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FIXED POINT THEOREMS FOR A PAIR OF MAPPINGS IN
b- DISLOCATED METRIC SPACE

SURJEET SINGH CHAUHAN (GONDER)! AND KAMALPREET KAUR

ABSTRACT. The purpose of this paper is to prove common fixed point theorems
in complete b-dislocated metric space. We introduce ¥ — G contraction where
¥ and G are the set of all continuous and non- decreasing functions to show
the existence of unique common fixed point. Further we prove a fixed point
theorem for extended s — « quasi-contraction.

1. INTRODUCTION

Fixed point theory (FPT) finds its applications in various fields like economics,
engineering, physics, mathematics ,etc. The Banach contraction principle (BCP)
is the base of research in metric space. In 1989, Bakhtin [6] and Czerwik [5],
extended the BCP in metric space. Recently, we have seen a number of exten-
sions of metric space. The dislocated metric space and b-dislocated metric space
given by Hitzler and Seda [4] and Nawab Hussain et al. [3] respectively.

Several new applications have been suggested in [14] [12] [13] [15] [16]
[24]. In 1976, Jungck [7] concluded the BCP using commuting mappings,
entrenched the perception of mappings that are weakly commuting by Sessa
[11] and the pair of mappings which are compatible is produced. Jungck and
Rhoades [10] and Dhage [9] described if self-mappings pair commute at their
coincidence points will be weakly compatible. Afterwards, this approach of
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weak commutativity is weakened and used by Singh [22], Pathak [17], Mishra
[21], Gairola and Whitfield [18], Pant [19], Tivari and Singh [20] and others.
The purpose of the present research work is to introduce FPT for s — o quasi-
contractions with the use of double self mappings in b-dislocated metric space
which satisfies different set of constraints.We generalize some coincidence and
fixed point theorems with concepts of weakly compatible pair of mappings, as
well as by using ¥ -contractive conditions on b- dislocated metric spaces. The
objective of this paper is to unify and generalize recent results in the setting
dislocated and b -dislocated metric spaces using a class of continuous functions
Gy .

2. PRELIMINARIES

Definition 2.1. [1] Consider a non-empty set B with mapping d; : Bx B — [0, c0)
is known as dislocated metric (d;-metric) if the following constraints are satisfied
forany p,q,r € B:

(1) If di(p,q) =0, then p = g;
(2) di(p,q) = di(q,p);
(3) dl(p7 Q) g dl<p7 T) + dl<7n7 q)

The pair (B, d;) is known as a dislocated metric space. But when p = ¢, d;(p, q)
may not be 0.

Definition 2.2. Consider {p,} is a sequence in d;-metric space (B, d;)

(1) if only, for ¢ > 0, 3 ng belongs N s.t(such that) ¥V m,n > ng, we get
dy(Pm;pn) < € or limy, ;oo di(Pn, pm) = 0 then it is named as Cauchy
sequence,

(2) it is convergent relative to d; if 3, p € B so that d;(p,,p) — 0 as n — oo.

By these circumstances, the limit of {p,} is p and p, — p.

Definition 2.3. Consider a non empty set B with mapping
by : B x B — [0,00) is named as b-dislocated metric provided that the following
constraints are satisfied for any p,q,r € Band s > 1:

(1) If ba(p,q) = 0, then p = ¢;
(2) ba(p,q) = ba(q, p);
(3) ba(p,q) < slba(p,r) + ba(r, q)).
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The space (B, b,;) is known as b-dislocated metric space.

Definition 2.4. [1] Consider (B, b,) is a bs-metric space, {p,} denotes sequence of
points in B. Some point p € B is known as limit of {p, } provided lim,, ,~ ba(pn,p) =
0 then we assert {p, } is bs-convergent to p and indicate it by p, — p as n — oc.

