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DECOMPOSITION OF ZERO DIVISOR GRAPH IN A COMMUTATIVE RING
A. KUPPAN AND J. RAVI SANKAR!

ABSTRACT. Let R be a commutative ring and let I'(Z,,) be the zero divisor graph
of a commutative ring R, whose vertices are non-zero zero divisors of Z,,, and
such that the two vertices u, v are adjacent if n divides uv. In this paper, we
introduce the concept of Decomposition of Zero Divisor Graph in a commutative
ring and also discuss some special cases of I'(Zs2,,), I'(Z52;,), ['(Z52;,), I'(Z72,)
and I'(Z,2,).

1. INTRODUCTION

All graphs considered here are finite and undirected, unless otherwise noted.
For the standard graph-theoretic terminology the reader is referred to [4].

As usual K,, denotes the complete graph on n vertices and K, ,, denotes the
complete bipartite graph with parts of sizes m and n. Let P, denote a path of
length £ and let S;, denote a star with % edges. Let C), denotes a cycle of length K,
i.e., Sy = Ky . Let D(K,,,) be the decomposition of complete bipartite graph.
Let L = {Hy, Ho, ..., H,} be a family of subgraphs of G. An L-decomposition of G
is an edge-disjoint decomposition of G into positive integer «; copies of H; where
i €{1,2,3,...,r}. Furthermore, if each H;(: € {1,2,3,...,r}) is isomorphic to a
graph H, then we say that G has a H-decomposition.

The zero divisor graph is very useful to find the algebraic structures and prop-
erties of rings. The idea of a zero divisor graph of a commutative ring was

Lcorresponding author

2010 Mathematics Subject Classification. 05C25, 06A11, 05C70.

Key words and phrases. graph decomposition, zero divisor graph.
6385



6386 A. KUPPAN AND J. R. SANKAR

introduced by I. Beck’s in [3]. Given a ring R, let G(R) denote the graph whose
vertex set is R, such that distinct vertices r and s are adjacent provided that
rs = 0. I. Beck’s main interest was the chromatic number x(G(R)) of the graph
G(R). The general terminology and notation are based on the papers [1,2,5-9].
In this paper we investigate the decomposition of I'(Z,,) into cycles and stars,
and obtain the following results.

2. PRELIMINARIES

Definition 2.1. [1] Let R be a commutative ring (with 1) and let Z(R) be its set
of zero-divisors. We associate a (simple) graph T'(R) to R with vertices Z(R)* =
Z(R) — {0}, the set of nonzero zero-divisor of R, and for distinct x,y € Z(R)* the
vertices x and y are adjacent if and only if xy = 0. Thus I'(R) is the empty graph if
and only if R is an integral domain.

Definition 2.2. A graph G is decomposable into H,, Hy, Hs, ..., H;, if G has sub-
graphs Hy, H,, Hs, ..., H;, such that

(1) each edge of G belongs to one of the H|s for some i = 1,2,3, ...,k and
(2) If i # j, then H, and H; have no edges in common.

3. 4-PARTITE OF I'(Z,2,)

In this section, we study the decomposition of I'(Z,2,) using cycles and stars.
We first discuss the graph I'(Z,2,) is partition into 4-partite graph.

Theorem 3.1. If n = 22p where p is any prime number and p > 2 then I'(Zy,,) is
2-partite (bipartite) graph.

