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LAGUERRE WAVELET TRANSFORM OF GENERALIZED FUNCTIONS
IN K'{Mp} SPACES

T. G. THANGE! AND A. M. ALURE

ABSTRACT. In this paper we have obtained bounded results for Laguerre Wavelet
Transform using convolution Theory of K'{M,} Spaces.Also inversion formula
for Lagurre Wavelet Transform of Generalized Functions is obtained.

1. INTRODUCTION

The wavelet transform (W, f) (b, a) of an element f € L?(R) is defined by,
(1.1) Wa(f)(b,a) = / F() Py (t)dt

provided the integral exists. Also note that wavelet ®,,(f) is defined as,
Dy o(f) = a % <ﬂ) )
a

In terms of translation 7, is defined by,
7®(t) =Pt —b),b e R
and Dilation D, is defined by,

t
D,®(t) = a V?® (—) a < 0.
a
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We can write
(I)b@(t) = TbDaq)(t).

Therefore (1.1) can be written as,

(1.2) Wa(f)(b7 CL) = (f *go,a) (b),

where g(t) = ®(—t).

In view of (1.2) the wavelet transform W, (b, a) can be considered as the con-
volution on f and g, ,.The convolution product play an important roles among
the various mordern function compositions.It is also one of the very powerful
tool for symbolic calculation.Fourier series,approximation theory and in the so-
lution of boundary value problems.

A. K. Shukala [1] has defined Leguerre Transform.

(1.3) F.(z,y) = //6_(””+y):p°‘yﬁKT(la’B)f(x,y) dx dy,
0 0

where K™ = L%(n)LE(y) and L (n) in the Laguerre polynomial of degree and
order a > —1 given by,

n,T d n
L) =S (50) e

n!

Therefore equivalent definitions of (1.3) becomes,

o0

(1.4) Fula,8) = [ 2y L) L2 ) (a.0) do dy.
0
Inverse of (1.4) is given as,

[e.9]

flwy) = (6) KD Fy(x,y),

n=0

where, 6, = F(”%(%é”ﬂ 1) Note that d A (z) = e *z*dx.
In [9-12] T. G. Thange has studied Wavelet Transform and Laguerre Wavelet
Transform. M.S Choudhury and T.G.Thange [2] has introduced Laguerre Wavelet

Transform for functions of two variables with inversion formula as follows.
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Laguerre Wavelet transform of functions of two variables is defined as

(L) auts) = o). W) )

o

A

[z, )Wy, (2, y)dAx dAy
0

0

as - /0/

Provided in convergent and it is convergent by [2]. Here,Laguerre wavelet is

//f x,y) (as at)d(by, by, x,y, s,t)dAsd(t) d(x) d(y).

given [2] as:

\Ilglbz (tth) - Tble\Ij(tth) — Tblbqu<at1at2>,
(1.6) = //\If(as, at)d(by, by, ty, by, ds dt),

and Laguerre waveleiven transform and dilation is given in [2].
L,,[0,00) x [0,00) 1<p<o0, is the space of there real measurable functions f
on[0, co) x [0, 00), for which,

2

1A, = //|f 2, )P da dy

Inverse of (1.5) is given as in [2].
For f € Ly ., U be a basic wavelet which defines Laguerre wavelet transform
of functions of few variables by (1.5). Let ¢(a) > be weight function such that
Q) = [ @l H A @) >0

0

" . Then

- / / / 1(0) (Lo f) (0, bibs) U1 (. y) da dby dbs.
0O 0 O
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2. DEFINITION AND NOTATION REVELENT TO K{M,} SPACE

The K{M,} space is introduced by Gel'fand and Shilov [4]. {M,} is a se-
quence of real valued functions define over R" such that

1 < Mi(z) < My(X) < Ms(z) < ... forall z € R",
K{M,} is the space of infinitely differentiable functions ® on R" such that
(2.1) @], = Sup {My(x) /D®(x) : x € R", |a| < p} forallp>1,

K{M,} is a vector space with respect to the norm {|| ||}52, defined by (2.1).
Under this topology K {M,,} is a Frechet space [4]. In K{M,} space M, satisfies
some additional conditions given by [3].

