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DIFFERENCE SCHEME FOR THE NUMERICAL SOLUTION
OF DELAY DIFFERENTIAL EQUATIONS WITH LAYER STRUCTURE

D. KUMARA SWAMY, M. ADILAXMI, AND G. B. S. L. SOUJANYA!

ABSTRACT. A difference scheme is presented for the numerical solution of delay
differential equations having layer structure. Firstly, the given delay differential
equation is replaced by singularly perturbed two-point boundary value problem
using Taylor’s expansion on delay/deviating term. Next, Liouville Green Trans-
formation is used to convert into regularly perturbed two-point boundary value
problem. This problem is solved efficiently by the finite difference scheme of
order four. The scheme presented here is implemented on four model prob-
lems for different values of perturbation and delay parameters. The numerical
solutions are compared with exact solutions and other results available in liter-
ature. To understand the impact of the parameters, the solution is also shown
in graphs.

1. INTRODUCTION

In the modelling of complex physical systems, differential-difference equa-
tions play a very important role. In particular, to get practical feedback models,
it is always important to have delaying effects, such as reaction time. These
problems occur in the modelling of many practical phenomena such as, in popu-
lation dynamics Kuang [9], in models for physiological processes [14], predator-
prey models [15] and in evaluating of the estimated time for the generation of
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an action potential in nerve cells by random synaptic inputs in dendrites [21].
For further analysis of mathematical details of these models, researchers can
refer to Derstine et al. [2], El'sgol’ts and Norkin [4]. Kokotovic et al. [7]. In
the last few years, the study of differential-difference equations with layer be-
haviour having small shifts has evolved rapidly. Most of the researchers solved
these equations by discretization using computational techniques. The analy-
sis and numerical approach of these problems are well documented in [1, 3,
7, 8, 17, 18]. Authors in [6], using a parameter-uniform differential scheme
with the use of Taylor approximation, solved a mathematical model resulting
from the neuronal variability model. In [10]. authors studied a second-order
class differential-difference equations that exhibit turning point behaviour and
in [11] concentrated on solutions that display layer behaviour at one or both
ends of the boundary and evaluated the layer behaviour for different values of
the shift parameter. The same authors in [12] expanded their analysis to prob-
lems with fast oscillation solutions and demonstrated that oscillatory solutions
are more prone to small delays than layer solutions using a simplified version
of the standard WKB process. In [13], a mixed difference method is suggested
to solve the equations with mixed shifts via domain decomposition as an in-
ner and outer region. Researchers in [16] proposed initial value method for
solving a class of differential-difference equations with mixed shifts, first chang-
ing the given problem into singular perturbation problem using Taylors series
and splitting it into two explicit initial value problems that are independent of
perturbation parameter and solved them numerically, Phaneendra et. al. [18]
derived a fitting factor finite difference method of fourth order to solve delay
problems with mixed shifts. In [22], a set of finite difference methods pro-
posed for convention-diffusion equations using triangular function theorem for
one-dimensional problems and the same is generalized for 2D problems with the
help AID technique. Ravi Kanth and Murali [19] presented a fitted spline scheme
for the solution of convection delay problems with a layer at left or right end of
the interval. Hussein Sahihi et. al. [5] used Reproducing Kernel Hilbert Space
Method based on collocation scheme is used without Gram-Schmidt orthogonal-
ization process for solving differential-difference equation with boundary layer
behavior and also oscillatory behavior with small delay. Kumara Swamy et. al.
[10] employed numerical integration with linear interpolation to get the solu-
tion of differential equations with layer or oscillatory structure. Reddy et al.
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[20] implemented Trapezoidal rule for the solution of layered behaviour differ-
ential equations.

2. DESCRIPTION OF THE PROBLEM
We consider the second order linear differential equation with delay argument
(2.1) ew”(9) + a()w' (¥ — &) + b(w(¥) =0, 0<I <1,
with the boundary conditions
w@)=a ,—0<v¥<0and w(l) =40,

where 0 < ¢ << 1 is the perturbation parameter, 0 < § < 1 and § = o(¢)
is the delay argument, a(v), b(¢) sufficiently differentiable in (0,1) and «, S
are constants. Whena(¢) > M > 0 in [0, 1], boundary layer will be in the
neighborhood of ¥ = 0 and when «(J) < M < 0in [0, 1], boundary layer will
be in the neighborhood of 1) = 1. Taylor series expansion gives us

(2.2) w (9 —0) = w () —dw (9).

