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A NOTE ON HOMEOMORPHISM USING GRILLS
J. R. SUJITHRA! AND N. CHANDRAMATHI

ABSTRACT. In this research article we give emphasize to a make out the charac-
terizations and properties of the new type of homeomorphisms called
¢ — Rwg—homeomorphism and ¢ — Rwg®— homeomorphism described in the
grill topological spaces.

1. INTRODUCTION

It is obvious that closed sets are the basic objects in a topological space. Ben-
challi and Wali introduced Regular weakly closed sets [1]. Levine introduced
generalized closed set in topology [4]. N. Chandramathi introduced (w—closed
set and (w-homeomorphism [2]. We introduce ¢ — Rwg—Homeomorphism and
( —Rwg°—Homeomorphism in grill topological space without assuming any sep-
aration axioms.

2. PRELIMINARIES

Definition 2.1. [3] A bijective function f : (X,7) — (Y, 0) is called R— homeo-
morphism if f is both R— continuous and R-open.

Definition 2.2. A bijective function f : (X,7) — (Y, 0) is called R*— homeomor-
phism if both f and f~! are continuous.
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3. ( —Rwg— HOMEOMORPHISM

Definition 3.1. A bijection f : (X, 7,() — (Y,v,() is ( — Rwg— continuous and
¢ — Rwg—open then it is called as a { — Rwg— homeomorphism.

Case3.1: Let X = {1,2,3}, Y ={1,2,3}, 7 = {¢, X, {1}}, v = {p, X, {3}, {1, 3},
{2,3}}, ¢ = {{1},{3},{1,2},{2,3},{3,1}}. Define an identity function
fo(X7¢) = You,Q)as f{1} = {1}, f{2} = {2}, f/{3} = {3}. Here [ is
bijective, ( — Rwg— continuous, { — Rwg—open. Thus [ is satisfying all the
conditions of homeomorphisms. So f is a ( — Rwg—homeomorphism.

Remark 3.1. All homeomorphisms are ( — Rwg—homeomorphism.

Case 3.2: Let X =Y = {1,2,3}, 7 = {¢, X, {1}, {1, 2}, {1,3}}, v = {9, X, {1},
{3},{1,3},{2,3}} and an identity function f : (X,7,{) — (Y,v,() as
{1} = {1}, f{2} = {2}, f{3} = {3}. Here f is not a homeomorphism but
it is a ( — Rwg—homeomorphism.

Theorem 3.1. All (—homeomorphisms are ( — Rwg—homeomorphism.

Proof. Consider a (-homeomorphic function f : (X, 7,{) — (Y,v,(). Since f is
(- homeomorphism we know that the function f and its inverse are (—continuous
functions, one to one and onto functions. But all (— continuous functions are
( — Rwg— continuous function, f and its inverse functions are ( — SRwg— con-
tinuous functions. Hence f is a ( — Awg—homeomorphism. O

Theorem 3.2. All rwg—homeomorphism are ( — Rwg— homeomorphism.

Proof. Consider a rwg— homeomorphic function f : (X,7,{) — (Y,v,(). Since
f is rwg—homeomorphism we know that the function f and its inverse are
rwg— continuous functions, one to one and onto functions. But all
rwg— continuous functions are ( — Rwg—continuous function, f and its inverse
functions are ( — Rwg—continuous functions.

Hence f is a { — Rwg—homeomorphism. O

Theorem 3.3. Define a bijective function f : (X,7,() — (Y,v,(). Then the fol-
lowing are equivalent:

(@) Its inverse function f~': (X, 7,() — (Y,v,() is ¢ — Rwg—irresolute.

(b) The function is a ( — Rwg®—open function.

(c) The function is a { — Rwg°—closed function.
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Proof.

(a) = (b) : Consider a ( — SRwg—open set S in (X, 7,(). According to (a)
(f~H7YS) = f(S) is ¢ — Rwg—open in (Y,v,(). Thus the given function is a
¢ — Rwg®—open function.

