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EXISTENCE RESULTS FOR IMPLICIT FRACTIONAL DIFFERENTIAL
EQUATIONS WITH FRACTIONAL BOUNDARY CONDITIONS

A. ANGURAJ!, M. KASTHURI, AND P. KARTHIKEYAN

ABSTRACT. In this paper, we examine the existence of solutions for implicit
FDE’s with fractional boundary conditions. To prove the existence results by
applying fixed point theorems and continuous on parameters and functions.
Finally an example is included to show the applicability of our results.

1. INTRODUCTION

The fundamental of the fractional calculus and FDE’s has been proved by
applying importance in the modeling of many development in various fields
of engineering, medicine, chemistry, physics, economics and signal processing.
For more details on this theory and on its applications, it is to be refered in
[7,8,13-15].

In [4] M. Benchohra and J. E. Lazreg have given an investigation the IFDE’s
and [12] K. D. Kucche, J. J. Nieto and V. Venktesh have given an investigation
the nonlnear IFDE’s and continuous dependence. Recently we refer the [9] S. K.
Ntouyas and J. Tariboon have considered the FBVP with multiple order of frac-
tional derivatives and integral by applied the single-valued case using Sadovski’s
fixed point theorem. The reader for further identification and clarification need
to refer the papers of [1-3,5,6,10,11,16,17].
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Motivated by above research papers, we study the the existence of solutions
for implicit FDE’s with fractional boundary conditions of the forms

(1.1) ‘D% (t) = f(t,x(t),” D%x(t)), teJ:=(0,T), l1<a<?2

(1.2) 2(0) =0, ADz(T)+ (1 —N)D%x(T) = 8,

where D? is the Caputo fractional derivative of order ¢ € {a, 31, 3;} such that
Il <a<2,0< (1,0 <a,pse€R 0< N 1is given constant and [ :
J x R x R — R be a continuous function.

In this paper is planned as shades. Section 2 has definitions and elementary
results of the fractional calculus. In section 3, implicit FDE’s with fractional
boundary conditions are proved the theorems on the existence results by apply-
ing fixed point theorems, continuous dependence on parameters and function
involved in the equations. In section 4, an illustrative example is provided in
support of the results of a problem (1.1) and (1.2).

2. PRELIMINARIES
In this section, the most important basic concepts and lemma are stated.

Definition 2.1. For a function h € AC"(J), the Caputo’s fractional-order deriv-
ative of order « is defined by (°Dg)(t) = m [i(t — s)"=2~'h(" (s)ds, where
n = [a] + 1 and [«] denotes the integer part of the real number .

Definition 2.2. A function » € PC'(J,R) is said to be a solution of the problem
(11), lf.%'(t) = l’k(t) fOTt € (tk,tk+1) and T € C([O =t <t < ... <t, <
tmi1 = T|,R) satisfies “D%xy(t) = f(t,xx(t),” D*z.(t)), almost everywhere on
(0, tg+1) with the restriction of xx(t) on [0,ty) is just xx_1(t) and the conditions
Al’(tk) = Yk, A;C/(tk) =Y, Y, Y E RE=1,2,....om with l’(O) =0, ;C/(l) = 0.
Lemma 2.1. For o > 0, the general solution of the FDE’s *D“x(t) = 0 is given by
z(t)=co+cit+...+cp it wherec; €eR, 1 =0,1,2,...,n—1(n=[a] + 1).

In view of Lemma 2.1, it follows that I* D%z (t) = x(t)+co+cit+. . . 4cp1t" 1,
forsomec; € R,i=0,1,2,....,n—1 (n=[a] + 1).
Lemma 2.2. The boundary value problem

D%x(t) = w(t), te(0,7),

(2.1) 2(0) = 0, )\D’le(T) +(1— )\)DfBQx(T) = [,
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is equivalent to the integral equation

o) = s [ (6= wlas + (5
(2:2) - ﬁ /0 (T = 5)° P+ w(s)ds
__1=A ' — §)2 Py (8)ds —
r(a_52>/0 (T = s)* #Ha(s)ds), L€ J=[0,T)

AT1-P1 + (1-N)T'1—F2
re-p) r2—p2) °

where the non zero constant A, is defined by A, =

Proof. From the first equation of (2.1), we have D*z(t) = w(t),t € J. We obtain
z(t) = ﬁ [5(t — s)*"'w(s)ds + Cy + Oy, for C1, C € R. The first boundary
condition of (2.1) implies that C; = 0. Hence

1 ! a—1
2.3) 1) = Fo /0 (t — 5)*'e(s)ds + Cot.
Applying the Caputo fractional derivative of order ¢ € {f, (2} such that

0 <Y <a-—[to(2.3), we have
1 ! a—1p—1 1 1—%
m /0 (t — S) w(s)ds + Cgmt .

