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ON FUZZY TOPOLOGICAL BRK-SUBALGEBRAS
S. SIVAKUMAR, S. KOUSALYA, AND A. VADIVEL!

ABSTRACT. In this paper, fuzzy topological BRK -subalgebras of a BRK -algebras
is introduced. Also, fuzzy topological BRK-ideals in BRK-algebras is also in-
troduced and discussed some of their properties.

1. INTRODUCTION

Imai and Iseki [4] subjected two classes of abstract algebras: BC K -algebras
and BC'I-algebras in the year of 1996. In 1983, the notion of a BC H-algebra
was introduced by Hu and Li [3], which is a generalization of BCK and BC'I-
algebras. In 2002, a new notion B-algebra was introduced by Neggers and
Kim [9]. Also a BF-algebra and B(G-algebra was introduced by Walendziak [13]
in 2007 and C. B. Kim and H. S. Kim [6], which is a generalization of B-
algebra. The concept of a fuzzy set was introduced in [14], provides a gen-
eral topology called fuzzy topological spaces. The structure of a fuzzy topo-
logical spaces by D. H. Foster [2] combined with a fuzzy group. A. Rosen-
feld [11] has formulate the elements of a theory of fuzzy topological groups.
In 2012, R. K. Bandaru [10] introduced B RK-algebra, which is a generalization
of BCK/BCI/BCH/Q/QS/BM-algebras [5,7,8]. In [1], El-Gendy introduced
the notion of fuzzy BRK-ideal of BRK-algebra. S. Sivakumar et al. intro-
duced a topology on BRK-algebra [12] and also studied several concepts. In
the present paper, fTBRK SA is introduced in a BR K -algebras.
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2. PRELIMINARIES

Definition 2.1. [10] A BRK-algebra (briefly, BRK Alg) (I,*,0) is a non-empty
set I with a constant 0 and a binary operation * satisfying the following axioms:

(BRK1> il *0 = il,
(BRKQ) (Zl * ZQ) * 7:1 =0x ig
for any iy,is € I. Ina BRK Alg I, < a partially ordered relation can be defined
byZl < 19 lﬁc’ll * 19 = 0.

Definition 2.2. [10] Let I bea BRK Alg and a € I. Define a right map R, : [ —
Iby R,(i)=i*xaVie€l

Definition 2.3. [12] Let (I,*,0) be a BRK Alg and T a topology on I. Then
I = (I,%,0,7) is called a topological BRK Alg (briefly, TBRK Alg), if “x" is
continuous or equivalently, for any m,n € X and ¥V O open set of m xn, 3 two
open sets M &N respectively, such that M = N is a subset of O.

Definition 2.4. [12] Let a non-empty subset M of a tBRK Alg I, then M is called
TBRK-subalgebra (briefly, TBRK sub Alg) of I if

il*ig GMVil,iQ e M.

Definition 2.5. [12] Let I be a TBRK Alg and D be a subset of I, then D is called
a TBRK-ideal (briefly, TBRK I) of 1, if for any iy1,is € I:

(7)) 0e D,

(41) 0 (i1 xi92) € D and 0 % ige € D imply iy1,1i99 € I.

Definition 2.6. [1] Let I be a set. A function uy : I — [0, 1] where u; a fuzzy set
in [.

Definition 2.7. [2] A fuzzy topology (briefly, ft) on a set I is a family T of fuzzy
subsets in I satisfies
(1) Y ce 0,1, K. € 7, where K. have constant membership functions with
the value c,
(@) IfK,Ler,then KNL €T,

(’LZZ) Iij ETVjG J, then U Kj €T
jeJ
The pair (I, 7) is called a fuzzy topological space (briefly, fts) and members of T
are fuzzy open (briefly, T fo) subsets.
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Definition 2.8. [2] Let M be a fuzzy subset in I and T a ft on I. Then the induced
ft on M is the family of fuzzy subsets of M which are the intersection with M of
7 fo subsets in I. The induced ft is denoted by 1), and the pair (M, 1)) is called a

fuzzy subspace of (I, 7).

3. Fuzzy TOPOLOGICAL BRK-SUBALGEBRAS

Definition 3.1. The pair (I, 7) is called a fts, then it satisfies a BRK Alg prop-
erties in (I,x,0,7) it is called a fuzzy BRK topological spaces (briefly, f BRKs)
and members of T are BRK-open fuzzy (briefly, BRK of) sets.

Definition 3.2. A fuzzy subset K in a BRK Alg, (I,*,0) with membership func-
tion uy is called a fuzzy BRK-subalgebra (briefly, f BRK SA) of I if

(Viy,i9 € 1) (0% (i3 x i) > min{ g (0% 41), g (0 % i2)}].

Example 1. Let (I = {0, a4, , Gay, Gaz},*,0) be a BRK Alg defined by

* 0 aj | Az | as
0 0 0 ao | Ao

ay | aq 0 o | Ao

Q9o | Qg | Ay 0 0

as|as|as|a; | 0
A fuzzy subset K in I defined by pui(a3) = 0.4 and pg(a,) = 0.8 for all a, # as is
a fBRK SAof I.

