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MINIMUM CLIQUE-CLIQUE DOMINATING ENERGY OF A GRAPH

SAYINATH UDUPA1, R. S. BHAT, AND N. PRATHVIRAJ

ABSTRACT. Let C(G) denotes the set of all cliques of a graph G. Two cliques in
G are adjacent if there is a vertex incident on them. Two cliques c1, c2 ∈ C(G)
are said to clique-clique dominate (cc-dominate) each other if there is a vertex
incident with c1 and c2. A set L ⊆ C(G) is said to be a cc-dominating set
(CCD-set) if every clique in G is cc-dominated by some clique in L. The cc-
domination number γcc = γcc(G) is the order of a minimum cc-dominating
set of G. In this paper we introduce minimum cc-dominating energy of the
graph denoting it as Ecc(G). It depends both on underlying graph of G and its
particular minimum cc-dominating set (γcc-set) of G. Upper and lower bounds
for Ecc(G) are established.

1. INTRODUCTION

The terminologies and notations used here are as in [9, 18]. By a graph
G(V,E) we mean a connected finite simple graph of order p and size q. A set
D ⊆ V is a dominating set of G if every vertex not in D is adjacent to some
vertex in D. The domination number γ = γ(G) is the order of a minimum
dominating set of G. The domination number is a well studied parameter in
literature and for a survey refer [8, 12, 16, 17]. A maximal complete subgraph
is a clique. Let C(G) denote the set of all cliques of G with |C(G)| = s. Two
cliques in G are adjacent if there is a common vertex incident on them. A clique
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graph CG(G) is a graph with vertex set C(G) and any two vertices in CG(G) are
adjacent if and only if corresponding cliques are adjacent in G. The number of
edges in the clique graph CG(G) is denoted as qc. Smitha G. Bhat et al [3] de-
fined cc-degree and cc-dominating sets as follows. The cc-degree (Clique-clique
degree) of a clique h, dcc(h) is the number of cliques adjacent to h. Two cliques
c1, c2 ∈ C(G) are said to clique dominate each other if there is a vertex inci-
dent with c1 and c2. A set L ⊆ C(G) is said to be a clique-clique dominating
set (CCD-set) if every clique in G is clique dominated by some clique in L. The
clique-clique domination number γcc = γcc(G) is the order of a minimum clique-
clique dominating set of G. The concept of energy of a graph was introduced
by I. Gutman [4] in 1978. The eigenvalues of G are the eigenvalues of its ad-
jacency matrix A(G). These eigenvalues arranged in an non-increasing order,
will be denoted as λ1(G), λ2(G) . . . , λp(G). Then the energy of the graph G is

defined as E(G) =
p∑
i=1

|λi(G)|. Various properties of energy of the graph may

be found in [5,6]. In connection with graph energy, energy-like quantities were
considered for other matrices such as laplacian [7] distance [10], covering [1],
incidence [11] and vb-dominating [15].

2. CLIQUE-CLIQUE DOMINATING ENERGY OF A GRAPH

Motivated by the definition of clique-clique dominating set and energy of a
graph, we introduce a new matrix, called minimum cc-dominating matrix of a
graph and study its energy. Let γcc-set be a minimum cc-dominating set of a
graph G. The minimum cc-dominating matrix of G is the s× s matrix Acc(G) =
[aij], where

aij =


1 if ci and cj are adjacent

1 if i = j and ci ∈ γcc-set

0 otherwise .

The characteristic polynomial of Acc(G) is denoted by

fc (G, λ) = det (λI − Acc(G)) .

The minimum cc-dominating eigenvalues of the graph G are the eigenvalues of
Acc(G). Since Acc(G) is real and symmetric, its eigenvalues are real numbers
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and we label them in non-increasing order λ1 ≥ λ2 ≥ · · · ≥ λs. The minimum
cc-dominating energy of G is then defined as

Ecc(G) =
s∑
i=1

|λi(G)|.

In this paper we discuss some properties of minimum cc-dominating energy of
the graph Ecc(G) and derive an upper and lower bound for Ecc(G).

2.1. Properties of clique-clique dominating energy of a graph. First we com-
pute the minimum cc-dominating energy of the graph shown in Figure 1.