Substituting the values ) = ; and ) = [3; to the above relation and using the
second condition of (2.1), we obtain

DYz(t) =

8, = ﬁ /OT(T ) Bty (s)ds + %02
+ ﬁ /0 (T = 5 (s)ds + %—jﬁf@,
which leads to
Cy = Ail (6 - ﬁ /0 LT e B (s)ds
- F(L;—A&) /0 (1 s t(s)ds).

Substituting the value of the constant C; in (2.3), we deduce the integral equa-
tion (2.2). The converse follows by direct computation. This completes the
proof. O
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3. MAIN RESULTS

To prove the existence and uniqueness results we need the following assump-
tions: (A;) The function f : J x R x R — R be a continuous function. (A,)
There exists constants X > 0 and 0 < L < 1 such that |f(¢,u,v) — f(t,u1,v1)| <
K|u— |+ Llv—wv], for any u, v, u;,v; € R,t € J. The two fractional boundary
value problem (1.1)-(1.2) is equivalent to the integral equation

2(t) = %&) /0 (t — 8)" f(s,2(5). D°x(s))ds
+ Ail (ﬁg — ﬁ/{) (T — 5)* P ¥ (s, 2(s),° D2(s))ds
_—<1_)‘> ! — 5) Bt (s 2(5).c DY (s))ds
o [ = () Dalas). e

where the non zero constant A; is defined by
A AT - A)TL=5
r'2-p51) '2—Bs)
Theorem 3.1. Assume that (A;) and (A,) are holds. If
Te T ( AT Al (1 — TPt K
{F(a—l—l) _A_l{F(@—61+1) " Tla— 1) H (1-1L)

then there exists a unique solution for (1.1)-(1.2) on J.

<1,

Proof. Let B, = {x € C : ||z|| < r} be a closed bounded and convex subset of C,
where r is a fixed constant. Consider the operator © : C — C defined by

(3.1) oy(t) = I1%g(t) + Ail [v3 = 1% gu(t) — I P2 gy(t)]

where g(t) = f(t,z(t),9(1),1(t) = f(t, (1), 9:1(1)), 92(t) = [(L, (), g2(1)),
g,91,92 € C(J,R). Clearly, the fixed points of operator © is solution of prob-
lem (1.1)-(1.2). Let zy, 22 € C(J,R). Then,

|(©21)(t) = (S22) ()] = ﬁ/ﬂ (t = 5)"""(g(s) — h(s))|ds

t A T a—p1+1
_A_l(m/o (T — )Y (g1 (s) — hu(s))\ds

(1-X)

(32 FRe | T ) — hale))ls).
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where g, h, g1, g2, h1, he € C(J,R) be such that

g(t) = [t 21 (1), 9(2)), g1(t) = f(E, 21(2), 91 (1)),

92(t) = f(t, 21(t), 92(1)), h(t) = [ (t, 21 (2), h(t)),

ha(t) = f(t,21(t), ha(2)), ha(t) = f(t, 21(D), ha(2)).
By hypothesis (A,), we have

(9(t) = ()] < Kl21(t) = 22(t)] + Ll21(t) — 22(8)] < 5 f(Llwl(t) — z5(1))|

(@(0) = ()] < T2 (1) — 22(0)

and

92(8) — ho0)] < T2z lra(t) — (1)

The equation (3.2) implies

KT
— < —
t AK TPl (1 — N KT P2+
- + Nizr = 2alle.
MAA =L (a=p5+1) (1-L)(a—p+1)
Thus
|oz1 — 67| < - L\ AT G NI
T —OTleo & | m=5——< — —
! ? Tla+1) A |T(a—pB+1)  T(a—pFr+1)
LS
(1 —L) T T2 loo-

