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FUZZY Z-OPEN MAPPINGS
IN DOUBLE FUZZY TOPOLOGICAL SPACES

SHIVENTHIRA DEVI SATHAANANTHAN, A. VADIVEL!, S. TAMILSEIVAN,
AND G. SARAVANAKUMAR

ABSTRACT. We introduce and investigate some new class of mappings called
double fuzzy Z-open map and double fuzzy Z-closed map in double fuzzy
topological spaces. Also, some of their fundamental properties are studied.
Moreover, we investigate the relationships between some double fuzzy open
and their respective closed mappings.

1. INTRODUCTION AND PRELIMINARIES

In 1986, Atanassov [1] started ’Intuitionistic fuzzy sets’ and Coker [2] in 1997,
initiated Intuitionistic fuzzy topological space. The term ’double’ instead of ’in-
tuitionistic’ coined by Garcia and Rodabaugh [4] in 2005. In the previous two
decades many analysts accomplishing more applications on double fuzzy topo-
logical spaces. From 2011, Z-open sets and maps were introduced in topological
spaces by El-Maghrabi and Mubarki [5].

X denotes a non-empty set, [; = [0,1), [y = (0,1}, [ =[0,1], 0= 0(X),
1=1(X), r € [y & k € I, and always 1 > r++. [X is a family of all fuzzy sets on
X. In 2002, Double fuzzy topological spaces (briefly, dfts), (X, n,n*), (r, k)-fuzzy
open (resp. (r, k)-fuzzy closed) (briefly (r, x)-fo (resp. (r, k)-fc)) set were given
by Samanta and Mondal [6].
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All other undefined notions are from [3, 6, 7] and cited therein.

2. ON DOUBLE FUZZY Z OPEN (RESP. CLOSED) MAPPINGS

Definition 2.1. A function f from a dfts (X, p, p*) to a dfts (Y, (, ("), is called as a
double fuzzy Z open (resp. d semiopen, ) preopen, preopen, semi open and b open)
(briefly DFZO (resp. DF§sO, DFépO, DFpO, DFsO and DFb0O)) function
if f(p) is an (r,k)-fZo0 (resp. (r,k)-foso, (r,k)-fopo, (r,k)-fpo, (r,k)-fso and
(r,k)-fbo) setin IY V (r,k)-foset p € I forallr € Iy & k € 1.

Definition 2.2. A function f from a dfts (X, p, p*) to a dfts (Y,(, ("), is called
as a double fuzzy Z closed (resp. § semiclosed, ¢ preclosed, preclosed, semi closed
and b closed) (briefly DF ZC (resp. DFo0sC, DFépC, DFpC, DFsC and DFbC))

function if f(p) is an (r,k)-f Zc (resp. (r,k)-fdsc, (r,k)-fdpc, (v, k)-fpc, (1, k)-fsc
and (r,k)-fbc) set in IV V (r,k)-fcset p € IX forallr € Iy & k € 1.

Theorem 2.1. Let f : (X, p, p*) — (Y,n,n*) be a mapping
(i) Every DF60O mapping is DFO (resp. DFépO and DFdsO) mapping.
(i) Every DFO mapping is DF'sO (resp. DFpO) mapping.
(iii)) Every DFépO mapping is D FeO mapping.
(iv) Every DF¢§sO mapping is DFeO (resp. DF Z0) mapping.
(v) Every DFpO mapping is DF Z0 mapping.
(vi) Every DF'sO mapping is DFbO mapping.
(vii) Every DF ZO mapping is DFeO (resp. DFb0O) mapping. But not con-

versely.
DF§O DFO
v \ / v
DFépO DF§sO DFpO DFsO
l / l / \
DFeO <~ DFZO >  DFbO

FIGURE 1
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Example 1. Let X =Y = {l,m,n} and let the fuzzy sets a; to « are defined as
ai(l) = 0.3, ay(m) = 0.4, ai(n) = 0.5; as(l) = 0.6, as(m) = 0.9, as(n) = 0.5;
az(l) = 0.2, ag(m) = 0.2, az(n) = 0.2; ay(l) = 0.4, ay(m) = 0.4, as(n) = 0.5;
as(l) = 0.5, as(m) = 0.5, as(n) = 0.5; ag(l) = 0.2, ag(m) = 0.4, ag(n) = 0.4
and a;(l) = 0.3, az(m) = 0.0, az(n) = 0.4. Consider the double fuzzy topolo-

gies (X, n,nm*), (Y, n7), (Y,n2,m3), (Y.ns,m5), (Y,na,n3), (Y,ns,n%) and (Y, 06, 0¢)
with

1, ifye{01}, 1, ifye{0 1},
ny)=n"() =193 ifve{mmt, m)=mn)=93 iFfr=w
0, o.w. 0, o.w.
(1, ifye{0,1}, 1, ifye{01},
() =n0) =93 fy=a; . mO)=m0)=91 ify=a
(0, ow. 0, o.w.
(1, ifye {01}, (1, ifye {01},
m()=m() =93 y=a . mOV)=m0)=43 ifr=as .
(0, ow. (0, ow.
and
(1, ifye{0,1}, 0, ifye{01},
() =93 Urv=ar . m)=43 ifr=ar
(0, o.w. 1, o.w.,

Then the identity function () f : (X,m,n}) — (Y,n,n*) is a (i) DFO (resp.
DFopO) function but not a DFO, (ii)) DFZ0O but not a DFosO. (ii) f :
(X,m2,m5) = (Y,n,n*) is a DFpO function but not a DFO. (iii) f : (X, ns,n3) —
(Y,n,n*)isa DFsO (resp. DFds0) function but nota DFO. (iv) f : (X, n4, 1) —
(Y,n,n*) is a DF Z0 function but not a DFpO. (v) [ : (X,n5,n5) — (Y,n,n*) is
a DFbO function but not a DFsO and (vi) f: (X,ns,n5) — (Y,n,n*) isa DFeO
function but not a DF Z0. From the above we have,

Definition 2.3. A mapping f : (X, p,p*) — (Y,n,n*) is called DF ZO at a fpt x,
if the image of each (r, k)-Q neighbourhood of z, is an (r, k)-Z() neighbourhood
of f(z,) eIV,
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Theorem 2.2. A mapping f : (X,p,p*) — (Y,n,n*) is DFZO iffitis DFZO0 at
every fpt z, € I°X.