Example 1.

c1 c2

c3 c8

c4 c7

c5

c6

FIGURE 1. Graph G

Let G be a graph with 8 cliques c1, c2, . . . , c8 (See Figure 1) with minimum
cc-dominating set B = {c2, c6, c8}. Then

Acc(G) =



0 1 0 0 0 0 0 0

1 1 1 0 0 0 0 0

0 1 0 1 0 0 0 1

0 0 1 0 1 1 1 0

0 0 0 1 0 1 1 0

0 0 0 1 1 1 1 0

0 0 0 1 1 1 0 0

0 0 1 0 0 0 0 1


The characteristic polynomial of Acc(G) is λ8− 3λ7− 7λ6 +15λ5 +20λ4− 13λ3−
20λ2 − 5λ, the minimum cc-dominating eigenvalues are
−1.7834,−1.0000,−0.7457,−0.3832, 0.0000, 1.3083, 2.2093 and 3.3947. Therefore
the minimum cc-dominating energy of the graph G is Ecc(G) = 10.8246.
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Theorem 2.1. If λ1(G), λ2(G) . . . , λs(G) are the eigenvalues of Acc(G), then
s∑
i=1

λi = γcc(G)(2.1)

s∑
i=1

λ2i = 2qc + γcc(G).(2.2)

where qc is the number of edges in the clique graph CG(G).

Proof. (2.1) We know that the sum of the eigenvalues of Acc(G) is equal to trace
of Acc(G). Therefore

s∑
i=1

λi =
s∑
i=1

aii = γcc(G).

(2.2) The sum of the squares of the eigenvalues ofAcc(G) is the trace of (Acc(G))
2.

Therefore
s∑
i=1

λ2i =
s∑
i=1

s∑
j=1

(aijaji)

= 2
∑
i<j

(aij)
2 +

s∑
i=1

(aij)
2

= 2qc + γcc(G)

�

Theorem 2.2. Let G be a graph with qc edges, s cliques, and the minimum cc-
dominating set γcc-set. Let fs(G, λ) = c0λ

s + c1λ
s−1 + c2λ

s−2 + · · · + cs be the
characteristic polynomial of G, Then

c0 = 1(2.3)

c1 = −γcc(G)(2.4)

c2 =

(
γcc(G)

2

)
− qc(2.5)

c3 = γcc(G)qc −
∑
h∈γcc

dcc(h)−
(
γcc(G)

3

)
− 24(2.6)

where qc and4 denote the number of edges and triangles in the clique graph CG(G)
respectively.
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Proof. (2.3) Directly follows from the definition of fs(G, λ).
(2.4) Since the sum of diagonal elements of Acc(G) is equal to γcc(G), the sum of
determinants of all 1×1 principal sub-matrices of Acc(G) is the trace of Acc(G),
which is equal to γcc(G). Thus (−1)1c1 = γcc(G) .

(2.5) (−1)2c2 is equal to the sum of determinants of all 2×2 principal sub-
matrices of Acc(G), that is

c2 =
∑

1≤i<j≤s

∣∣∣∣∣aii aij
aji ajj

∣∣∣∣∣
=

∑
1≤i<j≤s

(aiiajj − aijaji)

=
∑

1≤i<j≤s

(aiiajj)−
∑

i≤i<j≤s

(aij)
2

=

(
γcc(G)

2

)
− qc .

(2.6) We have

c3 = (−1)3
∑

1≤i<j<k≤s

∣∣∣∣∣∣∣
aii aij aik
aji ajj ajk
aki akj akk

∣∣∣∣∣∣∣
= −

∑
1≤i<j<k≤s

[aii (ajjakk − ajkakj)− aij (ajiakk − akiajk) + aik (ajiakj − akiajj)]

= −
∑

1≤i<j<k≤s

(aiiajjakk) +
∑

1≤i<j<k≤s

(aiiajk + ajjaik + akkaij)

−
∑

1≤i<j<k≤s

(aijajkaki)−
∑

1≤i<j<k≤s

(aikakjaji)

= −
(
γcc(G)

3

)
+

∑
1≤i<j<k≤s

(aiiajk + ajjaik + akkaij)− 24

= −
(
γcc(G)

3

)
+

[
s∑
i=1

aii

][ ∑
1≤i<j<k≤s

ajk

]
−

s∑
i=1

aii
∑

k=1,k 6=i

aik − 24

c3 = γcc(G)qc −
∑

h∈γcc(G)

dcc(h)−
(
γcc(G)

3

)
− 24 .

�
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Theorem 2.3. If λ1(G) is the largest eigenvalue of the minimum cc-dominating
matrix Acc(G), then

λ1(G) ≥
2qc + γcc(G)

s
.