Using equation (2.2) into equation (2.1), we obtain singularly perturbed equa-
tion as:

(2.3) —ew” (9)+f(9)w (9)+g(9)w(¥) =0

where f (V) :Ta‘z(ﬁ‘ill, g(v) :mlzgll, 7=2%. Since 0 < § < 1 the transition from

equation (2.1) to equation (2.3) is permitted. Justification for this is available
in Elsgolt’s and Norkin [4].

3. NUMERICAL SCHEME
Consider the equation (2.3)
(3.1) —ew” (V) + f(D)w (9) + g(w(®) =0, 9e [0,1].

The Liouville -Green transformation is given by:

(3.2) 2= () = %/f(ﬁ)dﬁ:go(ﬂ)zé/ () dv,
o0) = @' (9) = -

—¢0) = 1),
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(3.3) 1(2) = ¢p(D)w(?) .
According equation (3.3), we have

dw 1 dl X))
A E )

)= SO G
- o) dz ()

1(2),
(3.5) 2 o , .,
(o (-2 ) (S-0n)

From equation (3.1), equation (3.4)and equation (3.5), we obtain

B (28 ) SO
o 2 ( 7 o) I )qﬁ(ﬁ))dz
') 220 LB g,
(W) o) T )“ )=0

ie.,

dz2 2 o € dz
1 (¢'(0) 2¢° ¢ (V)  g(v) _
(50 -5 0Rg ) =0

From equation (3.2), we have

dQZ (6@ + 1) dl 119) (82f//<79) o 252]0/2(;;) o €f/(’l9) +€g(19)) l(Z) — O,

dz2 " f2() dz f2( f) F2(9)

FL(FO) N F0) e, E (L) PO,

02 (%%9)“) &z ( f2(19)+f2(19))l() f2(19)(f(19) 2f2(19))l()’
d?l dl e () fR)

66 ) o) = s (55 -2 ).

where p(¢) = 5;;((’;)) +1, q(9) =5 (=f(9) + g(9)). Since ¢ is a small param-

eter (0 < ¢ << 1), right hand side of equation (3.6) is sufficiently small on
[0, 1].
d?l dl

(3.7) prEi p(ﬁ)a —eq(Ml(z) =0.
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The boundary conditions for the problem equation (3.7) are given by equation
(3.3). We have the following difference approximations for I}, [/:

vl — 20+ Ly R

3.8 I} = Z -l
(3.8) i B2 12 (&) + Rz,
: ) v
—2R%B1)( —92p41(3-2)
where &ne [19¢_1,19i+1] Ry = 2 l1230 = Ry = 2 1220 )

lioh =2l +lipa h_2
h? 12

Now differentiating both sides of equation (3.7), we have

li - li— ih2 m
l(2'3)(§)—|—R2 — < +12h 1) +p6 l; +piRy —eql; =0.

"

" =pl" + (@ +eq)l +eql.
Using the above equations, we have:

(3.10)

licg — 2l + lia livi — Lo\ pib? < " / / / ) B
02 Di ( 5% + 5 pil; + (p; +eqi)l; +eq;li | —eqli+R = 0.

where R = p;R; — 12[2” + R,. Now we approximate the converted error term
in equation (3.10) by using difference formulas for [;, [; from equation (3.8)and
equation (3.9). Then we get

1 p PP ph 2 p? eph?
I L AT o A D)L — Bi ) 1
< +tor Tt (i +ea;) ) lia RN 6; + e,

1 - h
+ (— ——+ =+ ‘|’5Qi)) liy1 +7(l) =0,

where 7;(1) = pf:Q

4 / . . .
p?Thlw 2 (o)) 4+ P22 (p) + eq;) Ry + R . Simplifying
the above equation, we get the three term relatlon given by:

(311) Aili—l _lez+0zlz+1 = DZ,Z: 1,2,...,N—1

here A, — L 4 pi 4 Pi _ pih(,) VB =2 4 P eph?
where A; = 37 + 55 + 5 12<pz+5%)7 i =2t 3 6 qz‘i‘g%

) 2 ) ’
C’i:%—g—;—i—%—l—pl’;(pi—l—éqi), DIZO

equation (3.11) is solved for the solution using tridiagonal solver algorithm.
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4. NUMERICAL EXPERIMENTS

Approach presented here is implemented on four model problems for differ-
ent values of ¢ and ¢ and our solutions are compared with exact solutions
available in literature. To understand the impact of the parameters the solution
is also shown in graph. Wherever the exact solution is not available, Error is
calculated using the double mesh principle given by EV = max jwl —wi| .

)

Problem 4-1. Consider a delay differential equation with left-end layer
cw (V) +w (9 —0) —w®) =0; de(0,1].

The exact solution is:
1—6’”2)6’"“9 + (em™ — 1)6’”279)
(o = em)

—1—/1+4(— —1+4+/ -
+4(e —0) and my — 1+ /1+4(e 5).
2(e —0) 2(e —0)
Maximum errors are compared in Table 1 and Table 2 using double mesh prin-
ciple.

Y

w() = (

where m; =

Problem 4-2. cw” (9) + e *%w' (¥ — 6) — w(¥) = 0 withw(0) = 1, w(1) = 1.
Maximum errors are compared in Table 3 and Table 4 using double mesh prin-
ciple.
Problem 4-3. Consider a delay differential equation with right-end layer
cw (V) —w (9 —6) —w®) = 0 withw(0) =1, w(l) = —1.

The exact solution is
((14em2)em? — (e™ +1)e™”)

w(d) = (e — o)
where m; = Ve ) and msy = 1ty 1+4(€_5).
2(e —0) 2(e —0)

Maximum errors are compared in Table 5 and Table 6 using double mesh prin-
ciple.

Problem 4-4. cw" (V) — e’w' (¥ — §) — Jw(¥) =0, with w(0) = 1,w(1) = 1.
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Maximum errors are compared in Table 7 and Table 8 using double mesh
principle.

5. CONCLUSION

This paper dealt with the delay differential equation having boundary layers.
The delay argument is dealt by Taylor’s series and a singularly perturbed prob-
lem is derived. Liouville Green Transformation and higher order finite difference
method is described for solving the resulting problem. Approach presented here
is implemented on four model problems for different values of ¢ and § and our
solutions are compared with exact solutions and with the results available in
[20]. To understand the impact of the parameters the solution is also shown in
graphs.

Table 1. The maximum absolute errors in solution of Problem 1 with ¢ = 0.1
for different values of § and grid size V.

N — 102 103 104 10°

ol Proposed method

0.01 1.3798e — 04 1.3907e — 05 1.3887e — 06  1.5767¢ — 06
0.03 1.0765e — 04 1.0849¢ — 05 1.0600e — 06  3.1523e — 06
0.06 6.1798e — 05 6.2273e — 06 6.3164e — 07  3.1727e — 06
0.08 3.0995e — 05 3.1233e — 06 3.3537e — 07 1.5918e — 06

Results in [20]

0.01  0.01172504 0.00122562 1.2310e — 004  1.2280e — 05
0.03  0.01505997 0.00158944 1.5984e — 004  1.5998e — 05
0.06  0.02575368 0.00281263 2.8397e — 004 2.8449¢ — 05
0.08  0.04781066 0.00562948 5.7357e — 004 5.7357e — 004
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for different values of § and grid size V.