Definition 3.3. Let (I,7) and (J,7') be two fts’s. A mapping ¢ of (I,T) into
(J,7') is fuzzy BRK continuous (briefly, f BRK Cts) if for each fos U in 7/, the
inverse image 1~ (U) is fBRKo in 7. Conversely, v is fuzzy BRK open (briefly,
fBRKO) if for each fos V in 7, the image 1)(V') is fBRKoin 7'.

Definition 3.4. Let (A, 74) and (B, 1) be fuzzy subspaces of fts’s (I,7) and (J, ')
respectively and let a map ) : (I,7) — (J,7'). Then a mapping ¢ of (A, 74) into
(B,7) if ¥(A) C B. Furthermore 1) is relatively fuzzy BRK continuous (briefly,
rfBRK Cts) if for each fos V' in 7}, the intersection ¢ ~'(V')N Ais fBRKo in
Ta. Conversely, 1 is relatively fuzzy BRK open (briefly, r f BRKO) if for each fos
U’ in 74, the image v(U’) is fBRKo in 7.
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Proposition 3.1. Let (A,74), (B, 75) be fuzzy subspaces of fBRKts’s I and J
respectively. Let ¢ be a f BRK C'ts mapping of (I, 7) into (J,7') such that 1)(A) C
B. Then vy is a r f BRK Cts mapping of (A, 7a) into (B, 7).

Proposition 3.2. Let 1) be a homomorphism of a BRK Alg’s I into J and S a
fBRK SA of J with membership function us. Then the inverse image 1~1(S) of
Sisa fBRK SAof I.

Proof. Let iy,i, € I. Then

pp=1(5)(0 % (i1 * i2)) = ps(p(0 % (i1 x i2))) = ps(P(0* i1)1p(0 % i2))
> min{ g (1 (0 % 1)), ps((0 * iz)) }
= min{,uqﬁl(s) (0 * il), /’L¢*1(S)(O * 22)}
This completes the proof. O
Definition 3.5. A fuzzy subset K in a BRK Alg I with ug is said to be fuzzy

BRK-sup property (briefly, fBRK SP) if for any subset P C I, there exists
po € P such that

(3.1) (0 x po) = sup g (0% p).
peP

Proposition 3.3. Let ¢ be a homomorphism of a BRK Alg’s I onto J and let S
be a fBRK SA of I that has the fBRK SP. Then the image )(K) of K is a
fBRK SAof J.

Proof. For jy,jo € J, let zg € ¥7(51); yo € ¥ 1(j2) such that

pr(0xxg) = sup  pug(0*t),
tey=1(j1)

pr(0xyo) = sup  pux(0*t).
tey=1(j2)

Then, by 1,,(0 x K),
o0 (0% (i1 % 2)) = sup t € U7 (jujo)pc (0% 1) = puse (0 (w0 % 90)
> min{ g (0x o), (0% yo)}

=min{ sup pux(0xt), sup pux(0*xt)}
tey=1(j1) tey=1(j2)

= min{ gy (0% 1), sy (0% 2) }
ending the proof. -
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Definition 3.6. Let [ be a BRK Algand 7 a ft on I. Let S be a fBRK SA of
I with induced topology 7s. Then S is called a fuzzy topological B RK-subalgebra
(briefly, fTBRK SA) of I if V a € I the mapping R, : (0 xi) — (i xa) of
(S,7s) = (S,75) isrf BRK Cts.

Theorem 3.1. Let I,J be a BRK Alg’s and a homomorphism v : I — J. let T
and 7’ be ft’s on I & J respectively, such that 7 = 1)~'(7'). Let S bea fTBRK SA
of J with pg. Then ¢~'(S) isa frBRK SA of I with pu-1(s).

Proof. To show that, V a € I, the mapping
(3.2) R, : (0%i) = (ixa)of (™ 1(S), 7y-1(S)) — (v '(S), Ty-1(S))

is rfBRK Cts. Let Uy be an fBRKo set in 7,-1(S) on ¢)~'(S). Since ¢ is a
fBRK Cts mapping of (I, 7) into (J,7'), it follows from Proposition 3.1 that ¢
isarfBRK Cts mapping of (¢~1(S), 74-1(S5)) into (S, 75).

