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A THREE-STEP NINTH ORDER ITERATIVE METHOD
FOR SOLVING NON-LINEAR EQUATIONS

MANI SANDEEP KUMAR MYLAPALLI !, RAJESH KUMAR PALLI, AND RAMADEVI SRI

ABSTRACT. The scope of this paper is to establish a new ninth order iterative
method to find the root of non-linear equations. In this paper we came up with
a new modification of Newton’s method with higher-order convergence and
here itself we proved that the order of convergence is ninth. Finally, we tested
with several problems to show the efficiency of the method over the existing
ones.

1. INTRODUCTION

In oresent days much development happening on solving non-linear scalar
equations of the form

(1.1) g(t)=0.

Newton’s method (NR) [2] is a one of the optimal second order method to
obtain the root of non-linear scalar equation and is given by

tn
tn+1:tn_ g/( )n:O>1a27"'
g (tn)

and the NR method converges quadratically and its efficiency index is v/2 =
1.414.
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An iterative method with ninth order convergence (ZONG) for solving non-
linear equations proposed by Zhongyong et.al, [7] is given by

B _9<tn)
o = g (tn)

- 9 w)\*| 9(n)
oo {H(g(tn)) }g’(yn)

B 9 (yn) 9(z) ( 9(2)
et = {”2(g<tn>> . <yn>} (o)

A quadrature based three-step ninth-order iterative method (SK) proposed by
Khattri [5] is given by

g (tn)
T )
Py = Y, — (tn _ yn) g (yn)
" "o (ta) — 29 (yn)
Tni1 = 7Zn— 9(zn) g (2)

(g/ (Zn>)2 —yg (Zn) [g(zn)—g(tn)—g (t;L)(Zn_tn)

(Zn_tn)

New ninth order J-Halley method for solving non-linear equations (FA) pro-
posed by Farooq et.al, [1] is given by

( n)

( n)
Zn = tn th (t )
B _ 2h(2 B (zn)
Tl T I T o o) — b (za) L
_ 3h' (yn) + 10 () _ W (z0) = b (tn)
where J; = 61 () — 200 (1) and L = p— )

In section 2, we defined the new three-step iterative method and in section 3,
we concluded our method is converging with order nine. Finally, in section 4, we
compared our new scheme with other methods of the same order of convergence
discussed in section 1.
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2. NINTH ORDER CONVERGENT( SM ) METHOD

Consider t* is an exact root of (1.1) where g(¢) is continuous and has well
defined first derivatives. Let ¢,, be the root of nth approximation of (1.1) and is

2.1 t"=t,+en,,
where ¢, is the error. Thus, we get
(2.2) g(t*)=0.

Writing g (t*) by Taylor’s series about ¢,,, we have g (t*) = g (t,)+(t* — t,,) g (tn)+

(t*—tn)2 7

a9 (tn) + -
2

(2.3) g(t") =g (tn) +eng (tn) + ZL,

by neglecting higher power ¢, i.e. neglect terms from ¢,* onwards. Using (2.2)
and (2.3), we have

(tn)_|_...7

5319// (t,) + 25ng, (tn) +2g (t,) =0

(2.4) e = [—29’ (t) £ /49 (tn) — 8g (t) g (tn)] = 2¢" (1) .
On Substituting ¢* by ¢,,,1 in (2.1) and from (2.4), we get
29 (t,) ( 1 )
2.5 tn - tn - / 9
(2:5) BT ) \ T V= o,

where, u, = gin)g n) and

g (tn) =

tn—l - tn tn—l - tn

Here we developed a new algorithm by taking the first two steps from [3] and
(2.5) as the third step.

2.1. Algorithm. The iterative scheme is computed by x,,,, as z, = t,, — 9/((?))
g \ln
/ / g (tn)
Yn = Zn+t (g (z0) — g (tn) /
) 2(g (tn))”

iy = g 29n) ( 1 )
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where p,, = =——>—-— and

2.6) " 2 1.9 (2n) — 9 (yn)

g (yn) = — 29 (Yn) — g (2n)

Zn — Yn Zn — Yn
The method (2.6) is known as the ninth order convergent method (SM), it re-
quires two functional evaluations and three first-order derivatives.

