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MINIMUM CLIQUE-CLIQUE DOMINATING ENERGY OF A GRAPH
SAYINATH UDUPA!, R. S. BHAT, AND N. PRATHVIRAJ

ABSTRACT. Let C(G) denotes the set of all cliques of a graph G. Two cliques in
G are adjacent if there is a vertex incident on them. Two cliques ¢;, ¢ € C(G)
are said to clique-clique dominate (cc-dominate) each other if there is a vertex
incident with ¢; and c;. A set L C C(G) is said to be a cc-dominating set
(CCD-set) if every clique in G is cc-dominated by some clique in L. The cc-
domination number .. = 7..(G) is the order of a minimum cc-dominating
set of G. In this paper we introduce minimum cc-dominating energy of the
graph denoting it as F..(G). It depends both on underlying graph of G and its
particular minimum cc-dominating set (v..-set) of G. Upper and lower bounds
for E..(G) are established.

1. INTRODUCTION

The terminologies and notations used here are as in [9,18]. By a graph
G(V, E) we mean a connected finite simple graph of order p and size ¢q. A set
D C V is a dominating set of GG if every vertex not in D is adjacent to some
vertex in D. The domination number v = +(G) is the order of a minimum
dominating set of G. The domination number is a well studied parameter in
literature and for a survey refer [8,12,16,17]. A maximal complete subgraph
is a clique. Let C(G) denote the set of all cliques of G with |C(G)| = s. Two
cliques in G are adjacent if there is a common vertex incident on them. A clique

Lcorresponding author

2010 Mathematics Subject Classification. 05C69, 05C50.
Key words and phrases. Energy of a graph, Domination number of a graph, clique-clique

domination, Clique graph.
3237



3238 S. UDUPA, R. S. BHAT, AND N. PRATHVIRAJ

graph C(G) is a graph with vertex set C'(G) and any two vertices in C(G) are
adjacent if and only if corresponding cliques are adjacent in G. The number of
edges in the clique graph C(G) is denoted as ¢.. Smitha G. Bhat et al [3] de-
fined cc-degree and cc-dominating sets as follows. The cc-degree (Clique-clique
degree) of a clique h, d..(h) is the number of cliques adjacent to h. Two cliques
c1, ¢ € C(G) are said to clique dominate each other if there is a vertex inci-
dent with ¢; and ¢;. A set L C C(G) is said to be a clique-clique dominating
set (CCD-set) if every clique in G is clique dominated by some clique in L. The
clique-clique domination number .. = 7..(G) is the order of a minimum clique-
clique dominating set of G. The concept of energy of a graph was introduced
by I. Gutman [4] in 1978. The eigenvalues of GG are the eigenvalues of its ad-
jacency matrix A(G). These eigenvalues arranged in an non-increasing order,
will be denoted as \;(G), \2(G) ..., A\, (G). Then the energy of the graph G is

p

defined as E(G) = Y |\(G)|. Various properties of energy of the graph may
=1

be found in [5,6]. In connection with graph energy, energy-like quantities were

considered for other matrices such as laplacian [7] distance [10], covering [1],
incidence [11] and vb-dominating [15].

2. CLIQUE-CLIQUE DOMINATING ENERGY OF A GRAPH

Motivated by the definition of clique-clique dominating set and energy of a
graph, we introduce a new matrix, called minimum cc-dominating matrix of a
graph and study its energy. Let +.-set be a minimum cc-dominating set of a
graph GG. The minimum cc-dominating matrix of G is the s x s matrix A..(G) =
la;;], where

1if ¢; and ¢; are adjacent
a;; = § 1ifi = j and ¢; € v..-set
0 otherwise .
The characteristic polynomial of A..(G) is denoted by
fe (G, X)) =det (M — A(G)) .

The minimum cc-dominating eigenvalues of the graph G are the eigenvalues of
A.(G). Since A..(G) is real and symmetric, its eigenvalues are real numbers
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and we label them in non-increasing order \; > A\ > --- > \,. The minimum
cc-dominating energy of G is then defined as

E.(G) = gwaﬂ.