Theorem 2.3. Let (X, p, p*) & (Y, n, n*) be dfts’sand f : (X, p,p*) = (Y,n,n%)
be a mapping. Then statements the following statements are equivalent.
(i) fis DFZO0 function.
(i) f(y)isan (r,k)-fZ2osetin (Y,n,n*) ¥V (r,k)-fo set v in (X, p, p*).
(iii) f is DF ZC function.
(iv) f(y)isan (r,k)-fZcsetin (Y,n,n*) ¥ (r,k)-fc set v in (X, p, p*).
W) ZC, - (f(v), 1K) < f(Cpop(, 7, K)), ¥y €I,
Vi) 1, ,-(6C, = (f(7), 7, K), 7, K)NC, oo (L e (f(7), 7, K), 7, 8) < f(Cppe (7, 7, K)),
Ve I,
ViD) f(Lppr (7, 7, 8)) < Coe (61 (f (), 7, 86), 7y )V Iy e (Cope (f (V) 7, ), 7, )
Ve IX.
iil) f(L,p (v, 7 K)) < 210 (f(7), 1K),V v € IX.
(%) L e (f71 () 1 6) < fTHE Ly py (.1 0)) VYV y € TV,

Theorem 2.4. Let (X, p,p*) & (Y, n,n*) be dfts’s. Let f : X — Y bea DFZC
mapping iff f is surjective, then V subset i of Y and each (r,k)-fo set a in X
containing f~'(u), 3 an (r,k)-fZo set B of Y containing > f~1(B) < a.

Theorem 2.5. Let (X, p1, pt) & (Y, p2, p3) be dfts’sand f : (X, p1, p}) — (Y, p2, p3)
be a DFZO (resp. DF§sO and DFpO) mapping. If u € IY and v € I*, py(1 —
v) > pil—7) <k, relyrk el > fu <5 Fan (r,x)-fZc (resp.
(r, k)-fosc and (r, k)-fpc) set v of Y o> u < v, f~H(v) <.

Theorem 2.6. If f : (X, p1,p) — (Y, po,p5) be a DFZ0 mapping. Then for
each p € [Y’ f_l(szwé (5[P2,p§ (:er /i)v T, K)) A f_1<[p27p§ (CP%PS (M? T ’i)a T K)) <
Cphp’{ (f_l(:u)7 T, /ﬂ)'

Theorem 2.7. If f : (X, p1,p}) — (Y, pa, p5) be a bijective mapping such that

f_l(sz,p§ ([,02,03 (,ua r, H)v r, 'Li)) A f_l([pz,p§ (5Cp2,p§ (:ua r, K’)? r, H)) < Cpl,pf (f_l(:u>7
r, k), for each p € IY, then f is DF Z0 map.

Theorem 2.8. Let (X, p,p*) & (Y,n,n*) be dfts’s. Let f : X — Y bea DFZC
mapping. Then (i) If f is a surjective map and f~*(a)qf~*(B) in X, then there ex-
ists o, B € IV such that agf. (iD) Z1,,,-(ZCy . (f(7), 1, k), 1 k) < f(Cppe (7,7, K)),
for each v € I* are hold.
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Proposition 2.1. Let f : (X, p1,p}) — (Y, pa, p5) DF Z0 mapping and if for any
fuzzy subset v of Y is (r, k)-fuzzy nowhere dense then f is df pO map.

Theorem 2.9. If f : (X, p1,p}) — (Y, pa, p5) be a DF§biCts mapping then the
image of each (r,k)-fZo setin (X, p1, pi) under f is (r,k)-fZo set in (Y, pa, p5).

Remark 2.1. Let (X, p1, pt) & (Y, pa, p3) be dfts’s and f : X — Y be a mapping.
The composition of two DF Z0O mappings need not be DF ZO as shown by,

Theorem 2.10. Let (X7 P1; pT)v (}/’ P2, p;) and (Z7 P3; p;) be dftS’S. If

f : (X’ plvpi) — (}/7 p27p;)

and g : (Y, p2, p3) — (Z, p3, p3) are mappings, then g o f is DF Z0 mapping if (i)
fis DFO & gis DFZ0. (i) fis DFZ0 & g is DFbiCts mapping.

Theorem 2.11. Let (X, p1, p3), (Y, pa, p5) & (Z, p3, p3) be dfts’s. If f : (X, p1, p}) —
(Y, p2, p3) and g : (Y, p2, p3) — (Z, ps, p§) are mappings, then (i) If go f is DF Z0
mapping & f is a onto DFCts map, then g is DFZ0O map. (ii) If go f is DFO
mapping & g is an 1-1 DF ZCts map, then f is DFZ0O map.

3. CONCLUSION

In this paper, we introduced and investigated the classes of mappings called
double fuzzy Z-open map and double fuzzy Z-closed map to the dfts’s. Also,
some fundamental properties were studied.
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