Definition 2.5. [1] In a bs-metric space (B,b,) let a sequence {p,} is named as
bg-Cauchy sequence iff, for ¢ > 0, 3, ng belongs N s.t for all n,m > ng, we are

having by(pn, pm) < € or limy, 100 ba(Pn, Pm) = 0.

Definition 2.6. [2] Consider the self mappings pair (R, P) described on a metric
space (B, d) is weakly - compatible. If the mappings commute at their coincidence
points, i.e, Rp = Pp for some p € B = RPp = PRp.

Definition 2.7. [25] Consider a non-empty set B, R and P are two self-mappings
then,

(i) if Rp = p, then the point p € B is known as fixed point of R.
(ii) if Rp = Pp, then the point p € B is known as coincidence point of R, P
and u = Rp = Pp is a coincidence point of R, P .
(iii) if Rp = Pp = p, then the point p € B is known as common fixed point of
Rand P.

We consider the set G, of all continuous functions g : [0,00)* — [0, 00) with
the properties:

a) g is non-decreasing in respect to each variable.
b) g(t,t,t,t) <t,te0,00).
Examples are as follows:
g1 q1(t1, ta, t3,ts) = max{ty, ta, t3, 14}
G : ga(t1, ta, b3, ta) = max{t; +to,to + t3, 01 + t3, 3+ t4}
g3 : gs(tr, ta, U3, 1) = [maz{tsty, tots, tats, tsts}]2
g = ga(ty, ta, t3,ty) = [max{t], t5, 5, 4} »,p > 0.

3. MAIN RESULTS

Consider ¥ which denotes the set of all continuous, non decreasing functions
and ¥ : [0,00) — [0,00) s.t ¥(at) > 0iff t = 0,a > 0.
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Definition 3.1. Let (B, b,) be a complete b, - dislocated metric space with param-
eter s > 1 and R, P : B — B are two self- mappings s.t V p,q € B, C > 2 and
U € VU satisfy the following contractive condition
ba(Rp, Pq)ba(Pp, Rq)
2s
ba(Rp, Pq)ba(Rq, Pp)
1+ ba(Rp, Rq)

W(25°ba(Rp, Rq)) < C¥mazx(g{ba(Pp, Pq), ba(Rp, Pp), bs(Rq, Pg), I3

H

g{ba(Rp, Rq), ba(Pp, Rp), ba(Rq, Pq),
is known as U~ G contraction.

Theorem 3.1. Let (B, b,) be a complete b - dislocated metric space with parameter

s>1land R, P : B — B are two self- mappings s.tV p,q € B, C > 2and ¥ € ¥

satisfying the following contractive condition:

ba(Rp, Pq)ba(Pp, Rq)

2s

ba(Rp, Pq)ba(Rq, Pp)
1+ ba(Rp, Rq)

where g € G4, R(B) C P(B). Then mappings R and P have a unique common

fixed point.

Proof. Consider p, be arbitrary element in B. As R(B) C P(B).
Therefore, we can define a sequence,

{Rp07 Rplv Ran """ ) Rp2n7 Rp2n+17 ----- }

s.t Rpy, = Ppy,4q for n=0,1,2,3.... Now, to show that this sequence is a Cauchy
sequence. Using the condition p = p,, and ¢ = py,1,We have

¥ (25°b4(Rp, Rq)) < C¥mazx[g{ba(Pp, Pq),ba(Rp, Pp),ba(Rq, Pyq),

2

g{ba(Rp, Rq), ba(Pp, Rp), ba(Rq, Pq), }]

W (25%bq(Rpan, Rpant1)) < CUmax[g{ba(Ppan, Ppan+1), ba( Bpan, Pp2y), ba( Rpans1, Pponii),
bd(szm Pp2n+1)bd(Pp2m Rp2n+1)}

2s
1

bd(Rp2m Pp2n+l)bd(Rp2n+17 Pp2n)

P P
9{ba(Rpon, Rpan+1), ba(Ppan, Bpan), ba( Rp2nt1, PPon+t1), 1+ bl Bpons Rpanst)