Proof. Let I'(Zs2,) be the non-zero zero divisor graph and let p be the prime num-
ber with p > 2. The vertex set of I'(Zy,) is V = {2,4,6, ..., 2’p — 2, p, 2p, 3p, ...,

2?p — p}. Let the vertex set can be partition into two disjoint subsets, V;,V, €
V(I'(Zg2,)) where Vi = {2,4,6,...,2?p — 2} and V5 = {p, 2p, 3p, ..., 2*p — p}. Let
u,v € V; then 22p not divides uv, then does not exit the edges from u to v. Let
u € Vi, and v € V, be two vertices, then 2%p must divides uv, then there ex-
its an edge connected between u and v. Clearly, the graph I'(Zy2,) is 2-partite
(bipartite) graph. O
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Example 1. Consider I'(Zy25) = I'(Zy). The vertex set of I'(Zs0) = {2,4,5, 6,8, 10,
12,14, 15,16, 18}. The vertex set can be partition into two subsets namely V; and
Vo € T'(Zy) where Vy = {5,10,15}, Vo = {2,4,6,8,12,14, 16, 18}. Let us take any
two vertices V; (or V) is non-adjacent. Theorefore Figure 1 clearly shows that the
graph T'(Zy) is 2-partite (bipartite) graph.

Example of a figure.

FIGURE 1. I'(Zy)

Theorem 3.2. If p and g are distinct prime numbers with g > p, then I'(Z,2,) is a
4-partite graph.

Proof. Let p and ¢ are distinct prime numbers and p < ¢. The vertex set of
[(Zyp,) is V = {p,2p,3p,....,p*q — p,q,2q,3q, ...,p*q — q}. The vertex set can
be partition into 4-disjoint vertex subsets, Vi, Vs, V3, Vi € V(I'(Z,2,)), where
Vi = {pa,2pq,3pq, ...,pa(p — 1)}, Va = Vo \ Vi = {¢,2¢,3q, ...,q(p* — 1)}, V5 =
{p*,20°,3p% ... (¢ = 1)p*}, Vi = Vi \ Vs = {p,2p,3p, ...,p(pq — 1)}. If any two
vertices u,v € V; are such that p?q divides pq and there exists an edge between
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v and v then clearly V; is an isomorphic to K,,_;. Let v and v in V5 (or V5 or V)
are such p?q does not divides uv, then there exist no edge from the vertex set to
itself V; (or V3 or V}). Clearly, the graph I'(Z,2,) is 4-partite graph. O

Example 2. Consider the graph of I'(Zs25) = I'(Z45). The vertex set of I'(Zy5) is
V ={3,5,6,9,10,12, 15, 18, 20, 21, 24, 25, 27, 30, 33, 35, 36, 39, 42}. The vertex sets
Vi, Vo, V3,V € V(I'(Zs25)) can be partition into 4-partite where V; = {15,30},
Vo = {5,10,20,25,35,40}, V5 = {9,18,27,36}, Vi = {3,6,12,21,24, 33,39, 42}.
Theorefore the Figure 2 shows given graph I'(Z,s5) is 4-partite graph.

4. DECOMPOSITION OF ZERO DIVISOR GRAPH ['(Z2,)

In this section we investigate the problem of decomposing zero divisor graphs
I'(Z,2,) into complete graph K,_; and %

) copies of C}, for each p and ¢
distinct prime numbers with ¢ > p.

Theorem 4.1. If p is any prime number and p > 2, then I'(Zs2,) is decomposition
into 1-copie of K1 a,—1) With 2(p — 1) edges and ;%1 copies of Cj.

Proof. Let p is any prime number and p > 2. Let I'(Zy,) be the non-zero zero
divisor graph. The vertex set of I'(Zy2,) is V' = {2,4,6,...,2°p — 2, p, 2p, 3p}. Let
the vertex subsets are V7, V, € V. Let 2p be the middle vertex that is adjacent
to end vertex and is multiple of 2, then clearly decomposition of edges F (V) =
{2p,7)|r =2,p > 2} or Ki25-1) = {2p : 2,4,6,...,2°p — 2}. The cardinality of
E(V)=2(p—1). If E(I'(Zy2p)) \ E(K(,-1y) then there exits complete bipartite
graph K, 1) which vertex subsets are V; = {4,8,12,...,2?p — 2} and V, =
{p,3p}. Thatis |[Vi|=p—1, || =2, V] = V1| + Vol =2p—14+2=2p+ 1.
Then decomposition of complete bipartite graph D(K ,-1)) into cycle of length
4 is as follows.