N — 10? 103 10* 10°

ol Proposed method

0.01 1.5388e — 04 1.5487e — 05 1.5676e — 06 1.5953e — 06
0.03 1.1972¢ — 04 1.2049¢ — 05 1.2321e — 06 1.5919e — 06
0.06 6.8442¢ — 05 6.8883e — 06 7.2214e — 07 1.5895e — 06
0.08 3.4231e — 05 3.4452¢ — 06 3.6130e — 07 1.7706e — 09

Results in [20]

0.01  0.09073569 0.01228700 0.00127926 1.28459¢ — 04
0.03  0.10803507 0.01562216 0.00164450 1.65330e — 04
0.06 0.12777968 0.02630926 0.00287019 2.89704e — 04
0.08  0.10040449 0.04833890 0.00568876  5.79477¢ — 04

Table 3. The maximum absolute errors in solution of Problem 1 with ¢ = 0.1 for

different values of ¢ and grid size N.

N — 102 103 104

ol Proposed method

0.01 5.0306e — 05 4.9837e — 06 4.9792¢ — 07
0.03 3.8174e — 05 3.7549e — 06 3.7476e — 07
0.06 1.9104e — 05 1.7998e — 06 1.7879e — 07
0.08 4.3277e — 06 5.0732¢ — 07 5.1673e — 08

Results in [20]

0.01 0.00632996 0.000674268 6.7871e — 05
0.03 0.00815917 0.000882563 8.8986e — 05
0.06 0.01384760 0.001579726 1.6020e — 04
0.08 0.02477158 0.003173235 3.2602e — 04
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Table 4. The maximum absolute errors in solution of Problem 1 with ¢ = 0.01
for different values of § and grid size V.

N — 102 103 10* 10°

Sl Proposed method

0.01  5.2697e — 05 5.2414e — 06 2.3268¢ — 09 5.2312e¢ — 07
0.03  3.9647¢ — 05 3.9249¢ — 06 3.4353¢ — 09 3.9256e — 07
0.06 1.9325e — 05 1.8582¢e — 06 7.7315e — 09 1.8664e — 07
0.08 3.4.5115e — 06 5.3175e — 07 1.9107e — 08 5.4691e — 08

Results in [20]

0.01 0.09092877 0.01562620 0.00127940  0.00012847
0.03 0.10836214 0.01562216 0.00164463  0.00016534
0.06 0.12845428 0.02631484 0.00287030  0.00028971
0.08  0.10149957 0.04834773 0.00568891  0.00057948

Table 5. The maximum absolute errors in solution of Problem 1 with ¢ = 0.1

for different values of § and grid size V.

N — 102 103 104 10°

o4l Proposed method

0.01 4.9650e — 05 4.9729e — 06 4.9586e — 07  2.7422e — 10
0.03  5.8439e — 05 5.8534e — 06 5.8693e — 07 4.5744e — 07
0.06 7.1489¢ — 05 7.1607e — 06 7.2219e — 07 4.5575e — 07
0.08 8.0100e — 05 8.0235¢ — 06 8.0780e — 07  9.0628¢ — 07

Results in [20]

0.01  0.02281050 0.00236357 2.3722e — 004 2.3756e — 05
0.03  0.01954096 0.00201453 2.0208¢ — 004 2.0239¢ — 05
0.06  0.01609366 0.00165114 1.6554e — 004 1.6580e — 05
0.08  0.01439633 0.00147352 1.4770e — 004 1.4818e — 05
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for different values of § and grid size V.

N — 102 103 10* 10°

5l Proposed method

0.01 5.5816e — 05 5.5822e¢ — 06 5.5361le — 07  7.6147e — 10
0.03 6.5938¢ — 05 6.5944e — 06 6.5969¢ — 07  4.5744e — 07
0.06 &8.1106e — 05 8.1113e — 06 8.0942¢ — 07  9.3737e¢ — 07
0.08 9.1208e¢ — 05 9.1214e — 06 9.1528¢ — 07  4.6885e — 07

Results in [20]

0.01 0.16595983 0.02210942 0.00228566 2.29353e — 004
0.03  0.10803507 0.01562216 0.00164450 1.94192¢ — 004
0.06 0.12777968 0.02630926 0.00287019 2.89704e — 004
0.08  0.10040449 0.04833890 0.00568876  5.79477¢ — 004

Table 7. The maximum absolute errors in solution of Problem 1 with ¢ = 0.1

for different values of § and grid size V.