As Rps, = Ppy,1 for n=0,1,2,3.... we have,

W (25%bg(Rpan, Rpany1)) < C¥mazx[g{bs(Rpan_1, Bpan), ba( Rpan, Rpan—1), ba( Rpans1, Rpan),
ba(Rpan, Rpon)ba(Rpon—1, Rpan+1) )

2s
1]

bd (Rp2n7 Ran)bd (Rp2n+1 ) Rp2n— 1 )
1 + ba(Rpan, Rpon+1)

g{bd(Rp2nv Rp2n+1)7 bd(Rp2'rL—17 Rp2n)7 bd(Rp2'rL+17 Rp2n)v
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Lp(252bcl(Rp2n7 Rp2n+1)) < Clpmax[g{bd(RPanh Rp2n>7 bd(Rp2n7 Rp2n71>7 0}7
9{ba(Rpan, Rpan+t1), ba(Rp2n—1, Rpan), 0}]

N

W<282bd(Rp2na RpZn—H)) Cgp[bd(RPZn—la Rp2n)]
C

ba(Rpon, Rpont1) < 252 [ba(Rp2n—1, Rpan)]

C

bd(Rp2n717 Rp2n) @ [bd(sznﬂ’ Rp?nfl)]

ba(Rpan, Rpont1) < kba(Rpan—1, Rpon) < ... < k*bg(Rpo, Rpy) .

/N

Since, 0 < k < 1 taking limit n — oo we have: by(Rpa,, Rp2n1) — 0.
Further, we show { Rp,,} is by— Cauchy sequence.
Consider m > 0, n > 0 with m > n, by use of definition

bd<Rp2n7 szm) <s [bd(szm Rp2n+1) + bd(Rp2n+17 Rme)]

$bq(Rpon, Rpani1) + 52bd(Rp2n+la Rpony2) + Sgbd(Rp2n+27 Rponys) ...
sk*bg(Rpo, Rpy) + s*k* 1 by(Rpo, Rp1) + s°k*" t2by(Rpo, Rp1) + . . .
= sk®by(Rpo, Rp1) [1 + sk + (sk)* + (sk)®> +...]

S 2n
Ty ba(Rpo, p1) -

NN

N

Taking limit for (n, m) — oo we have by(Rpay,, Rpam) — 0 as sk < 1.
Therefore, { Rp,,} is a by;— Cauchy sequence in (B, b,) .
Hence, Rp,, — t and similarly Pp,, — t.
By using definition of g we have

¥(25%bg( Rpon, Rpans1)) < C¥maz[{by(Rpani1, Rpon), ba( Rpan, RDonsi1}
!p<252bd<Rp2n7 Rp2n+1)) < Cw{bd(Rp2n+17 Ran)} )

we can write it as:
W (25*b4(Ppans1, Rponi1)) < CU{by(Rponi1, Pponys1)}

As py,r1 — t and R, P are continuous mappings so,we can have Rp,, 1 — Rt
and Pp2n+1 — Pt.
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Now, by applying property of ¥ that is ¥(at) > 0 iff t = 0, where o > 0, ¢ > 2
and s > 1, we have:

W(25%by(Pt, Rt)) < CW{by(Rt, Pt)}
0 < ¥{(C — 25*)bg(Rt, Pt)} =0,

because ¥ (aby(Pt, Rt)) > 0, (bg(Pt, Rt)) = 0, where o = (C' — 2s?) . Therefore,
we have Pt = Rt.
Put p=t,and ¢ = p,

ba(Rt, Pp,,)ba(Pt, Rp,,
¥ (25%ba(Rt, Rp,)) < CWmax[g{ba(Pt, Pp,), ba(Rt, Pt), ba(Rp,, Pp,), o, p;Sd( )

bd(Rt, Ppn)bd(Rpm Pt)
1 + bd(Rt, an)

