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SOME RESULTS ON ANTI-DUPLICATION OF A VERTEX IN GRAPHS
C. JAYASEKARAN! AND M. ASHWIN SHIJO

ABSTRACT. For a finite undirected simple graph G(V, E), duplication of a vertex
v € V(G) forms a new graph G’ by introducing a new vertex v’ such that
N¢g/(v') = Ng(v). We define anti-duplication of a vertex v in G by introducing
a new vertex v’ which produces a new graph G’ such that Ng/(v') = Ng(v).
In this paper, we study its properties and characterize a graph to be connected,
disconnected, regular and eulerian after anti-duplication of a vertex v in G.

1. INTRODUCTION

By a graph G we mean a finite undirected simple graph. The subgraph of ¢
obtained by removing the vertex v and all the edges incident with v is called
the subgraph obtained by the removal of the vertex v and is denoted by G~ — v.
A closed walk that contains all edges of the graph is called an Euler line. A
graph that contains an Euler line is called an Euler graph or Eulerian graph. A
connected graph is Eulerian if and only if all the vertices are of even degree [4].
A graph G is regular of degree r if all vertices of G have the same degree r.
A subgraph B of G which contains v is called a branch at v in G if B — —wv is
connected and maximal [1]. The set of vertices adjacent to v in GG is denoted by
N¢(v), the neighbours of v in G.

Switching in graphs was introduced by Lint and Seidel [5]. For a finite undi-
rected graph G(V, F') and a subset S C V, the switching of G by S is defined as
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the graph G*(V, E') which is obtained from G by removing all edges between
S and its complement V' — “S and adding as edges all non edges between S
and V — °S. For S = {v}, we write G" instead of G{*} and the corresponding
switching is called as vertex switching [6]. Duplication of a vertex v of graph G
produces a new graph G’ by adding a new vertex v’ such that N/ (v') = Ng(v).
In other words a vertex v’ is said to be duplication of v if all the vertices which
are adjacent to v in GG are also adjacent to v’ in G’ [2]. In [3], E. Sampathkumar
introduced duplicate graphs. For a given graph G with vertex set V, the dupli-
cate graph DG is defined on the vertex set V' U V’, where V' = {v/;v € V} and
the edges are given as follows. ab is an edge in G if and only if both ab’ and a'b
are edge in DG. The graph DG is called the duplicate of G. He also studied
its properties. In this paper, we introduce the concept of anti-duplication of a
vertex v in G and study its properties. We also characterize a graph to be con-
nected, disconnected, regular and eulerian after anti-duplicating the vertex v in
G.

2. ANTI-DUPLICATION OF A VERTEX IN A GRAPH

Definition 2.1. Anti-duplication of a vertex v in G produces a new graph G’ by
adding a new vertex v' such that N¢:/(v') = [Ng[v]]°.

The graph obtained from G after anti-duplication of the vertex v is denoted by
AD(vQ).

Example 1. Consider the graph G given in figure 2.1. The anti-duplication of the
vertices v1,vq, v3 and vy are given in figures 2.2, 2.3, 2.4 and 2.5, respectively.

V1@ V2 1@ V2 V1@ V2
/ /

Uy L)

U3 QU4 VU3 V4 U3 Uy

Fig 2.1. G Fig 2.2. AD(v,G) Fig 2.3. AD(v,G)
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Let GG be a graph and AD(vG) be the graph obtained by anti-duplication of the
vertex v in G. In this paper we use the following notations for our convenience.

e d(v) = dg(v), the degree of the vertex v in the graph G;

o d’( )=d AD(UG y(v), the degree of the vertex v in the graph AD(vG);
N(v) = Ng(v), the neighborhood of v in the graph G ;

o N’(v) = Napwe)(v), the neighborhood of v in the graph AD(vG) ;

e N[v] = N(v)U{v};

e [N]v]]%, the vertices which are not the neighbours of v in G

Theorem 2.1. Let G be a graph and v be any vertex in G. Let v' be the anti-
duplication vertex of v in AD(vG). Then AD(vG) — “{v} = G", where G" is the
graph obtained by switching the vertex v in G.

Proof. The graph AD(vG) is obtained by adding a new vertex v’ such that N/ (v') =
[N¢[v]]© and hence Ng(v) = Ng/(v). Now AD(vG)” — {v} is isomorphic to the
graph GV obtained by switching the vertex v in G as G" is the graph obtained
from G by removing all edges between v and its complement V'~ — {v} and
adding as edges all non edges between V' — “{v} and v. Hence AD(vG)— "{v} =
G". O

Theorem 2.2. Let GG be a graph of order p. Let v be any vertex in G and v’ be the
anti-duplication vertex of v in AD(vG) = G'. Then

@ [N[]] = N'(")

(ii) d'(v) = d(v)
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(iii) N(v) = N'(v)
(iv) d(v')=p—"1—"d(v).