(1) For all peN there exists p’ > p such that for every ¢ > 0 there exists T > 0
with the property M, (z)M, ' (z) = M,(x) < € for [z| > T.

(2) The function M, are Quasi-monotonic in each co-ordinate that is |z;| <
|27, then My (z1,...7v5..2,) < CpMp(7y,...x5...7,) for each fixed points
(@1, .2, . Ty).

(3) Each M, is symmetric that is M,(z) = M,(—z) and for each p there
is p > p and Cy > 0 such that M,(z + y) < CyMy(x)My(y) for all
z,y € R".The dual of K{M,} is denoted by K'M,.The Schwarz space
¢’, Gel'fand-shilor space (S,, A)" and (w,,, A)’ are special case of K'{M,}
and K'{M,} C D’.An infinitely differentiable function ¥ on R" is said to
be a multiplier on K{M,} if (i) V¢ € K{M,} for each ¢ € K{M,} and
the map ¢ — V¢ is continuous from K{M,} into itself. The vector space
of all multipliers on K {M,} is denoted by ©,,[K{M,}] [5].

3. CONVOLUTION IN K{M,} SPACE

Let us recall some result related to convolution in K{M,} spaces form [3].
Convolution in K{M,} space is studied in detail by author [5-9].
Translation in K{M,,}:

If ¥ € K{M,},b € R" and a > 0,then translation of ¥ by b is denoted by
7, ¥(z) Thatis 7,¥(x) = ¥(x — b).

(1) If T € ¢(R"™) and the function ¥(¢) = <Tn, U(E— b)> belongs to K{M,}.

Furthermore,if {V;} converges to zero in K{M,}.
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(2) Also recalling (T * ®)(¢) = <Tn,\Il(§ - b)>. And by above theorem

TV e K{M,}.
(3) We also assume that K{M,} satisfies additional conditional that for any
two p, r(p < r) there exists s > p such that

(3.1) M,(x)M,(z) < CprMy(x) for z € R".

(4) If Ve K{M,},U € K'{M,} and (3.1) holds then U « ¥ € ©,,[K{M,}].
(5) If U € K'{M,} then there exist a positive integer p and bounded mea-
surable function f, where oo € N”, |a| < P such that

(3.2) U= Y D*(M,fa).
la|<P

(6) f U € K'{M,} and then U x T € K'{M,}.

4. GENERALIZED LAGUERRE WAVELET TRANSFORM FOR K'{M,} SPACE.

By [3] D ¢ K{M,}. Also D is dense in K{M,} space.So every element of
K'{M,} can be identified with distribution. We recall following result from [3]
which is useful for defining Laguerre Wavelet Transform for K’{/,} spaces.

Theorem 4.1. If {M,} satisfy (1),(2) and (3) conditions.Then for U € D’ follow-
ing are equivalent:

(1) U € K'{M,};
(2) We use above result i.e For U € K'{M,}3 a positive integer p and bounded
measurable f,(o € N, |a| < p) such that,

U= D*(M,fa).

|| <p

Using above theorem and definition we define generalized Laguerre wavelet
transform for Uy, 4,y € K{M,} by,

(LWT)U((I, bl, bg) = <U(t1,t2)a \IIZ:\;; (tl, t2>>

<Z D (My(t, 12)) ot 1), \Ileéz2<t1,t2>>,

la|<p

where U3¢ is given by (1.6).
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Definition 4.1. (W,{M,} space) The Space of all C*. Functions such that,

DB[U * ha,O] (b)
My (a) My (b)

Sup
teR™ a€R 4

‘ < oo forp > p.

Following result can be proved for LWT of U € K'{M,} as in [3].

Theorem 4.2. For U € K'{M,} and ¥V € K{M,}, then LWT(U) € W,{M,}.
Now we give inversion formula for the generalized Laguerre wavelet transform to
generalized functions in K{M,} space.