N — 102 103 104

0l  Proposed method

0.01 6.8368e — 07 5.9728¢ — 08  7.9893¢ — 09
0.03 4.7333e — 07 4.0201e — 08  5.9759¢e — 09
0.06 2.0459e — 07 1.5284e — 08 4.8387e — 11
0.08 4.4650e — 08 2.2655e — 09 1.9286e — 11

Results in [20]

0.01 0.00575975 0.00050842  5.0247e — 005
0.03 0.003932768 0.00036132  3.5838e — 005
0.06 0.002702569 0.00025507  2.5364e — 005
0.08 0.00224689 0.00021413  2.1313e — 005
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Table 8. The maximum absolute errors in solution of Problem 1 with € = 0.1
for different values of § and grid size V.

N — 102 103 104 10°

o4 Proposed method
0.0007 7.8866e — 08 6.9851e — 09 8.1822e — 11 6.3081e — 12
0.0015 6.8474e — 08 6.0053e — 09 2.8251le — 11 4.8875e — 12
0.0025 5.6994e — 08 8.1113e — 06 8.0942e¢ — 07 7.0181e — 08

Results in [20]

0.0007 0.16595983 0.02210942 0.00301195  0.00030240
0.0015 0.12311973 0.01462776 0.00149178  0.00014948
0.0025  0.08096456 0.00911534 0.00092344  0.00009247
1 T T T T T T T T T
— — appro.solution
0.9 — e act solution i
08 .
defta =0.01
delta =0.03
= 0.7 .
delta =0.06
06 defta =0.02 |
05F &
04 | 1 1 1 1 | 1 | 1
0

01 02 03 04 05 06 07 08 089 1
X

FIGURE 1. Solution of the Problem 4.1 for ¢ = 0.1 for different § of o(¢)
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FIGURE 2. Solution of the Problem 4.1 for ¢ = 0.01 for different §

of o(e)
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Solution of the Problem 4.2 for ¢ = 0.1 for different ¢ of o(e)



DIFFERENCE SCHEME FOR NUMERICA SOLUTIONS... 3283

1 T T T T T T T T T
gl i
aar B
or i
et ar=0.000
08 i
chefitr=0.003
s delta=0008 4
dedtr=0.008
04 i
03 i
az r I I I I I I I I
L ai a2 a3 04 as 08 a7 aa i} 1
u w1 UL .3 U & u.o uo wr (V=] uy I

FIGURE 4. Solution of the Problem 4.2 for ¢ = 0.01 for different §
of o(e)
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exact solution
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nal delta=0.01
defta=0.03
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FIGURE 5. Solution of the Problem 4.3 for ¢ = 0.1 for different § of o(¢)
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1 T T T T T T T
— - sppro.solution
ol — exact solution
0.8 B
0.4 E
daltz=0.001
0z2r N
daltz=0.003
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dalt=0.006
ozr delta=0.008
-0.4r
0.8
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1 1 1 1 1 { 1 [ 1 1
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FIGURE 6. Solution of the Problem 4.3 for ¢ = 0.01 for different §
of o(e)

delta=0.08
delta=0.06

detta=0.03
delta=0.00

UB 1 1 1 1 L
0 01 02 03 04 05

FIGURE 7. Solution of the Problem 4.4 for ¢ = 0.1 for different § of o(¢)
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of o(e)

REFERENCES

C. M. BENDER, S. A. ORSZAG: Advanced Mathematical Methods for Scientists and Engi-
neers, McGraw-Hill, New York, 1978.

M. W. DERSTINE, H. M. GIBBS, F. A. HopF, D. L. KAPLAN : Bifurcation gap in a
hybrid optical system, Phys. Rev. A., 26(6) (1982), 3720-3722.

E. P. DOOLAN, J. J. H. MILLER, W. H. A. SCHILDERS: Uniform Numerical Methods for
Problems with Initial and Boundary Layers, Boole Press, Dublin, 1980.

L. E. ELsGOLTS, S. B. NORKIN: Introduction to the theory and application of differen-
tial equations with deviating arguments, Mathematics in science and engineering, Academic
Press, 1973.

H. SAHIHI, S. ABBASBANDY, T. ALLAHVIRANLOO: Cosine operator functions and Hilbert
transformations, J. Applied Mathematics and Computation, 361 (2019) 583-598.