D(KQ,(pfl)) :{(47]37 87 3p7 4)7 (127]77 167 3p7 12)7 (20,]3, 24a 3p> 20)7 )
(22p - 87p7 22p - 47 3p7 22p - 8)}

D(Ky 1)) ={Ci, C4, Cy, ... Cu(

times)}

2% (p—1)

Number of edges is Ky, 1 =2 X (p — 1).
Number of copies of 4 edges is =—2— =

p—1
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Then clearly K,, ; covers ;%1 copies of Cy. Hence the graph of I'(Zy,) is de-
composition into one copie of K 5(,_1) and ’%1 copies of C}. O

Example 3. Consider I'(Zy25) = I'(Zag). The vertexset of T'(Zy) = {2, 4,5, 6,8, 10,
12,14, 15,16, 18}. The vertex set can be partition into two subsets, namely V; and
Vo € T'(Zy) where Vi = {5,10,15}, Vo = {2,4,6,8,12,14, 16, 18}. Let us take any
two vertices x,y € Vi (or V3) which are non-adjacent. Let the decomposition of
edges from the graph I'(Zy) is K15 = {10 : 2,4,6,8,12,14, 16, 18}, then there ex-
its Ko4. D(Ks4) = {(4,5,8,15,4),(12,5,16,15,12)}. Clearly the Figure 1 shows
given graph I'(Zy) covers 1-star graph K, g and 2 -copies of Cl.

Theorem 4.2. If p is any prime number and p > 3, then I'(Zs2,) is decomposition
into 1-copie of P, or Ky and 3(p — 1) copies of C,.

Proof. LetI'(Zs2,,) be the non-zero zero divisor graph. The vertex set of I'(Zs2,,) is
V =1{3,6,9,...,3°p — 3,p, 2p, 4p, 5p, Tp, 8p}. Let vertex subsets are Vi, Vs, V3,V €
V where V; = {p, 2p,4p, 5p, Tp, 8p}, Vo = {9,18,27,...,9(p — 1)} = {v1, va, vs3, ...,
Up=1, Vps1, e Up1 ), Va = {3p,6p} = e1, Vi = V\ (LUK UV;) = {3,6,...,3?p—3}.
If the edge e, is deleted from the graph of I'(Z33,) then there exits 3-complete
bipartite graph namely K, ,_1, K¢ ;1 and K »(,_1). Let as show that D(K,, ,,,) be
the decomposition of complete bipartite graph into 3(p — 1) copies of Cj.
D(Ks,-1) ={(9,3p, 18,6p,9), (27, 3p, 36, 6p, 27), (45, 3p, 54, 6p, 45), ...,
D(KG,p—l) :{(pa U1, 7p7 Up—lap)7 (pv V2, 7p7 Up—Qap)7 (p7 U3, 7p7 vp—37p)a
M (p)’UPTil77p7 U%“?p)?
<2p7 U1, 6p7 'Upfh 2p>7 (2p7 V2, 6p7 Up—2, 2p)7 (2p7 U3, 6p7 Up—3, 2p)7
) (2p7 0%76]97 /UPTH’2p)7
(4]7, U1, 5p7 Up—la 4p>7 (4pa V2, 5pa vp—27 4p)7 (4p> U3, 5p7 Up—?n 4p)7
<oy (4p7 U%a 5p7 UPT"'U 4p)}
D(Kgg(p_l)) ={(3,3p,6,6p,3), (12, 3p, 15,6p, 12), (21, 3p, 24, 6p, 21), ...,
Number of decomposition of Cy is Ky, ; = =2— = E—.
Number of decomposition of Cy is K4, 1 = 25— = =5
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Number of decomposition of Cy is K5 5(,—1) = @ =p—1.

p—1 3(p—1)

D(Kop-1) + D(Kop1) + D(Kopp) = ——+ =5~ +p—1
4p—1
= 5 Ly p-1)
=3(p—1)

Clearly decomposition of 3-complete bipartite graph is 3(p — 1) copies of Cj.
Hence the graph of I'(Zs2,,) is decomposition into 1-copie of P, or K, and 3(p—1)
copies of C}. O

Example of a figure.