Proof. By the definition of G/, the vertex v is adjacent to all vertices which are
non-adjacent to v in G. This implies that [N[v]]° = N’(v'). Since the degree of
v is unaltered in both G and G’, we have d(v) = d'(v) and N(v) = N’(v). Now
d'(v) =[ N'(') |=| [N[V]] |=p = "17 = d(v). R

Corollary 2.1. Let G be a graph of order p. If v' is an anti-duplication vertex of v
in AD(vG) = G/, then d'(v') + d(v) =p~ — 1.

Proof. The result follows from Theorem 2.2 (iv). O

Corollary 2.2. Let G(p, q) be a graph and let v be a vertex of G. Let G'(p,q') be
the graph AD(G). Thenp' =p+1land ¢ =p+q— "d(v) — 1.

Proof. By the definition of anti-duplication of the vertex v in G, G’ has one vertex
more than G and the new vertex v’ has the degree same as | [N[v]]® |. This
implies that p’ = p+1and ¢ = ¢+d'(v'). By Theorem 2.2, ¢/ = p+q— "d(v)—"1.
This completes the proof of the theorem. O

Theorem 2.3. Let G be a graph of order p and let u and v be any two non-adjacent
vertices of GG. Then wu is the anti-duplicating vertex of v in AD(vG) = G’ if and
only if dg(u) + dg(v) = p — "2 and Ng(u) N Ng(v) = ¢.

Proof. Let GG be a graph of order p and let u be the anti-duplication vertex of v
in G — “u. Then by Corollary 2.1, dg(u) + dg—u(v) = (p” —=1)" =1 =p~ — 2.
But dg_,(v) = de(v) and hence dg(u) + de(v) = p — 2. Since u is the anti-
duplication vertex of v in GG, by Theorem 2.2, we have Ng(u) = [Ng—_,[v]]¢ and
Ng_u(v) = Ng(v). Since Ng_,,(v) N [Ng_u[v]]¢ = ¢, we have Ng(u) N Ng(v) = ¢.

Conversely, let dg(u) + dg(v) = p— "2 and Ng(u) N Ng(v) = ¢. Let dg(v) =n
Then dg(u) = p— "2 — “n. Since wv is not an edge in G and N¢(u) N Ng(v) = ¢,
each vertex w distinct from both v and v is adjacent to either v or v in G. Clearly
u is adjacent to all the vertices which are non-adjacent to v in G. This implies
that u is the anti-duplication vertex of v. Hence the proof. O

Theorem 2.4. Let G(p, q) be a connected graph and let v be a vertex of G. Let G’
be the graph AD(vG). Then G' is disconnected if and only if d(v) = p~ — 1.
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Proof. Let G be a connected graph of order p. Let v’ be the anti-duplication
vertex of v in G'. Let G’ be disconnected. Suppose that d(v) < p — “1. Then
there exists at least one vertex non-adjacent to v in both G and &', say u. G is
connected implies that there exists a u — v path in G and hence in G’. Since v is
non-adjacent to u in G, v’ is adjacent to u in G'. Now the edge v'u and the path
u—v form a v’ — v path in G'. Since G is connected and there exists a v' — v path
in G', G’ is connected, which is a contradiction to G’ is disconnected. Hence
dlv)=p—"1.

Fig 2.6. G Fig 2.7. AD(vG)

Conversely, assume that d(v) = p — “1. This implies that v is adjacent to all
vertices of (G. By definition, v’ is non-adjacent to all vertices of G’. Therefore
v' is an isolated vertex in G’. This implies that G’ is disconnected. Hence the
theorem. O

Theorem 2.5. Let G(p, q) be a disconnected graph and let AD(vG) = G’ be the
graph obtained by anti-duplicating the vertex v. Then G’ is connected if and only
if there exists at least one edge uw in G such that v € N(v) and w € [N[v]]°.

Proof. Let A be a component of G containing the vertex v and B be the union
of other components of G such that G = AU B. Assume that GG’ is connected.
Suppose that N,(v) = ¢. Then v is an isolated vertex in G and hence in G'.
This is a contradiction to G’ is connected and hence N,(v) # ¢. Suppose that
[Na[v]]® = ¢. Then v is adjacent with all the vertices of A” —v in G. By definition,
v" is non-adjacent with all the vertices of A — “v in G'. Also v and v’ are non-
adjacent to each other in G’. This implies that A is a component of G’ which is
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a contradiction to G’ is connected and hence [N4[v]]¢ # ¢. Thus Na(v) # ¢ and

[Na[v]]* # ¢

Fig 2.8. G Fig 2.9. AD(vG)

Let v, vy, v9, ..., v, be the vertices of A in G. Without loss of generality, let us
assume Ny (v) = {vy,vg,...,v,.} and [Na[v]]® = {v,41, Vp 49, ..., Us }, Where 1 < r <
r+1<mn. Letv; € NjvJand v; € [N[v]|)1 < i < rr+1<j <n. Then
vy; € E(A) and vv; ¢ E(A). Suppose that there does not exist an edge v;v; for
any 7,7,1 <i <r;r+1<j <n. Thenv;,r +1 < j < n, is neither adjacent
to v nor adjacent to v; of A in G. This implies that G[v,],r +1 < j < n,isa
component of A which is a contradiction to A is connected. Hence there exists
at least one edge v;v; in G, 1 <i<r,r+1<j<n.