M. K. KADALBAJOO, K. K. SHARMA: Numerical treatment of mathematical model arising
from a model of neuronal variability, J.Mathematical Analysis and Applications, 307(2)
(2005), 606-627.

P. V. KokoTovic, H. K. KHALIL, J. O’REILLY: Singular perturbation methods in control
analysis and design, McGraw-Hill, Academic Press, 1986.

B. KRrEISS, H. O. KREISS : Numerical methods for singular perturbation problems, SIAM
J.Numer. Anal., 18(2) (1981), 262-276.



3286 D. KUMARA SWAMY, M. ADILAXMI, AND G. B. S. L. SOUJANYA

[9] Y. KUANG: Delay Differential Equations with Applications in Population Dynamics, Mathe-
matics in Science and Engineering, Academic Press Inc, Boston, 1993.

[10] D. KUMARASWAMY, K. PHANEENDRA, A. BENERJI BABU, Y. N. REDDY: Computational
method for singularly perturbed delay differential equations with twin layers or oscillatory
behaviour, Ain Shams Engineering Journal, 6 (2015) 391-398.

[11] C. G. LANGE, R. M. MIURA: Singular perturbation analysis of boundary value problems
for differential-difference equations III Turning point problems, SIAM. J.Appl. Math., 45(5)
(1985), 708-734.

[12] C. G. LANGE, R. M. MIURA: Singular perturbation analysis of boundary-value problems
for differential-difference equations V Small shifts with layer behaviour, SIAM. J. Appl. Math.,
54(1) (1994), 249-72.

[13] C. G. LANGE, R. M. MIURA: Singular perturbation analysis of boundary-value problems
for differential-difference equations VI Small shifts with rapid oscillations, SIAM. J. Appl.
Math., 54(1) (1994), 273-283.

[14] C. MACKEY, L. GLASS: Oscillations and chaos in physiological control systems, Science,
197 (1977), 287-289.

[15] A. MARTIN, S. RAUN: Predator-prey models with delay and prey harvesting, J. Math. Bio.,
43 (2001), 247-267.

[16] J. J. H. MILLER, E. O. RIORDAN, I. G. SHISHKIN : Fitted Numerical Methods for
Singular Perturbation Problems, World Scientific Publishing, Singapore, 2012.

[17] R. E. O’MALLEY: Introduction to Singular Perturbations, Academic Press, New York,
1974.

[18] K. PHANEENDRA, D. KUMARA SwAMY, Y. N. REDDY: Computational method for sin-
gularly perturbed delay differential equations with twin layers or oscillatory behaviour,
Khayyam J. Math., 4(2) (2018), 110-122.

[19] A. S. V. Ravi KANTH, P. M. MOHAN KUMAR: A numerical approach for solving singu-
larly perturbed convection delay problems via exponentially fitted spline method, Calcolo, 54
(2017), 943-961.

[20] Y. N. REDDY, GBSL SOUJANYA, K. PHANEENDRA: Numerical integration method for
singularly perturbed delay differential equations, J.Applied Science and Engineering, 10(3)
(2012), 249-261.

[21] R. B. STEIN: Some models of neuronal variability, Biophys. J., 7(1) (1967), 37-68.

[22] H. XUEFEI HE, K. WANG: New finite difference methods for singularly perturbed
convection-diffusion equations, Taiwanese Journal of Mathematics, 22(4) (2018), 949-978.



DIFFERENCE SCHEME FOR NUMERICA SOLUTIONS...

DEPARTMENT OF MATHEMATICS
INDIAN INSTITUTE OF INFORMATION TECHNOLOGY, SONEPAT
E-mail address: diddi.k@gmail.com

DEPARTMENT OF MATHEMATICS
KL UNIVERSITY, HYDERABAD
E-mail address: madireddyadilaxmi@gmail.com

DEPARTMENT OF MATHEMATICS
UNIVERSITY ARTS AND SCIENCE COLLEGE
KAKATIYA UNIVERSITY, WARANGAL

E-mail address: gbslsoujanya@gmail.com

3287