In this paper we discuss some properties of minimum cc-dominating energy of
the graph F..(G) and derive an upper and lower bound for E..(G).

2.1. Properties of clique-clique dominating energy of a graph. First we com-
pute the minimum cc-dominating energy of the graph shown in Figure 1.

Example 1.

Ce

Cy C7

C3 Cs

FIGURE 1. Graph G

Let G be a graph with 8 cliques ¢y, cs,...,cs (See Figure 1) with minimum
cc-dominating set B = {c, ¢, cs}. Then

o O O O o = O
O O O = O = O
_ = = O R OO
O = = O = O O O
— = == O O O
O O~ = = O O O
SO O O O = O O

S O O O O = =

10 10 0 1]
The characteristic polynomial of A..(G) is A —3\7 — 7TAS + 150% + 20A\* — 13)\% —
20\ — 5], the minimum cc-dominating eigenvalues are

—1.7834, —1.0000, —0.7457, —0.3832, 0.0000, 1.3083, 2.2093 and 3.3947. Therefore

the minimum cc-dominating energy of the graph G is E..(G) = 10.8246.
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Theorem 2.1. If \;(G), \2(G) ..., A\s(G) are the eigenvalues of A..(G), then

(2.1) D A =7e(G)
=1

(2.2) Z /\12 =2q.+ VCC(G)'
=1

where . is the number of edges in the clique graph C(G).

Proof: (2.1) We know that the sum of the eigenvalues of A..(G) is equal to trace
of A..(G). Therefore

s

Z )\z - Z Qi = /yCC(G)
=1

i=1
(2.2) The sum of the squares of the eigenvalues of A..(G) is the trace of (A..(G))’.

Therefore

DN=D0D (aan)
i=1 i=1 j=1

s

=2 (a)* + Y (a)’

i<j i=1
= 2q¢. + Vcc(G>
d
Theorem 2.2. Let G be a graph with q. edges, s cliques, and the minimum cc-

dominating set ~y..-set. Let f,(G,\) = co\* + 1AL + co\72 + -+ + ¢, be the
characteristic polynomial of G, Then

(23) Co = 1

(24) C1 = _F}/CC(G)

R

(26) C3 = ’YCC(G)QC - Z dcc(h) - (VCCEG)) —2A

he'}’cc

where q. and A denote the number of edges and triangles in the clique graph C(G)
respectively.
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Proof. (2.3) Directly follows from the definition of f(G, ).

(2.4) Since the sum of diagonal elements of A..(G) is equal to 7..(G), the sum of
determinants of all 1x1 principal sub-matrices of A..(G) is the trace of A..(G),
which is equal to v..(G). Thus (—1)'c; = 7..(G) .

(2.5) (—1)%c, is equal to the sum of determinants of all 2x2 principal sub-
matrices of A..(G), that is

Z Qi Ay
Cy = J
1<icj<s | Mt i
= Y (away; — aiag)
1<i<j<s
2
= Y (aaay) — Y (ay)
1<i<j<s 1<i<j<s

_ (%éG)) s

Qi QA5 Qi

cs=(=1° > lap ajy ap

1<i<j<k<s Qi Gk Qg

(2.6) We have

== Y o (agam — agary) — ay (ajiam — agiag) + ai (azar; — apaj;)]

1<i<j<k<s
== g (aiajjar) + E (aiar + ajjaix + arrai;)
1<i<j<k<s 1<i<j<k<s
- E (aijajpar;) — E (airarjag)
1<i<j<k<s 1<i<j<k<s
Yee(G)
= — ( 3 + E (aiiajk, + aj;a; + akkaij) —2A

1<i<j<k<s

Za” > ajk] —iaii S aw 24

(G
i=1 1<i<j<k<s i=1  k=1k#i

s =Yee(@ge = Y dee(h) — (%C(G)) 24

3
h€vyee(G)
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Theorem 2.3. If \,(G) is the largest eigenvalue of the minimum cc-dominating
matrix A..(G), then

> 2q. +%C(G)‘
S

M(G)

Proof. Let X be any non zero vector, then we have

maz [X AX
N (AulG) = T {—X,X ] (see [2])
M (Aee(G)) = [ny} _ 2% 7(C) , where J is the all one’s vector. O
S

2.2. Bounds for minimum cc-dominating energy of a graph. Bounds for
E..(G) similar to McClelland’s inequalities [14] for graph energy, are given in
the following theorems.

