO mapping.

(vi) Every DFsO mapping is DFbO mapping.
(vii) Every DFZO mapping is DFeO (resp. DFbO) mapping. But not con-

versely.

DFODFδO

DFsODFpODFδsODFδpO

DFbODFeO DFZO

FIGURE 1
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Example 1. Let X = Y = {l,m, n} and let the fuzzy sets α1 to α7 are defined as
α1(l) = 0.3, α1(m) = 0.4, α1(n) = 0.5; α2(l) = 0.6, α2(m) = 0.9, α2(n) = 0.5;
α3(l) = 0.2, α3(m) = 0.2, α3(n) = 0.2; α4(l) = 0.4, α4(m) = 0.4, α4(n) = 0.5;
α5(l) = 0.5, α5(m) = 0.5, α5(n) = 0.5; α6(l) = 0.2, α6(m) = 0.4, α6(n) = 0.4

and α7(l) = 0.3, α7(m) = 0.0, α7(n) = 0.4. Consider the double fuzzy topolo-
gies (X, η, η∗), (Y, η1, η∗1), (Y, η2, η

∗
2), (Y, η3, η

∗
3), (Y, η4, η

∗
4), (Y, η5, η

∗
5) and (Y, η6, η

∗
6)

with

η(γ) = η∗(γ) =


1, if γ ∈ {0, 1},
1
2
, if γ ∈ {α1, α2}

0, o.w.

, η1(γ) = η∗1(γ) =


1, if γ ∈ {0, 1},
1
2
, if γ = α2

0, o.w.

,

η2(γ) = η∗2(γ) =


1, if γ ∈ {0, 1},
1
2
, if γ = α3

0, o.w.

, η3(γ) = η∗3(γ) =


1, if γ ∈ {0, 1},
1
2
, if γ = α4

0, o.w.

,

η4(γ) = η∗4(γ) =


1, if γ ∈ {0, 1},
1
2
, if γ = α5

0, o.w.

, η5(γ) = η∗5(γ) =


1, if γ ∈ {0, 1},
1
2
, if γ = α6

0, o.w.

,

and

η6(γ) =


1, if γ ∈ {0, 1},
1
2
, if γ = α7

0, o.w.

, η∗6(γ) =


0, if γ ∈ {0, 1},
1
2
, if γ = α7

1, o.w.,

.

Then the identity function (i) f : (X, η1, η
∗
1) → (Y, η, η∗) is a (i) DFO (resp.

DFδpO) function but not a DFδO, (ii) DFZO but not a DFδsO. (ii) f :

(X, η2, η
∗
2)→ (Y, η, η∗) is a DFpO function but not a DFO. (iii) f : (X, η3, η

∗
3)→

(Y, η, η∗) is aDFsO (resp. DFδsO) function but not aDFO. (iv) f : (X, η4, η
∗
4)→

(Y, η, η∗) is a DFZO function but not a DFpO. (v) f : (X, η5, η
∗
5) → (Y, η, η∗) is

a DFbO function but not a DFsO and (vi) f : (X, η6, η
∗
6)→ (Y, η, η∗) is a DFeO

function but not a DFZO. From the above we have,

Definition 2.3. A mapping f : (X, ρ, ρ∗) → (Y, η, η∗) is called DFZO at a fpt xr
if the image of each (r, κ)-Q neighbourhood of xr is an (r, κ)-ZQ neighbourhood
of f(xr) ∈ IY .
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Theorem 2.2. A mapping f : (X, ρ, ρ∗) → (Y, η, η∗) is DFZO iff it is DFZO at
every fpt xr ∈ IX .

Theorem 2.3. Let (X, ρ, ρ∗) & (Y, η, η∗) be dfts’s and f : (X, ρ, ρ∗)→ (Y, η, η∗)

be a mapping. Then statements the following statements are equivalent.

(i) f is DFZO function.
(ii) f(γ) is an (r, κ)-fZo set in (Y, η, η∗) ∀ (r, κ)-fo set γ in (X, ρ, ρ∗).

(iii) f is DFZC function.
(iv) f(γ) is an (r, κ)-fZc set in (Y, η, η∗) ∀ (r, κ)-fc set γ in (X, ρ, ρ∗).
(v) ZCρ,ρ∗(f(γ), r, κ) ≤ f(Cη,η∗(γ, r, κ)), ∀ γ ∈ IX .

(vi) Iρ,ρ∗(δCρ,ρ∗(f(γ), r, κ), r, κ)∧Cρ,ρ∗(Iρ,ρ∗(f(γ), r, κ), r, κ) ≤ f(Cη,η∗(γ, r, κ)),

∀ γ ∈ IX .
(vii) f(Iρ,ρ∗(γ, r, κ)) ≤ Cη,η∗(δIη,η∗(f(γ), r, κ), r, κ)∨Iη,η∗(Cη,η∗(f(γ), r, κ), r, κ)

∀ γ ∈ IX .
(viii) f(Iρ,ρ∗(γ, r, κ)) ≤ ZIη,η∗(f(γ), r, κ), ∀ γ ∈ IX .
(ix) Iρ1,ρ∗1(f

−1(γ), r, κ) ≤ f−1(ZIρ2,ρ∗2(γ, r, κ)) ∀ γ ∈ IY .