By (3.1), the operator © is a continuous. Hence by Banach’s contraction prin-
ciple, © has a unique fixed point which is a unique solution of the problem
(1.1)-(1.2). 0

4. CONTINUOUS ON PARAMETERS AND FUNCTIONS
CDaIl(t) = f(t, l’l(t),c Dal‘l(t), 51), t e (O, T), l<a<?2

4D w(0) =0, ADFu(T) + (1 - N)D%ay(T) = s

and
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CDaI2<t> = f(t, ZL’Q(t),C Daxg(t), 52), t e (O, T), l<a<?2
(4.2) 25(0) =0, AD%'2o(T) + (1 — \)DP25(T) = Bs,

where D™ is the Caputo fractional derivative of order oy € {a, 1, B2} such that
l<a<2,0<p,P<a,fB3€R,0< )< 1 is given constant, dy,d, are real
parameters and f : J x R x R x R — R. We need the assumptions and lemma
to prove the dependence of solution of implicit fractional differential equations
on parameters: (A;3) There exists h € C'(J,R), | € L;{0,7] and M € (0,1) the
continuous function f satisfies |f(¢,z,y,01) — f(t,z1,y1,02)] < h(t)|x — x| +
Mly —yi| and |g(t,z,y,01) — g(t, 21,91, 02)| < U()[01 — S|

Lemma 4.1. let V : [0,T] — [0, 400) be a real function and W (.) is nonnegative,
locally integrable function on [0, T']. Assume that there is a constant a > 0 such that
foro<a <2 V() <W(t)+ afot(t — 5)~*V(s)ds. Then, there exists a constant
K = K(a) such that V(t) < W(t) + Ka [,(t — s)~*W (s)ds for any t € [0, T.

Theorem 4.1. Let f : J x R x R — R satisfy (A3). If x1(t) and x5(t) are the
solutions of (4.1) and (4.2) respectively, then

KH

A=) M)F(@)f“(fal(t))

21(5) = wa(s)] < 101 = &l [°0(8) +

ANKH
(1 —MI'(a— p1)

t
Jo— B Jo— B2
(1) + 1) +

(1—-\KH
(1= M) (a = )

Jo—b ([O‘_Bll(t))

12 (e )| e [0, 71,
where K is a constant depending on « and H = max{h(t),t € [0,T]}.

Proof. Let z(t) and z(t) be the solution of (4.1) and (4.2) respectively, then
D% (t) = f(t,x1(t)," D% (t),61), t€(0,T), 1<a<2,
21(0) =0, AD'ay(T) + (1 — \)D%a(T) = B3,
and
°D%q(t) = f(t,x2(t),” D¥xo(t),02), t€(0,T), 1<a<2,
22(0) = 0, AD%'2y(T) + (1 — A\)DP25(T) = Bs.
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Implies
5l0) = s [ 0= s () D), 1)
+ Ail(ﬁz - ﬁ/o (T — 5>a751+1f(5,:€1(5)7c DO2y(s), 1)ds
—(1 _ )\) ' a—pB2+1 c N
_ 1—‘(04—52)/0 (T —s) P+ f(s,z1(s),°D xl(s)jél)dg)’ teJ
and
o(t) = ﬁ/{) (t —8)* 7 f (s, 2(5)," D22 (s), 6a)ds
+ Ai1(63 - ﬁ/o (T — 3>a_/61+1f(8,x2(s)7c Da(s), 6,)ds
_ (1_>‘) g _8a752+1 5. 7(8).C Do (s s
Na—&)A(T ) f(s,25(s),° D ﬂ)ﬁﬁd) ted
[z1(s) — w2(s)]
= |51 - 52|]al(t) + %/{) (t _ S)a—llxl(s) B $2(8)|d8
+ Ai1(|51 — Go | T*PHU(t) + |61 — ol I P2U(1)
NH T e
Jr(1—M)F(o¢_51)/0 (T =) |21(s) — za(s)|d
(4.3) + (1 _Sb;r/z()f_‘]_ 62) /0 (T _ S)a*52+1‘x1(8) . 1’2(5)|d8>

By lemma 4.1, the equation (4.3) implies that

KH

1(5) = 2209 <160 = |11 + T35

1°(1°1(1))

AKH

a—PB1( Ta—p1
G- —gy. )

t
—(1o7P(t) + Tt
g (e e +

(1-NKH
(1= M)I(o — o)

+ fa—@(fa—ﬁ%)))} telo,T).
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Next result, proves the Continuous dependence of solution of IFDE’s (1.1)-
(1.2) on the function involved in right hand side of equation (1.1)-(1.2).