(b) = (c) : Consider a ( — Rwg—closed set P. Then X — P is ( — Rwg—open
and by (b) f(X — P) =Y — f(V) is ( — Rwg—open function in (Y, v, (). So f(P)
is ( — Rwg—closed function in Y. So f is a ( — fRwg°—closed function.

(¢) = (a) : Let us take a ( —Rwg—closed set P. By (¢) f(P) is ( —Rwg—closed
in (Y,v,¢). But f(P) = (f~')"'(P). Hence (¢) = (a) holds. O

Remark 3.2. Let f, k be any two ( — Rwg—homeomorphisms. Then ko f need not
to be a ( — Rwg—homeomorphism.

Case 3.3: Let X = {1,2,3}, Y = {1,2,3}, 7 = {¢, X,{2},{1,2},{2,3}},
a={p, X, {1}}, B ={e, X,{1},{3},{1,3}}. Let us take the corresponding grill
as ¢ = {{1},{3},{1,2},{2,3},{3,1}}. Define an identity function f : (X, 7,{) —
(Y,a,9)and k : (Y,,9) — (Z,6, ) as f(1) =1, f(2) =2, f(3) = 3. We can see
that the function f and k are { — Rwg—homeomorphisms. But we can see that
their composition ko f : (X, 7,() — (Z, 8, ) is not a ( —Rwg—homeomorphism.
ko fis a ( — RRwg—continuous function but (k o f)({1,2}) = {1,2} is not a
(—Rwg—open function in (Z, 5, ). Hence kof is not a (—Rwg—homeomorphism.

4. ( —Rwg°— HOMEOMORPHISM

Here we introduce ¢ — Rwg®—homeomorphism in grill topological space.

Definition 4.1. A bijection f : (X, 7,{) — (Y,v,() is called { — Rwg°— homeo-
morphism if both f and f~! are ( — Rwg—irresolute.

Theorem 4.1. All ( — Rwg°—homeomorphisms are ( — Rwg—homeomorphism.
That is ¢ — Rwg®°— H(X,T,() is a subset of ( — Rwg— H (X, 1,().

Proof. We know that all ( — SRwg—irresolute functions are { — SRwg—continuous
function and all {—Rwg°—open functions are ( —Rwg—open. Hence proved. [J

Theorem 4.2. Let [ : (X, 7,() = (Y,v,() is a { — Rwg®°—homeomorphism then
f(¢ —Rwg —int(B)) = ( — Rwg — intf(B) forall B C X.
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Proof. We have
(¢ — Ruwg —int(A))* =(¢ — Rwg — cl(A)),
(¢ —Rwg —int(B)) =(¢ — Rwyg — cl(B))".
Then

f(§ = Ruwg —int(B)) =f(¢ —Rwg — (B))" = (f(¢ — Rwg — cl(B)))*
=(C = Rwg — d(f(B)))" = (¢ — Rwg — int(f(B))).
U

Corollary 4.1. f : (X,7,() — (Y,v,() is a ( — Rwg®°—homeomorphism then
¢ — Rwg — int(B)) = ¢ — Rwg —intf(B) forall BCY

Theorem 4.3. Consider a ( — Rwg®—homeomorphism f : (X, 7,() — (Y,v,().
Then f induces an isomorphism from the group ( — Rwg® — H(X,T,() onto
¢~ Ruwg® — H(Y,,0).

Proof. Let us define a function w; : (—Rwg°—H (X, 7,() = (—Rwg°—H(Y,v,()
through the function f by w;(g) = foko f~' forall g € ( — Rwg® — H(X, 7,().
Then w; is a bijective function. Also for every k;, ks € ( —Rwg® — H(X, T, (),

wi(kyoky) = fo(kioks) of t=(fokiof HNo(fokyof™
= ZUf(k’l) e} ZUf(k'Q)

Hence, w; is a homeomorphism. Therefore it is an isomorphism induced by
f. O
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