2
HE

g{ba(Rt, Rpy,), ba( Pt, Rt), by(Rpn, Pp,),

Taking limit n — oo, we have

ba(Rt, t)bg(Pt,t)

W(25%ba(RE, 1)) < CUmaz(glba(Pt,1), ba(Rt, Pt), ba(t, 1), },
S
ba(Rt, )balt, Pt)
g{ba(Rt,t), ba(Pt, Rt), by(t, 1), T by(RED) }H
PRba(REE)) < CUmazgba(Rt, 1), ba(RE, RE), ba(t, 1), AL D0lBLD

ba(Rt, t)ba(t, Rt) ;

ba(Rt,t),ba(Rt, Rt), by(t,t
9{ba(Rt, 1), ba(Rt, Rt), ba(t, 1), 1+ by(Rt,t)

Using definition of ¢

¥(25*by(Rt, 1)) < CWmaz{by(Rt,t),by(Rt, 1)}
¥(25%bg(Rt,t)) < CW{by(Rt,t)}
0 < W{(C—2s*)by(Rt,t)}
(ba(Rt,t)) = 0O
Rt = t=Pt.

Hence, common fixed point of (R, P) is 't .
Uniqueness:
For (R, P), assume t # t, be two common fixed points.
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Putp=t,q=1t,.

¥(25%bg(Rt, Rty)) < CWmax|g{ba(Pt, Pty), ba(Rt, Pt), by(Rto, Pty),

ba(Rt, Pto)ba(Pt, Rty)
2s
ba(Rt, Pty)ba(Rto, Pt)

}7

bq(Rt, Rty), by(Pt, Rt), by(Rtgy, Pt
g{ d(R> 0)7 d( ) )7 d( 0y 0)7 1+bd(Rt, Rto) }]
ba(t,to)bg(t,t
W(25%b4(t,10)) < CWmazxg{ba(t, to), balt, 1), ba(to, to), alt, 0;:(’ 0)},
ba(t, to)ba(to, 1)
ba(t, to), ba(t, t), ba(to, to),
o{bultfo) ult 1) ulto o), g U]
W(25%by(t, t0)) < CWmax{by(t,to)ba(t,to)}
W(25%by(t, to)) < COW{by(t,to)}
0 < W{(C—25%)by(t, to)}
bd(t,to) - 0
t = to.
Therefore fixed point is unique. 0
Example 1. Let (B, b)) = [0, 1] is complete b-dislocated metric space on B, a func-
tion g(ty,ta,ts,ty) = max{ty,ts, t3,t4},¥(at) > 0, where s > 1 is a parameter.
Define a mapping which satisfies
i ipe (0,1
Rp= 5 7 [0,1)
g p=1
and
lp :pelo,1
pp= 7 [0,1)
3 p=1
Clearly it is seen that (B, by) = [0, 1] is complete b-dislocated metric space on B.
Now, we satisfy following cases:
Case 1. When p,q € [0, 1)] we have
ba(Rp, Pq)by(Pp, R
(25, Bp. ) < Crmazlg{bu(Pp. Po) bu(Rp. Pp). by( By, Pg), 2LV LL )y
ba(Rp, Pq)by(Rq, P
g{bd<Rp7 Rq>7bd(Pp7 Rp)vbd(RCLPq)a d( b Q) d( d p) }]7

1+ ba(Rp, Rq)
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and putting the value we have

ba(%, 2)ba(%, %)

2s
bd(sv 5)bd(§ 130)
L +0b4(%, %)

W (252, (2 By va(L, 9,

b
) d(8 5 875

9{ba(Gy )2 balG ) a5, ),

1)) < Cwmazg{ba(: 2

HE

8’8 55

Using p =
W (25%bg(L,
W (2s%b4(2,
and s =1
¥(0.03125) < CW/(0.06875)
As ¥ is non-decreasing function and C' > 2. Therefore L.H.S < R.H.S
Case 2. When q < p = 1 we have:

wha ool NIF

.q
)

