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ISOMORPHISMS IN NORMAL CATEGORIES
OF UNIT REGULAR SEMIGROUPS

A. R. RAJAN, NAMITHA SARA MATHEW!, AND K. S. ZEENATH

ABSTRACT. A semigroup S is said to be unit regular if 1 € S and for each el-
ement s € S there exists an element « in the group of units G of S such that
s = sus. The concept of normal category was introduced by K.S.S. Namboori-
pad in the context of describing cross-connections for regular semigroups. The
normal category associated with a regular semigroup is the category £(S) of
principal left ideals with right translations as morphisms.In the case of unit reg-
ular semigroups the isomorphisms in the normal category are determined by
the group of units of the semigroup. We characterise these isomorphisms and
give simplified descriptions for the isomorphisms in the normal category arising
from unit regular semigroups.

1. INTRODUCTION

The concept of unit regularity has its roots in ring theory and unit regular rings
were introduced by Ehrlich [1]. Unit regularity for semigroups is adapted from
that for rings.The concept of normal category was introduced by K.S.S. Nam-
booripad in the context of describing structure of regular semigroups using
cross-connections [2]. Here we consider isomorphisms in normal categories
associated with unit regular semigroups and give simplified descriptions for the
isomorphisms in normal categories.
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2. NORMAL CATEGORIES AND UNIT REGULAR SEMIGROUPS

Definition 2.1. [5] A semigroup S is called unit regular if 1 € S and for each
element s € S there exists an element u in the group of units G of S such that

S = Sus.

Hence both su and us are idempotents and we can write s = w lus or
s = suu~'. Thus every element of S is a product of a group element and an

idempotent.

Definition 2.2. ( [3], [4]) The normal category L(S) of principal left ideals of a
regular semigroup S is described as follows. The vertex set is the set of all principal
left ideals of S and is given by

vL(S)={Se:ec E(9)},

where E(S) is the set of all idempotents in S. A morphism p : Se — Sf is a right
translation x — zu for some u € eS f and is denoted by p(e, u, f) : Se — Sf.

The morphisms in £(S) are characterized as follows:

Lemma 2.1. Let p : Se — Sf be a morphism in L(S). Then p = p(e,u, ) where
u = p(e) € eSf. Further every morphism from Se to Sf arises as p(e,u, f) for
some u € eS'f.

Proposition 2.1. [2] Se and S f are isomorphic in L(S) if and only if eD f. In this
case, there is a bijection between the set of all isomorphisms of Se onto S f and the
H-class R. N L. Here £ and R are Greens relations and H =R N L.

Proposition 2.2. A morphism p(e,u, f) : Se — S f is an isomorphism if and only
if eRuLlf.

3. ISOMORPHISMS IN NORMAL CATEGORIES OF UNIT REGULAR SEMIGROUPS

Here we consider unit regular semigroups with the additional property that
any two D—related idempotents are conjugates. These are called strongly unit
regular semigroups. If S is a strongly unit regular semigroup then for e, f €
E(S) and if eDf there is a unit u € S such that f = v 'eu. Further in this case
for z,y € S, xRy if and only if zu = y for some u € G, Ly if and only if ux = y
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for some u € G and 2Dy if and only if y = uzu~" for some u € G, where G is
the group of units of S.

Theorem 3.1. Let S be a unit regular semigroup with group of units G. Let
ple,x, f) : Se — Sf be an isomorphism. Then p(e,x, f) = p(e,eu, f) for some
u € G.

Proof. Since p(e,x, f) : Se — S f is an isomorphism, by Proposition 2.2, we have
eRxLf. By the property of strongly unit regular semigroups, eRx gives © = eu
for some u € G. Hence p(e, z, f) = p(e, eu, f) for some u € G. d

Theorem 3.2. For a unit regular semigroup S, p(e,eu, f) : Se — S f is an isomor-
phism if and only if Sf = S(u~'eu). Further in this case the inverse of p(e, eu, f)

is p(f, fu=l,e).

Proof. Let p(e,eu, f) : Se — Sf be an isomorphism. Then by Proposition
2.2, we have eReulf. Thus eulf. Also from the defining property of Green’s
L—relation, u'euleu. Hence u~teul f. Therefore, Sf = S(u~teu).