Theorem 4.3. Let Laguerre wavelet transform (LWT) (a, by, b2) of U € K'{M,}.
Then

Jim < / / / (Lo f)(a b, bo) U8 (2, y) da dby dbs | <I>(:L',y)> _ <U,<I>>,
—00 ’
0 0 O

foreach ® € L, ,[0,00) x [0, 00) space [2].

Proof. By structure formula for f and function ¢;, and ¢», defined in [2] we
have,

Wuy, (a, by, bg) = / / gro(t1,t2) M, (tl,tQ)D’““\Ile*gg(tl,tz)dtldtQ
0 O

+ / /gn(h,tQ)Dk‘I’{,\l*? (t1, t2)dty dts.

—00 —0O0

Our aim is to derive the inversion formula,

J = ///L\Iff (a,b1,b2) W (,y) da dby dby = U,.
00 0

Interchanging convergence in the weak topology of D', i.e,
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Now using structure formula, we have

[ olie olie olle ole o]

</////91v t17t2 tltg)thTiz)\Ill/)\;zQ(tth)
0 0 O

0
\111/7\1*(1;2 (l‘, y) dtl t da dbl dbg

+/////g2v t1,t2) M, tl,tQ)D(t1t2)W
0000 O

V)b, (2, y) dty dty da dbydby, ©(z, y)>

<///{//glv tl’tQ tl’tQ)( 1)k+1D§1—~_blz\I/l/)\1*gz<t1at2)

i o)t} db i, (. ) )

] [770{7g2v<t1,@)Mq/(tl,t»(—l)’@z,bg

i (t1,t2) Wy, (2, y)dty dta} da dby |dby ©($,y)>,

as D(tl,tQ)\I!lflf‘g2 (t1,t2) = —DbAl*jj2 (t1,t2). Therefore,

:</////91v ty.ty) M, tl,tz)‘l’ﬁl*ZQ(tl,t2)D§fb12
0 0 0

\I,bAleZ dty dty da dby dts , D(x, y)>

+ <92U (tl, tg)Mq/ (tl, tQ)‘;[lg\:ngfl,bg\Ijl/)\:ZQ (ZE, y) dtl dtg da dbl dbg s CI)(I‘, y)>

By integrating by parts with respect to b,

=</////91v tiyta) My (B, t2) Wi (t1, ) (— 1)F+!
000 00

DEF W (x,y) dty dty dadby dby , O(z, y)>,

(z,y)
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as Dy, b, = —D(a) V34" (7, y). Hence by distributional differentiation

(o elNe oliNe clile ele o]

</////91 (b1, 12) My (11, 12) W37, (1, 12)

0 0 0

\1121/\722 (IE, y) dtl dtg da dbl dbg y D (z y)<I>(x, y)>

</////92U t1,t2) M, t1>t2)qu1b2(t1,t2)
00 0

\1}71:1/\(;2 ([L‘ y) dtl dtg da dbl db2 ’ D (z y)(P(x’ y)>

The integrands Df;;)CD(X, Y)W (L t2) gro(tr, to) My (L1, t2) and DE, (2, y) Wy, 4,
(t1,t2)gau(t1,t2) My (t1,t2) are absolutely integrable with respect to x,y and tq, t,.
By Fubini’s theorem [3], (3.2) gives.

[c ele ole e oo o]

J://///Dkﬂtb(as Y)W (t1, t2)g1o(t, to)
/ / / / DF, ) Ol Wi (1, t2) gou(t1, t2) My (tr, t2) da dy dty dty
0 0

oo oo

+

0
Mp
0/ 0

(t1, t2) dz dy dt, dts da db, db,

2 (tl, t2 Mq/ (tl, t2) dtl dtg

Q@
~—

By Fubini’s theorem [3],
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J = //DktTtQ)q) t1,ta) grv(tr, ta) My (t1, o) dt 1 dts
0 0
+// (t1,t2) t17t2)g2v(t1,t2)M dtq dt,.
0 0

By inversion formula, we get,

J = <g1v(t1, ta), My (t1, t2)Dt1+t2(I)(t1, t2)> + <92v(t17 ta), My (t1, tz)Dtl 1, P(t, t2)>

J:<UU,CI>>—><U,<I>> as v — oQ.

Hence the proof. O
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