“Dy(t) = Flt,y()S Dy(r), te(0,T), 1<a<?
(4.4) y(0) =0, ADy(T) + (1= N)D?y(T) = B,
where f: J x R x R - R and 5 € R.
Theorem 4.2. Suppose that f in (1.1) Satisfies the hypothesis: there exists q €
C[J,R] and L € (0,1) such that |f(t,z,y) — f(t,z1,y1)| < q(t)|z — z1]| + Ly — v1]
where () = max{q(t),t € [0,T]}. Further suppose, for arbitirarily small constant e,
6 > 0 that |f(t,z(t), D*z(t)) — f(t,y(t), D*y(t))| < e and |Bs — fs] < 6, t € [0, T.
Then the solution z(t) of (1.1) depends continuously on the functions involved in
right hand side of equation (1.1).
Proof. Let z(t) and y(t) be the solution of (1.1) and (4.4) respectively, then

‘D(t) = f(t,x(t),” D%x(t)), t€(0,T), 1l<a<2

2(0) =0, AD?a(T)+ (1 - \)D%2(T) = j,

and
Doy(t) = F(t,u(0) D(1), te(0.T), 1<a<?
y(0) =0, AD?y(T)+ (1 —\)D%y(T) = ps,
implies
2(t) = ﬁ /0 (t — 8)° f(s,2(5). D°x(s))ds
- Ail (ﬂg — ﬁ/o (T — 8)* 1 f (s, 2(5),° D*x(s))ds
— FE%_)\B)Q)/O (T — 5)* P2 f (s, 2(s),° Dax(s))d8>, teJ,
and
Ol KA (VORI
e v ) R R (WO RO
(1-2)
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By using the hypothesis and

D ((t) = y(0)] < [f(t2(t), Da(t)) — f(t,y(t), Dy(t))]

< kel 001+ o5

By lemma 4.1,

(4.5)
[z (t) = y(1)]

<e| =) \rmro" T o)
- i<5{1+ 9 KO T F 4 KO =) >T°“‘52}

Ay MNa—p+1) 1-L)T(a—p2+1
1 KQA2 - KQ(1 — \)? o
T {1 - L} ((1 2 N A w5y

L (1= \)To—se )
Ma—-p+1) TIla=5+1)/)

From the equation (4.5), it follows that the solution z(¢) of (1.1) depends con-
tinuouly on the functions involved in right hand side of eqaution (1.1). Fore = 0
in the inequality (4.5) gives continuous dependence of solutions on boundary
conditions. We also note that as ¢, § > 0 were arbitrary, by taking ¢,6 — 0%, we
have v — y where z : [0,7] — R and y : [0, 7] — R are the solution of (1.1) and
(4.4) respectively. O

Example 1. Consider the implicit FDE’s with fractional boundary conditions of the
form

(4.6)  “D7a(t) L

5 , te(0,7), l<a<?2,

8 6 3 4 1
. = — D1aig(1 -Dx(l) = —.
4.7) P(0) =0, oD+ SDFa(l) = -
10 8 6 4
H = —, f(t,z(t), “Da(t)) = ! A= b= ==
ere al 7  f(t2(t), z(t)) 10(1+|x(t)|+|108‘1’7gx(t)\)’ 20’ b 14’ B 17’
By = e T = 1, observe that 0 < 31,3, < - Hence the hypothesis (As) holds
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with K =L = % and we shall check that

<1

e n{ma a o

a+1) A
& ~ 0.8846 < 1.

Thus, the theorem 3.1, the fractional boundary value problem (4.6) and (4.7) has
a unique solution on J.