Conversely, suppose Sf = S(u'eu). Then we have fLu 'eu. By the property
of strongly unit regular semigroups we get an element v € G, where G is the
group of units of S such that vf = u~'eu and thus we have f = (v"'u~')eu and
eu = (uv) f. Hence eul f. Also e = euu'and so eReu. Thus eReul f. Hence by
Proposition 2.2 we get p(e, eu, f) : Se — Sf is an isomorphism.

To see that the map p(f, fu™!, e) is a morphism from S f to Se we prove using
Lemma 2.1 that fu™' € fSe. Since p(e, eu, f) is an isomorphism, we have fLeu.
So fu 'Leuu! = eand so fu~te = fu~!. Thus fu=! € fSe.

Now for any = € Se,

zp(e,eu, fo(f, fu'e) = (weu)fu™

= z(euf)u™!
= zeuu ', since eul f
= zxe

= ux,since x € Se
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So, p(e,eu, fp(f, fu™t, e) = 1g,. Similarly, for x € Sf,
zo(f, fu~t,e)ple, eu, f) = xfuteu
= zf,since v teu = f
=z
So, p(f, fu=',e)p(e, eu, f) = 1s;. Hence inverse of p(e, eu, f) is p(f, fu~',e). O
Corollary 3.1. Let Se, Sf be isomorphic objects in L(S). Then the set of all
isomorphisms from Se to Sf is G(Se,Sf) = {p(e,eu,u"teu) : u € G} where

u~teul f. Further p(e,eu, f) = p(e,ev, f) if and only if G(e)u = G(e)v, where
Gle)={ue G:eu=ce}

Proof. By Theorem 3.1 and Theorem 3.2, we get the set of all isomorphisms
from Se to Sf is G(Se, Sf) = {p(e, eu,u"'eu) : u € G} where u~'eul f. Further,
suppose G(e)u = G(e)v. Then for u; € G(e) there exists v; € G(e) such that
uu = viv. Now for x € Se, consider,

zp(e,eu, f) = xeu
= xeuju,since eu; = e
= revyv
= xev, since ev; = e
= zp(e,ev, f)

Hence p(e, eu, f) = ple, ev, f).
Now suppose p(e,eu, f) = p(e,ev, f). Then eu = ev. Let ' € G(e)u. Hence
1 1

v = uyu for some u; € G(e). Now wyu = (ujuv1)v. Also eujuv™t = euv™! =
evvt = e = wuwt € Gle) = v = wu = (yuuw v € G(e)v. Thus
G(e)u C G(e)v. Similarly, G(e)v C G(e)u. Hence G(e)u = G(e)v. O

4. CONCLUSION

We considered normal category associated with strongly unit regular semi-
groups and we see that each isomorphism from Se — Sf is determined by a
group coset G(e)u, where G(e) is a subgroup of the group G of units of the
semigroup S.



ISOMORPHISMS IN NORMAL CATEGORIES ... 4191

REFERENCES

[1] G. EHRLICH: Units and One-Sided Units in Regular Rings, Transactions of the American
Mathematical Society, 216 (1976), 81-90.

[2] K. S. S. NAMBOORIPAD: Theory of Cross Connections, Pub.No.28, Centre for Mathemati-
cal Sciences, Trivandrum, 1994.

[3]1 A. R. RAJAN: Structure Theory of Regular semigroups Using Categories, Springer Proceed-
ings in Mathematics and Statistics, 174 (2016), 193-200.

[4] A. R. RAJAN: Inductive Groupoids and Normal Categories of Regular Semigroups, Proc.
International Conference,Aligarh Muslim University, De Gruyter 201), 193-200.

[5] E. KRISHNAN, C. S. PREETHI : Unit- Regular Semigroups and Rings, International Journal
of Mathematics and its Applications, 5 (2017), 81-91.

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF KERALA, KARIAVATTOM
Email address: arrunivker@yahoo.com

DEPARTMENT OF MATHEMATICS
ST. JOSEPH’S COLLEGE FOR WOMEN, ALAPPUZHA
Email address: namithamodoor@gmail.com

DEPARTMENT OF MATHEMATICS

SCHOOL OF DISTANCE EDUCATION
UNIVERSITY OF KERALA

Email address: zeenath.ajmal@gmail.com