Theorem 2.4. Let (X, ρ, ρ∗) & (Y, η, η∗) be dfts’s. Let f : X → Y be a DFZC
mapping iff f is surjective, then ∀ subset µ of Y and each (r, κ)-fo set α in X

containing f−1(µ), ∃ an (r, κ)-fZo set β of Y containing µ 3 f−1(β) ≤ α.

Theorem 2.5. Let (X, ρ1, ρ∗1) & (Y, ρ2, ρ
∗
2) be dfts’s and f : (X, ρ1, ρ

∗
1)→ (Y, ρ2, ρ

∗
2)

be a DFZO (resp. DFδsO and DFpO) mapping. If µ ∈ IY and γ ∈ IX , ρ1(1 −
γ) ≥ r, ρ∗1(1 − γ) ≤ κ, r ∈ I0 κ ∈ I1 3 f−1(µ) ≤ γ, ∃ an (r, κ)-fZc (resp.
(r, κ)-fδsc and (r, κ)-fpc) set ν of Y 3 µ ≤ ν, f−1(ν) ≤ γ.

Theorem 2.6. If f : (X, ρ1, ρ
∗
1) → (Y, ρ2, ρ

∗
2) be a DFZO mapping. Then for

each µ ∈ IY , f−1(Cρ2,ρ∗2 (δIρ2,ρ∗2(µ, r, κ), r, κ)) ∧ f−1(Iρ2,ρ∗2(Cρ2,ρ∗2(µ, r, κ), r, κ)) ≤
Cρ1,ρ∗1(f

−1(µ), r, κ).

Theorem 2.7. If f : (X, ρ1, ρ
∗
1) → (Y, ρ2, ρ

∗
2) be a bijective mapping such that

f−1(Cρ2,ρ∗2(Iρ2,ρ∗2(µ, r, κ), r, κ)) ∧ f−1(Iρ2,ρ∗2(δCρ2,ρ∗2(µ, r, κ), r, κ)) ≤ Cρ1,ρ∗1(f
−1(µ),

r, κ), for each µ ∈ IY , then f is DFZO map.

Theorem 2.8. Let (X, ρ, ρ∗) & (Y, η, η∗) be dfts’s. Let f : X → Y be a DFZC
mapping. Then (i) If f is a surjective map and f−1(α)qf−1(β) in X, then there ex-
ists α, β ∈ IY such that αqβ. (ii) ZIη,η∗(ZCη,η∗(f(γ), r, κ), r, κ) ≤ f(Cρ,ρ∗(γ, r, κ)),
for each γ ∈ IX are hold.
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Proposition 2.1. Let f : (X, ρ1, ρ
∗
1) → (Y, ρ2, ρ

∗
2) DFZO mapping and if for any

fuzzy subset γ of Y is (r, κ)-fuzzy nowhere dense then f is dfδpO map.

Theorem 2.9. If f : (X, ρ1, ρ
∗
1) → (Y, ρ2, ρ

∗
2) be a DFδbiCts mapping then the

image of each (r, κ)-fZo set in (X, ρ1, ρ
∗
1) under f is (r, κ)-fZo set in (Y, ρ2, ρ

∗
2).

Remark 2.1. Let (X, ρ1, ρ∗1) & (Y, ρ2, ρ
∗
2) be dfts’s and f : X → Y be a mapping.

The composition of two DFZO mappings need not be DFZO as shown by,

Theorem 2.10. Let (X, ρ1, ρ∗1), (Y, ρ2, ρ
∗
2) and (Z, ρ3, ρ

∗
3) be dfts’s. If

f : (X, ρ1, ρ
∗
1)→ (Y, ρ2, ρ

∗
2)

and g : (Y, ρ2, ρ
∗
2) → (Z, ρ3, ρ

∗
3) are mappings, then g ◦ f is DFZO mapping if (i)

f is DFO & g is DFZO. (ii) f is DFZO & g is DFδbiCts mapping.

Theorem 2.11. Let (X, ρ1, ρ∗1), (Y, ρ2, ρ
∗
2) & (Z, ρ3, ρ

∗
3) be dfts’s. If f : (X, ρ1, ρ

∗
1)→

(Y, ρ2, ρ
∗
2) and g : (Y, ρ2, ρ∗2)→ (Z, ρ3, ρ

∗
3) are mappings, then (i) If g ◦ f is DFZO

mapping & f is a onto DFCts map, then g is DFZO map. (ii) If g ◦ f is DFO
mapping & g is an 1-1 DFZCts map, then f is DFZO map.

3. CONCLUSION

In this paper, we introduced and investigated the classes of mappings called
double fuzzy Z-open map and double fuzzy Z-closed map to the dfts’s. Also,
some fundamental properties were studied.
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