[1]

[2]

[3]

[4]

[5]

[6]

[7]

(8]

[9]

[10]

[11]

REFERENCES

A. ANGURAJ, S. KANJANADEVI, J. J. TRUJILLO: Existence of Mild Solutions of Abstract
Fractional Differential Equations with Fractional Non-Instantaneous Impulsive Conditions,
Journal of Discontinuity, Nonlinearity and Complexity, 6(2) (2017), 173-183.

A. ANGURAJ, S. KANJANADEVI: Existence results for fractional non-instantaneous impul-
sive integro-differential equations with nonlocal conditions, Journal of Advances in Applied
Mathematics, 1(1) (2016), 44-58.

A. S. BERDYSHEV, B. E. ESHMATOV, B. J. KADIRKULOV: Boundary value problems for
fourth-order mixed type equation with fractional derivative, Electronic Journal of Differential
Equations, 2016(36) (2016), 1-11.

M. BENCHOHRA, J. E. LAZREG: Exsitence results for nonlinear implicit fractional differ-
ential equations, Surveys in mathematics and its applications, 9 (2014), 79-92.

C. THAIPRAYOON: Impulsive fractional boundary value problems with fractional integral
jump conditions, Boundary value problems, 17 (2014), 1-17.

D. P. D. SANTOS: Existence of solutions to nonlinear problems with three-point boundary
conditions, Electronic Journal of Differential Equations, 2017(35) (2017), 1-10.

W. G. GLOCKLE, T. F. NONNENMACHER: A fractional calculus approach of self-similar
protein dynamics, Biophys. J., 68 (1995), 46-53.

R. HILFER: Applications of Fractional Calculus in Physics, World Scientific, Singapore,
2000.

S. K. NTOUYAS, J. TARIBOON: Fractional boundary value problems with multiple order of
fractional derivatives and integrals, Electronic Journal of Differential Equations, 2017(100)
(2017), 1-18.

P. KARTHIKEYAN, R. ARUL: Existence of Solutions for Hadamard Fractional Hybrid Dif-
ferential Equations with Impulsive and Nonlocal Conditions, Journal of Fractional Calculus
and Applications, 9(1) (2018), 232-240.

P. KARTHIKEYAN, R. ARUL: Integral boundary value problems for implicit fractional differ-
ential equations involving Hadamard and Caputo-Hadamard fractional derivatives, Kraguje-
vac J. Math., 45(3) (2021), 331-341.



[12]

[13]

[14]
[15]

[16]

[17]

EXISTENCE RESULTS FOR IMPLICIT FRACTIONAL DIFFERENTIAL ... 2343

K. D. KUCCHE, J. J. NIETO, V. VENKTESH: Theory of nonlnear implicit fractional differ-
ential equations, Differ. Equ. Dyn. Syst., 5 (2016), 1-17.

K. B. OLDHAM, J. SPANIER: The Fractional Calculus, Academic Press, New York, London,
1974.

I. PODLUBNY: Fractional Differential Equation, Academic Press, San Diego, 1999.

P. D. PHUNG, L. X. TRUONG: Existence of solutions to three-point boundary-value prob-
lems at resonance, Electronic Journal of Differential Equations, 2016(115) (2016), 1-13.
H. L. TIDKE, R. P. MAHAJAN: Existence and uniqueness of nonlinear implicit fractional
differential equations with Riemann-Liouville derivative, American Journal of computational
and applied mathematics, 7(2) (2017), 46-50.

J. R. WANG, Y. ZHOU, M. FECKAN: On recent development in the theory of boundary
value problems for impulsive fractional differential equations, Compact. Math. Appl., 64
(2012), 3008-3020.

DEPARTMENT OF MATHEMATICS

PSG COLLEGE OF ARTS AND SCIENCE
COIMBATORE-641014, TAMIL NADU, INDIA
E-mail address: angurajpsg@yahoo.com

DEPARTMENT OF MATHEMATICS

P.K.R. ARTS COLLEGE FOR WOMEN
GOBICHETTIPALAYAM-638476, TAMIL NADU, INDIA
E-mail address: joevarshini@gmail.com

DEPARTMENT OF MATHEMATICS

SRI VASAVI COLLEGE

ERODE-638316, TAMIL NADU, INDIA
E-mail address: karthi_p@yahoo.com