Comaz({ba(, §),ba(2. §)}
) < Co{bal®

‘P{bd(% )}

%P oors
NN

)
)

1 gq 11 qq)bd(

o:l»—‘
(SIS
SN—
S
Q]
—~
wl=
oo
SN—

7 (25%y(~. 1)) < COmazlg{ba(:

6’8 3’ 5) bd(6 3) <§’5 23 b
sk B, o, MEDED,

usingp=1,g=1

W (25%bq(3, 2)) < C’Wmax{bd(

7 (252,(%, 9)) < CU{ba(

¥(0.208) < C¥(0.167)

As ¥ is non-decreasing function and C' > 2. Therefore L.H.S < R.H.S
Case 3. When p < ¢ = 1 we have:

— wIH

375)

P(252043. ) < Comaclyfl, ).0u(5 Bl ), BT

11 bd(g?g)bd(%vg)
g{bd(g 6) bd(5 8>’bd(6 3) 1+ ba(2, 1)

1

usingp=3,q=1

W (25%bq(E, §)) < C¥maz{ba(E,
(2$2bd(67 8)) < ng{bd(y 8)}

U(—0.208) < C¥(0.038)

As ¥ is non-decreasing function and C' > 2. Therefore L.H.S < R.H.S

g)abd(g’ g)}
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Case 4. When p = q = 1 we have:

11 11 11 1 1. ba(3, 2)ba(}, 1)
W (25%*by(=, =) < CW ba(=, =), ba(=, =), ba(=, = 623/ 236
(S d(6 6)) C maa:[g{ d(373)7 d(6;3)7 d<6a3>7 %5 }7
11 11 1 1, ba(%, 2)ba(3, )
b= =) b= =) b= = 63 63
g{ d(676)7 d(376)a d(673>7 1+bd(%,%> }]

W (25%ba(5, ¢)) < C¥maz{ba(s,
Lp(252bd(67 E)) CW{bd(?), 6)}
7(0) < C¥(0.167)

As ¥ is non-decreasing function and C' > 2. Therefore L.H.S < R.H.S

Definition 3.2. Let (B,b,) is complete b-dislocated metric space and R, and P :
B — B are self mappings which satisfy:

s°ba(Rp, Rq) < amax {bs(Rp, Rq), ba(Rp, Pp),ba(Rq, Pq),ba(Rp, Pq),bs(Rq, Pp)}

for all p, q belongs B, o € [0, 3] and s > 1
Then R and P are called a s — « quasi-contraction.

Further, the existence of common fixed point for extended s—« quasi-contraction
for two mappings on complete b-dislocated metric spaces is shown.

Theorem 3.2. Consider the pair (R, P) of self mappings on a complete b-dislocated
metric space (B, by) where g € G4, a € [0, 1] s.t

s°ba(Rp, Rq) < ag {ba(Rp, Rq), ba(Rp, Pp),ba(Rq, Pq), ba(Rp, Pq),ba(Rq, Pp)}

R(B) C P(B) and R, P are weakly compatible. Then R and P have a unique
common fixed point.

Proof. Consider p, be arbitrary element in B. Because R(B) C P(B), we can
define a sequence,

{Rp07 Rph Rp27 s 7Rp2n7 Rp2n+17 cee }

s.t Rpo, = Ppo,.1 for n is non-negative integers.

Now, to show the sequence is a Cauchy sequence, using p = ps, and ¢ = po,, 11,
we have:

$°ba(Rpan, Rpani1) < ag{ba(Rp2n, Rpani1), ba(Rp2n, Pp2n), ba(Rpani1, Ppan+1),

bd(RPQm PP2n+1), bd(Rp2n+1a szn)}-
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As Rp,y, = Pps,.1 for n is non-negative integers we have:

$%bg( Rpan, Rpani1) < ag {ba(Rpan, Rpant1), ba(Bpan, Ppan), ba( Rpani1, Rpan),
bd(Rp2m RpZn)bd(Rp2n+17 szn)} )

Sde(szn, Rp2n+1) ag {bd(RPQm Rp2n+1)7 bd(RPQm Pan)7 0, bd(Rp2n+17 szn)}
ag {bd(szm Rp2n+l)7 bd(szm Rp2n—1), bd(Rp2n+1a Pp2n)}
o {bd(RPanla szn)}

o
?bd<Rp2n71> Ran) .