3. CONVERGENCE CRITERIA

Theorem 3.1. Let ty € I be a single zero of a sufficiently differentiable function g
for an open interval I. If t, is in the neighborhood of t*. Then the algorithm (2.6)
has tenth order convergence.

Proof. Let the single zero of (1.1) be ¢* and t* = t,, + ¢, . Thus, g (t*) = 0. By
Taylor’s series, writing ¢ (¢*) about ¢,,, we obtain:

(3.1) g (tn) = g/ (t*) (En + Cg€n2 + 035n3 + C45n4 + .- )

’ /

(3.2) g (tn) = g (t") (L4 2coen + 338, + deasy® + -+ )

Dividing (3.1) by (3.2), we get:

tn
5'((25 >) = (éTn — gy’ — (203 — 2022> £, — (304 — Teyes +4Cg) et ) .
tn
From Zp =ty — g/((t )), we get z, = t* +w,, where W, = 025n2 + (263 . 2622) €n3+
9 (ln

(3cs — Teaes +4c3) e,* 4 -+ - . Now

g(zn) = gl (t%) (025n2 + (203 — 2022) end + (304 — Tcocs + 503) et )
q (zn) = q (t") (1 4 2c2e,2 + 2¢y (203 — 2022) end + (60204 — 11ckcs + 803) S )

(¢ () — g (1)) % _ (—cga,f + (4(;3 - gcg,> e

23
(—1303 + 50263 — 264) 5n4 + .- ) .

From the second step in the scheme (2.6), we get y,, = t* + Y , where

1 9
Y = <(203 + 503) en’ + (—903 + 5¢23 + 04) ent - ) .
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(3.3) g) = ¢ )Y +aY?+aY? oYty

!/

(3.4) g () = ¢ () (1+20Y +3cY? +4e Y3 +---) .

Now, we obtain

7 ’ 1
g (yn) =g (") (202 + 3cocs (20% + §c3> e 4. ) ‘

(3.5) Un = Plgi + P25;LL 4+

1 9
Where, P = 2c (203 + 503) 7P2 = 2¢o (—902 + 50203 + 64) .
Using (3.5), we get

-1 P, P
(3.6) (1+\/1—2un> —5(1+71si+725i+--~>.

On dividing (3.3) and (3.4),

(3-7) gg/((yyn)) = (Y — CQY2 — (203 — 2022) Y3 — (364 — 70203 —+ 403) Y4 + .. )

From (3.6) and (3.7), we get

29 (yn) ( 1 ) 2 < o 1 )3 9 10
7 =y, + (c; — 2¢ 2¢5 + —c e, +ol(e)),
g (yn) 1 + \/1 — 2,Un y ( 2 3) 2 2 3 ( )

g?(;/n) <1+\/1—2;m>’ we get

and from the third step of (2.6) ,i.e. z,41 =y, —

3
Ent1 = (5 — 2c3) (203 + 303) en+o(ey) .

Thus, it’s proved that this new scheme is ninth order convergence and its effi-
ciency index is v/9 = 1.5518. O
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4. NUMERICAL EXAMPLES

We consider the some examples considered by Vatti [6] and MMS [4] and
compared our method with NR, SK, ZONG, FA methods. The computations
are carried out by using mpmath-PYTHON and the number of iterations for
these methods are obtained for comparisons such that |z,.; — z,,| < 107" and
|9 (2,11)| < 1072°, The test functions and simple zeros are given below

hi(z) = sin(2cosz) — 1 — 2%+ (7)) ¢ = —0.7848059876612125
hy (r) = sinz +cosz + x,t* = —0.4566247045676308

hs(z) = (x+2)e® —1,t" = —0.442854010023885

hy(z) = 22+sin (%) - }L,t* = —0.060960589605896

hs (r) = cosx — x,t* = 0.7390851332151606

he () = a® —10,t* = 2.1544346900318837

hy (x) = e ® 4 cosx,t* = 1.7461395304080124

hg(z) = €% — x4+ 1,1 = 2.6306641479279036

ho(x) = sin’x — 2%+ 1, = 1.404491648215341

Where P is the order of convergence, N is the number of functional values per

TABLE 1. Analogy Of Efficiency

Methods | P | N EI
NR 21 2 (1414
FA 9| 6 |1.442
SK 91 5 |1.551

ZONG 9 5 |1.551
SM 9 | 5 |1.551

iteration and EI is the Efficiency Index.
Where z, is the initial approximation, n is the number of iterations, er is the
error and fv is the functional value.
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TABLE 2. Analogy Of Different Methods