Conversely, assume that there exists at least one edge uw in G such that u €
N(v) and w € [N[v]]°. v € N(v) implies that vu is an edge is G and hence in G'.
Since v is non-adjacent with all vertices of [N |[v]]¢, we have v’ is adjacent with
all vertices of [Ng[v]]¢in G'. w € [Ng[v]|¢ implies that v'w is an edge in G'. Let =
and y be any two vertices in G'.

Case 1. z,y € Ng(v).
This implies that zvy is a * — y path in G and hence in G'.
Case 2. z,y € [N[v]]°.
This implies that zv'y is the required x — y path in G’
Case 3. z € N[v]and y € [N[v]]°.
We consider the following four subcases:
Case3.1 r=wvandy=w.
Clearly xy = ww is a edge in G'.
Case3.2. r=wvandy # w.



SOME RESULTS ON ANTI-DUPLICATION... 4151

y € [Nv]]c implies that vy is not an edge in G and hence y is ad-
jacent with v" in G’. Now the edges uw = xw,wv’ and v’y form a
x —y pathin G".
Case3.3. r#uand y = w.
Since x € N[v],zv is an edge in G and hence in G’. Now the edges
xv, vu and uw = uy form a z — y path in G'.
Case3.4. x # uwand y # w. ‘ Since € N[v],zv is an edge in G and G'.
Also y € [N[v]]¢ implies that vy is not an edge in G and hence y is
adjacent to v’ in G’. Now the edges xv, vu, uw,wv’ and v'y form a
x —y pathin G'.
Thus in all the possible cases there exists a + — y path in G’ and hence G’ is
connected. This completes the proof. O

Theorem 2.6. Let v be any vertex of a graph G of order p and AD(vG) be the
graph obtained by anti-duplicating the vertex v, then AD(vG) is a regular graph
of degree n if and only if p is odd, dg(v) = d(v;) =n = (p—1)/2and d(v;) =n—"1
where v; € N(v) and v; € [N[v]]°.

Proof. Let vy, vy, ...,v, = v,...,v, be the vertices of G,1 < r < p. Let v/ be anti-
duplicating vertex of v in AD(vG). Let d(v) = dg(v) and d'(v) = dapwea)(v).
Let AD(vG) be a regular graph of degree n. Then d'(v) = d'(v') = d(v) = n.
This implies that |Ng[v]| = |[N[v]]l| = n and hence p = 2n + 1 is odd and
n=(p-"1)/2.
Let v; € Ng[v]. Then ¢ is non-adjacent to v; in AD(vG). Since AD(vG) is a
regular graph of degree n, d(v;) = n. Let v; €€ [Ng[v]]°. Then v, is adjacent with
v" in AD(vG) which implies d(v;) =n — "1.

Conversely, let G satisfy the conditions (i) to (iii). Then AD(vG) is a regular
graph of degree n with p + 1 vertices. O

Theorem 2.7. Let G be a graph of order p and v’ be the anti-duplication vertex of
vin G. Then AD(vG) is not eulerian if G is either of the following

(1) G is eulerian;
(ii) v is an end vertex of G,
(iii) G is a regular graph;
(iv) G has an isolated vertex;
(v) G has an end vertex which is adjacent with wv.
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Proof. Let vy, vy, ..., v, be the vertices of graph G. Without loss of generality let
v; = v for some i,1 < i < p. Let v/ be the anti-duplication vertex of v in
AD(vG) =G

Let G be an eulerian graph. Then every vertex of GG is of even degree. Let
u € [Ng[v]]¢ and d(u) = k. Clearly, k is even. By the definition of AD(vG),u is
adjacent to v" and hence d'(u) = k + 1 which is odd. This implies that G’ is not
eulerian.

Let v be an end vertex of GG. Then by definition, v is also an end vertex in G’.
This implies that G’ has a vertex of degree 1 and hence G’ is not eulerian.

Let G be a regular graph of degree r. If r is even, then G is eulerian and hence
by (i) G’ is not eulerian and if r is odd, then v has odd degree in G and also in
G’ and hence G’ is not eulerian.

Let G has an isolated vertex. Then v is either an isolated vertex or not. If v
is an isolated vertex, then by definition of anti-duplication v is also an isolated
vertex in G’ and hence G’ is not eulerian. If v is not an isolated vertex, then let
vj(# v) be an isolated vertex in . Then v, is adjacent to v’ in G’. This implies
that v; has degree 1 in G’ and hence G’ is not eulerian.

Let u be an end vertex which is adjacent to v in G. Then d(u) = 1. By the
definition of AD(vG), v’ is non-adjacent with « in G’ and hence d'(v) = 1 in G,
which is odd. Hence G’ is not eulerian. This completes the proof. O

3. CONCLUSION

In this paper, we introduced the concept of Anti-duplication of a vertex v in ¢
and its properties are studied. We also characterized a graph to be connected,
disconnected, regular and eulerian after anti-duplication of the vertex v in G.
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