Note that 3 fos V € 74 2 ¢~ 1(Vy) = Up. The membership function of R, (Uy)
is given by

gyt (0% 1) = py (Ra(0x4)) = p, (i % @) = pry-1(vp) (i % a)
% (1/}(2 *a)) = KU (1/}(0*2)1/}(0*@ )
As Sisa fTBRK SA of J, the mapping

(3.3)

(3.4) Ry: (0xj) — (j*b) of (S,75) — (S, 75)
is r f BRK Cts for each b € J. Hence
tr, 1) (0% ) = pug (V(0 % )Y (0x Ra)) = iy, (¥(0  Ra ) (10(0 % 7))
= pp0xra) (1) (P(0 1)) = fiy=1(p(ra) -1 (v2)) (0 4),
which implies that R, (Uy) = ¥ *(¢(a),*(V})) so that
(3.5) RN (Uo) N~ (S) = ¢~ (¥(Ra) ™ (Vo)) N~ ()
is open in the induced ft on ¢'(S). The proof is complete. O

We say that ug of a fBRK SA S of a BRK Alg I is v-invariant [11] if
Viy,io € 1, ¥(i1) = ¥(iy) implies pug(0x i) = ps(0 * iz). Clearly, ¥(S) of S is a
homomorphic image then a fBRK SA.
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Theorem 3.2. Let I, .J be a BRK Alg’s and a homomorphism 1 of I onto J, let T
and 7" be a ft’'son I & J > (1) = 7'. Let S be a fTBRK SA of I. If ug of S is
Y-invariant, then 1(S) is a fTBRK SA of J.

Proof. 1t is sufficient that,

(3.6) Ry (0% j) — (j*b) of (¢(S), is)) = (¥(S), Tixs))
is rfBRK Cts for each b € J. Note that v is r fBRKO for if Uy’ € 7g, there
exists Uy € 7 2 Uy’ = Uy N S and by the -invariance of pg,
(3.7) W(Uo') = ¥(Us) NP(S) € Tjs)-
Let V' be a fos in Tys)- Since ¢ is onto, Vb € J3 a € I such that b = ¢(a).
Hence
H1 (v (0% 8) = =1 (p(ra) =1 () (0% 8) = py(ra)=1 vy (P (0 % 7))
= p, (P (05 Ro ) (90 5 4))) = pi, (¥(0 % 0)1p (0 % Ra))
- u’%ww * (i Ra))) = i) (0% (i % Ry))
= py-1(v) (Ra * (0%4)) = pup=1 g ) (05 4),
which implies that ¢ (R, (VO’)) = R (v (W)).
By hypothesis, R, : (0xi) — (0 (i xa)) is a rf BRK Cts mapping (5, 75) —
(S,7s) and ¢ is a r fBRK Cts mapping (S, 7s) — (¥(5), 7,,(s))- Hence

(3.8) YRS (W) NT = R (W) NS

is open in 7. Since ¢ is r f BRK O,

(3.9) VTR (W)) N S) = By (V) N (S)

is fBRKo in 7, g . The proof is complete. O

4. FuzzYy TOPOLOGICAL BRK-IDEALS
Definition 4.1. A fuzzy subset K in I with ug is called a fuzzy BRK-ideal (briefly,
fBRKI) of I if
(?) (VZl < I), [ILLK(O*O) > /LK(O*il)],
(ZZ) (V’il, 19 € I), [/LK(O * Zl) > mln{uK(O * (21 * ig)), ([,LK(O * Zg))}]

Proposition 4.1. Let 1) be a homomorphism of a BRK Alg’s I into J and L is a
fBRKI of J with py. Then the inverse image v»~'(L) of Lis a fBRKI of I.
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Proof. Since ) is a homomorphism of (7, *,0) into (J,«',0’), then ¢(0) = 0'. By
assumption,

4.1 pr((0%0)) = pr(0x0) > pr (0% ), Vj € J.
In particular, pz(2(0 % 0)) > pr(¢(0%4)) Vi € I. Thus
4.2) luwfl(L)(O*O) > ,uwfl(L)(O*i),

which proves (i).
Now, let i1,i5 € I. Then by puy,

fyp=1()(0 % i1) = pr(Y(0* (21 % i2))) = pr(¥(0 % (i1 % 42))Y(0 % 42))
> min{ g (0 (i3 *i2)), pr, (0 x i) }

which proves (ii). The proof is complete. O

Definition 4.2. Let (I,*,0,7) be a TBRK Alg. A fuzzy set u; in I is called an
fuzzy topological BRK-ideal (briefly, frBRKI) of I if

(4.3) (BRKI) pr(0) > pur(do),

(44) (BRK.[Q) /,L](O*il) Z min{/u(()* (11 *ig)),ﬂ](O*ig)}, i il,ig el

Since any fBRK [ isa fBRK SA, thena frBRK [ isa fTBRK SA and
from Theorem 3.1 and Proposition 4.1, we obtain a corollary 4.1.

Corollary 4.1. Let I,J be a BRK Alg’s and a homomorphism ¢ : [ — J, let T
and 7' be ft’s on I & J respectively, such that T = ¢)~'(7’). Let H be a fTBRKI
of J with ug. Then ' (H) is a frBRKI of I with j,-1(H).

If uy of a fBRKI H of a BRK Alg I is v-invariant, then ¢(H) of H is a
homomorphic image of a f BRKI. Thus Theorem 3.2 follows a Corollary 4.2.

Corollary 4.2. Given I,.J be a BRK Alg’s and a homomorphism v of I onto J,
let T and 7’ be a ft’s on I and J such that )(1) = 7'. Let H be a frBRKI of I. If
wy of H is i-invariant, then ¢ (H) is a frBRKI of J.
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