Proof. Let X be any non zero vector, then we have

λ1 (Acc(G)) =
max

X 6= 0

[
X
′
AX

X ′X

]
(see [2])

λ1(Acc(G)) ≥
[
J
′
AJ

J ′J

]
=

2qc + γcc(G)

s
, where J is the all one’s vector. �

2.2. Bounds for minimum cc-dominating energy of a graph. Bounds for
Ecc(G) similar to McClelland’s inequalities [14] for graph energy, are given in
the following theorems.

Theorem 2.4. Let G be the graph with s cliques, qc edges, and minimum cc-
dominating set γcc-set of G. Then

Ecc(G) ≤
√
s (2qc + γcc(G)) .

Proof. Let λ1 ≥ λ2 ≥ . . . ≥ λs be the eigenvalues of Acc(G).

Using Cauchy-Schwarz inequality,
(

s∑
i=1

aibi

)2

≤
(

s∑
i=1

a2i

)(
s∑
i=1

b2i

)
,

choose ai = 1 and bi = |λi|,

(Ecc(G))
2 =

(
s∑
i=1

|λi|
)2

≤
(

s∑
i=1

1

)(
s∑
i=1

|λi|2
)

= s (2qc + γcc(G)) , by using Theo-

rem 2.1. Therefore Ecc(G) ≤
√
s (2qc + γcc(G)) . �

Following theorem gives lower bound for Ecc(G) in terms of number of cliques
and number of edges in the clique graph CG(G).

Theorem 2.5. Let G be the graph with s cliques and qc edges, and let minimum
cc-dominating set be γcc-set. If P is determinant of Acc(G), then

Ecc(G) ≥
√

2qc + γcc(G) + s(s− 1)P
2
s .
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Proof.

(Ecc(G))
2 =

(
s∑
i=1

|λi|

)2

=

(
s∑
i=1

|λi|

)(
s∑
j=1

|λj|

)

=
s∑
i=1

|λi|2 +
∑
i 6=j

|λi||λj|.

Now employing the inequality between the arithmetic and geometric means, we
obtain

1

s(s− 1)

∑
i 6=j

|λi||λj| ≥

(∏
i 6=j

|λi||λj|

) 1
s(s−1)

∑
i 6=j

|λi||λj| ≥ s(s− 1)

(∏
i 6=j

|λi||λj|

) 1
s(s−1)

Thus

(Ecc(G))
2 ≥

s∑
i=1

|λi|2 + s(s− 1)

(∏
i 6=j

|λi||λj|

) 1
s(s−1)

≥
s∑
i=1

|λi|2 + s(s− 1)

(
s∏
i=1

|λi|2(s−1)
) 1

s(s−1)

≥
s∑
i=1

|λi|2 + s(s− 1)

(
s∏
i=1

|λi|

)2

s

(Ecc(G))
2 ≥ 2qc + γcc(G) + s(s− 1)P

2
s ,

from the Theorem 2.1. Therefore Ecc(G) ≥
√
2qc + γcc(G) + s(s− 1)P

2
s . �

Similar to Koolen and Moultons’s [13] upper bound for energy of the graph,
upper bound for Ecc(G) is given in the following theorem.
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Theorem 2.6. If G is a graph with s cliques and qc edges, then

Ecc(G) ≤
2qc + γcc(G)

s
+

√√√√(s− 1)

(
(2qc + γcc(G))−

(
2qc + γcc(G)

s

)2
)
.

Proof. Using Cauchy-Schwarz inequality,
(

s∑
i=2

aibi

)2

≤
(

s∑
i=2

a2i

)(
s∑
i=2

b2i

)
, choose

ai = 1 and bi = |λi|(
s∑
i=2

|λi|

)2

≤

(
s∑
i=2

1

)(
s∑
i=2

|λi|2
)

(
s∑
i=1

|λi| − λ1

)2

≤ (s− 1)

(
s∑
i=1

λ2i − λ21

)
(Ecc(G)− λ1)2 ≤ (s− 1)

(
2qc + γcc(G)− λ21

)
(Ecc(G)− λ1) ≤

√
(s− 1) (2qc + γcc(G)− λ21)

Ecc(G) ≤ λ1 +
√

(s− 1) (2qc + γcc(G)− λ21) .

Let f(t) = t +
√
(s− 1) (2qc + γcc(G)− t2) for decreasing function f ′(t) ≤ 0.

f ′(t) = 1− t(s− 1)√
(s− 1) (2qc + γcc(G)− t2)

≤ 0.