Theorem 2.4. Let G be the graph with s cliques, q. edges, and minimum cc-
dominating set v..-set of G. Then

ECC(G) < \/3 (2(]0 + VCC(G)) :

Proof. Let \y > Ay > ... > A, be the eigenvalues of A..(G).

S 2 S S
Using Cauchy-Schwarz inequality, (Z aibi) < (Z a?) (Z bf) ,
=1 =1 =1
choose a; = 1 and b; = |\,

S 2 S S

(BulG))? = (z w) < (z 1) (2 rw) — 5 (24, +7(G)) , by using Theo-
i=1 =1 =1

rem 2.1. Therefore E..(G) < v/5(2¢. + 7..(G)) . O

Following theorem gives lower bound for E..(G) in terms of number of cliques
and number of edges in the clique graph Cq(G).

Theorem 2.5. Let GG be the graph with s cliques and q. edges, and let minimum
cc-dominating set be ~y..-set. If P is determinant of A..(G), then

Ee(G) > /200 +7ee(G) + (5 — 1) P2
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Proof.
> )

or=(3
() ()

S

=D I+ Il

i=1 i#£j

Now employing the inequality between the arithmetic and geometric means, we

obtain
1 s(s 1)
TN > by
oo o ML =TT
i#£] i#]
Dol = s(s—1) (HWM |>
i#j i#j
Thus
s(s 1)
(Bl @) 2 Z Al* +s(s — 1) (HIA 1A |>
i#]
s(sl—l)
> Z])\\2+ss—1 (Hm?s 1)
> Z])\|2—|—ss—1 (Hm)
(B @)? > 200 + e G) + s(s — 1) P* |
from the Theorem 2.1. Therefore E,..(G) > \/2qC + 7ee(G) + s(s — 1) P~ . O

Similar to Koolen and Moultons’s [13] upper bound for energy of the graph,
upper bound for E..(G) is given in the following theorem.
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Theorem 2.6. If G is a graph with s cliques and q. edges, then

Eu(G) < 2040 J (5= 1) ((2% +ulc) - (2249 ”CC(@)Q) |

S S

S 2 S S
Proof. Using Cauchy-Schwarz inequality, (Z ain) < (Z a?) (Z bf) , choose
1=2 =2 =2
a; =1 and bz = |)\7,|

(Z |)‘z|> < (Z 1) (Z |/\z|2>
(iwa) < (s 1) (ixf-x%)
(Eee(G) = A1) (5 = 1) (2¢c + 7ee(G) = A7)

(ECC<G) - )‘1> < \/(S - 1) (2(]0 + ’ycc(G) - )‘%)

EelG) < At /(5= 1) (20 +7e(G) = X).

IA

Let f(t) = t + /(5 — 1) (2¢. + 7.(G) — t2) for decreasing function f'(t) < 0.

/ 1 t(S — 1)
Fo=1 V(s = 1) (2¢ + 7ee(G) — 12) =0
2¢c + Yee(G)

IQQC + Vee < QQC + ’ch(G) < )\1
S S

fan) < f <M> . Therefore

Bn(G) < Ju) < 1 (210

2q. + %C(G)>

Therefore t > . Since 2¢. + .. > s, we have

S

ECC(G> < 2%:+—W + J (S — 1) <<2qc + ,ycc) . (QQC +’ycc)2> .

F.(G) < f (

S S
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