7 Alethod 2 e er g xg ar A
R 1 T DANG3) 23633 A8 47 as(io9) 18109
Fa 8 3AIIZY  SUMID IZ 4TI 1376
SE 3 I NEL) SAE2 DIVERGENT
ZONG 3 64846 3380 DIVERGENT
ke s3d 3 3981}  1.1(80) 4 Q80 27O
R o1 7 1.8(58) 4.4(65) =1 7 1.8(62) 4. 4(69)
FA 5 49099) 1.1(98) 5 34122y BOCI2D
o SK 3 1.476) 34076 3 1.6(87) 39ET)
FONG 3 2.5(B0) 6.0(80) 3 BE(114) 2.00113)
Sha 3 1407 32077 3 AT 95T
R 03 T L.I66) 3.7 73 s 2 5 392 ERERS)
Fa 5 2.00128) 4.9126) 5 12(EA)Y 0084
- SK 3 1.4¢89) 1.8(89) 4 120201) 4.1300)
FONG 3 276 36076 4 1B(IZS) FN1ZT)
Sna 3 63(76) 1.0(75) 4 3BTH S8TD
R 05 g 260118 27118 08 8 Z6&118) 2.7(118)
FA 5 T4 7094 5 2050101} 290101}
hiy SE 3 3.8(99) 3.0000) 3 1495 1.5(98)
FONG 3 1478 117 4 3302000 4.4(201)
WY | 3 23001 IZAOD) 3 1187 12MET
TR 1.3 ¥ 267D 2.1(68) 0.s 7 150’8} Z6(78)
Fa 5 1.9(93) 3. 293) 5 1LACEIT ZTACIID
- SE 3 L.B(79) 3.9(89) 3 1.3(89) 3.9(8%)
FTOMG 3 2 268 1.2(67T) 3 EMBT) 35387
S 3 32485} S5 3CE5) I A3qR1} T 2091)
NE 2 7 2.35(72) I BT1L) 2.4 T T.6{63) 100633
e Fa b= 33409 4. T(98) 5 ZTES) I B(BE)
SK = 4 39Ty 6.3{96) 3 3. o84 5. 483>
ZOMG 3 386y 44.2(8B5) 3 33(TI) J6T0%
Shi 3 1.0424) 1. 483D 3 Q_A{TE) 1.3(74)
- NE 1.4 2.2¢93) 2 6(93) 2.1 T 1273 1. 4730
Fa 5 17113y F9(ILE) 52101y 90103
S¥ 3 9_5{85) b 2y ] 3 S 3Ty & LTI
TOMG 3 1. 20963 1.4096) 3 TACTA) 13CT4)
38 | 3 2eMS1)  3.4091) 3 S.18TF SHET)
T R 24 & S5.8(o0) 1.4(80) 31 7 ZOMI0) S O(76)
FA 5 Z2.01ZT)y 4 BC12I) 3 140997 3.6059)
SK 3 3 3(132) BOC132) 3 S35 1.3{B2)
FOMNG 3 3. H187) T-TIET) 3 1.B8(5T) A S(E6T)
Shi 3 3.4020% B.3(90) 3 1.8 250852
[ NER 1.5 3 EE T EEF] T 8112y 1.3 B 3.0(68) T 5G8)
FA 2 L6(7I) ATI) B 104112y 260112
SK 3 5. 4T 1.3¢ 3 T.A23) 1.2(22)
FOMNG 3 A4 1CT8Y 1.0 7ED 3 & 1{E1) 15080
Sha 3 I ST 8. 872y 3 (=B el B 2. 2(B3)

5. CONCLUSION

Here In this scheme, we introduced a new ninth order convergent iterative
method with efficiency index 1.5518. It requires two functional evaluations and
three first derivatives. Table 1 compares the efficiency of different methods and
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the computational results in Table 2 show good results when compared with the
other methods.
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