Therefore t ≥
√

2qc + γcc(G)

s
. Since 2qc + γcc ≥ s, we have√

2qc + γcc
s

≤ 2qc + γcc(G)

s
≤ λ1

f(λ1) ≤ f

(
2qc + γcc

s

)
. Therefore

Ecc(G) ≤ f(λ1) ≤ f

(
2qc + γcc

s

)
Ecc(G) ≤ f

(
2qc + γcc(G)

s

)

Ecc(G) ≤
2qc + γcc(G)

s
+

√√√√(s− 1)

(
(2qc + γcc)−

(
2qc + γcc

s

)2
)
.

�



MINIMUM CLIQUE-CLIQUE DOMINATING. . . 3245

REFERENCES

[1] C. ADIGA, A. BAYAD, I. GUTMAN, S. A. SRINIVAS: The minimum covering energy of a
graph, Kragujevac J. Sci., 34 (2012) 39–56.

[2] R. B. BAPAT: Graphs and Matrices, Hindustan Book Agency, New Delhi 2011.
[3] S. G. BHAT: A study of independent set and clique related parameters of a graph, PhD

Thesis, Manipal Academy of Higher education, Manipal, 2019.
[4] I. GUTMAN: The Energy of a Graph, Ber. Math-Statist. Sekt. Forschungsz. Graz, 103

(1978), 1–22.
[5] I. GUTMAN: The energy of a graph: Old and new results, Algebraic Combinatorics and

Applications, Springer-Verlag, Berlin, (2001) 196–211.
[6] I. GUTMAN, X. LI, J. ZHANG: Graph energy: M. Dehmer, F. Emmert-Streib (Eds.), Analysis

of Complex Networks, Wiley-VCH, Weinheim, (2009) 145–174.
[7] I. GUTMAN, B. ZHOU: Laplacian energy of a graph, Lin. Algebra Appli., 414 (2006)

29–37.
[8] T. W. HAYNES, S. T. HEDETNIEMI, P. J. SLATER: Fundamentals of Domination in

Graphs, Marcel Dekker, New York, 1998.
[9] F. HARARY: Graph Theory, Addison Wesley, Reading, Massachusetts, 1969.

[10] G. INDULAL, I. GUTMAN, A. VIJAYKUMAR: On distance energy of graphs, MATCH Com-
mun. Math. Comput. Chem., 60 (2008), 461–472.

[11] M. R. JOOYANDEH, D. KIANI, M. MIRZAKHAH: Incidence energy of a graph, MATCH
Commun. Math. Comput. Chem., 62 (2009), 561–572.

[12] S. S. KAMATH, R. S. BHAT: On Strong (Weak) Independent sets and Vertex Coverings of a
Graph, Discrete Mathematics, 307 (2007), 1136–1145.

[13] J. H. KOOLEN, V. MOULTON: Maximal energy graphs, Adv. Appl. Math., 26 (2001),
47–52.

[14] B. J. MCCLELLAND: Properties of the latent roots of a matrix : The estimation of π-electron
energies, J. Chem. Phys., 54 (1971), 640–643.

[15] S. UDUPA, R. S. BHAT, V. MADHUSUDANAN: The minimum vertex-block dominating
energy of the graph, Proceedings of the Jangeon Mathematical Society, 22(4) (2019), 593–
608 .

[16] S. UDUPA, R. S. BHAT: Strong (Weak) vb-Dominating and vb-Independent sets of a Graph,
Discrete Mathematics, algorithms and applications, 22(1) (2020), 300–315.

[17] S. UDUPA, R. S. BHAT: Strong (weak) vv-dominating set of a graph, Malaysian Journal of
Science, 38(3) (2019), 24–33.

[18] D. B. WEST: Introduction to Graph Theory, Prentice Hall, Upper Saddle River, New Jersey,
1996.



3246 S. UDUPA, R. S. BHAT, AND N. PRATHVIRAJ

DEPARTMENT OF MATHEMATICS

MANIPAL INSTITUTE OF TECHNOLOGY

MANIPAL ACADEMY OF HIGHER EDUCATION

MANIPAL-576101
E-mail address: sayinath.udupa@gmail.com

DEPARTMENT OF MATHEMATICS

MANIPAL INSTITUTE OF TECHNOLOGY

MANIPAL ACADEMY OF HIGHER EDUCATION

MANIPAL-576101
E-mail address: rs.bhat@manipal.edu

MANIPAL SCHOOL OF INFORMATION SCIENCES

MANIPAL ACADEMEY OF HIGHER EDUCATION

MANIPAL – 576104
E-mail address: prathviraj.n@manipal.edu