Sde(szm Rp2n+1)

INCININN

ba (szm Rp2n+1)

Similarly,
a
ba(Rpan—1, Rpan) < 8_26d<Rp2n727 Rpon—1) .

Now we have , forall n > 0

ba(Rpan, Rpan+1) < kba(Rpan_1, Rpan) < ... < k*"ba(Rpo, Bp1)

k=%5%;0<k<l.

Taking limit n — oo we get by(Rpay,, Rpani1) — 0.

Further, to prove {Rp,,} is by— Cauchy sequence, we consider m > 0, n > 0
with m > n, using definition

bd<Rp2n7 szm) <s [bd(Rp2m Rp2n+1) + bd<Rp2n+17 Rp2m)] )

$ba(Rpon, Rpant1) + 52bd(Rp2n+17 Rpony2) + S3bd(Rp2n+27 Rponts) ...
8k2nbd(Rpo, Rpl) + 82/{?2”+1bd(Rp0, Rpl) + 53k2"+2bd(Rpg, Rpl) 4+ ...
sk*ba(Rpo, Rp1) [1+ sk + (sk)* + (sk)® +...]

S
k*"bg( Rpo, Rp1) .
1— sk d(Rpo, Bp1)

NN

N

Taking limit for (n, m) — oo we have by(Rpay,, Rpam) — 0 as sk < 1.

Therefore, { Rps, } is a by;— Cauchy sequence in (B, by).

Since, lim,,_,o, Rps, = lim, o Ppony1 = h € P(B) therefore, 31 € B s.t
P(l) = h. We claim that Pl = RI. If not then with p = [, ¢ = p,, we have

S2bd(Rla Rp2n> < ag {bd(Rl7 Ran)7 bd(Rlv Pl)a bd(-RpZna PpZn)7 bd(Rla Pan), bd(RPQna Pl)} .
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Taking lim,,_,,, we get,

s%bg(RI,h) < ag{bs(RIL, h),bs(RL, Pl),bg(h, h), bg(RIL, ), bg(h, Pl)}
s%bg(RIl, Pl) < ag{ba(RI,h),ba(RL, Pl),0,bg(h, k), ba(h, h)}

s%bg(RI, Pl) < ag{bs(Rl, Pl),by(RI, Pl),0,byg(h,h),ba(h, h)}
s*bg(RI, Pl) < a{by(RI,Pl)} .

«

D . . o)
which is a contradiction, since - <L
s

Hence, Rl = PI, and therefore coincidence point of (R, P) is 'l’. We are given
with weakly compatible pair (R, P). So, Ph = PRl = RPl = Rh.

Next, we prove h is a common fixed point. We claim that, Rh = h. Again
using p = h,y =1

$?b4(Rh, RI) < ag {by(Rh, Rl),by(Rh, Ph),bs(RI, Pl),by(Rh, Pl),by(RI, Ph)}

< ag{ba(Rh, h),ba(Rh, Ph),by(h, h), ba(Rh, h), ba(h, Ph)}
Sde(Rh7 h) < ag {bd(Rh7 h)? bd(Rh7 Rh)7 bd(h7 h)a bd<Rh7 h)a bd(h7 Rh>}
< g {ba(Rh,h)} .

(0%
ba(Rh. h) < =5 {ba(Rh. h)} .

which is not possible, since & < 1.
Hence Rh = h or Ph = h. Therefore h is common fixed point of (R, P). [
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