FIGURE 2. I'(Zy5)

Theorem 4.3. If p is any prime number and p > 5, then I'(Z52,) is decomposition
into 1-copie of K4 with 4 vertices and 10(p — 1) copies of Cl.

Proof. Let I'(Z52,,) be the non-zero zero divisor graph. The vertex set of I'(Zz,,)
is V' = {5,10,15,...,5%p — 5,p, 2p, 3p, 4p, 6p, Tp, 8p, 9p, 11p, 12p, 13p, 14p, 16p, 17p,
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18p, 19p, 21p, 22p, 23p, 24p}. Let vertex subsets are Vi, V5, V3, V), € V where 1} =
{p, 2p, 3p, 4p, 6p, Tp, 8p, 9p, 11p, 12p, 13p, 14p, 16p, 17p, 18p, 19p, 21p, 22p, 23p, 24p}
= {uy,ug, us, ..., u}, Vo = {25,50,75,...,25(p — 1)} = {vy, v, v3, e Upo1, Upt,
Uy 1}, Vi = {5p, 10p, 15p, 20p}, Vi = V\ (ViUVL,UV3) = {5, 10,15, ...,5%p—5} =
{t1,t2, 3, ooy tagp1) }-

If the edges {5p10p, 5p15p, 5p20p, 10p15p, 10p20p, 15p20p} are deleted from the
graph of I'(Zss,) then there exits 3-complete bipartite graph namely K, i,
Ky p—1 and Ky 4(,-1). Let D(K,,,,) denotes decomposition of complete bipartite
graph into 10(p — 1) copies of C,.

D(Ky4p-1) ={(5p,v1,20p,v,_1,5p), (5p, va, 20p, v,_2, 5p), (5p, v3, 20p, v,_3, 5p),
.., (5p, vp_1, 20p, v%,E)p),
(10p, vy, 15p, vp—1, 10p), (10p, va, 15p, v,_2, 10p), (10p, vs, 15p, v,_3,
10p), ...., (10p, Vp1, 15p, vpsa, 10p)}

D(K20,p71) :{(Ul, U1, U20, Up—1, U1)> (Ul, V2, U20, Up—2, Ul), (Ul, U3, U20, Vp—3, Ul),
s (Ul,U%;l,UQO,UpT-&-l,U/l)
(U27U1,U19,Up—1,uz), (UQ,UQ,U19,Up—2,U2), (UQ,U3,U19,Up—3,U2)7
s (UQ,'U%,Ulg,UpTH,UQ)
(us, V1, U1g, Vp—1,Us), (U3, Vo, Utg, Vp—2, Us), (U3, V3, U1g, Vp—3, U3),
s (u3,v%,u18,v%,u3)
(wa, V1, w7, Vp1, Ua), (Ua, Vo, Ut7, Vp—2, Ua), (Ua, V3, U7, Vp—3, Ua),
s (u4,v,;2;1,u17,vp%1,u4)
(U5701,u16,vp—1,u5)7 (U5,U2,U16,Up—2,u5), (U5,U3,U16,Up—3,u5)7
ey (u5,vp%1,u16,vp7+1,u5)
(s, V1, U1s, Vp—1, Us), (Us, Vo, Uts, Vp—2, Us), (Us, V3, Uts, Vp—3, Us),
s (uﬁ,v%,uw,v%,uﬁ)
(ur,v1, U4, Up—1, ur), (U7, va, 14, Up—2, ur), (U7, v3, 14, Up—3, uz),

...,(U7,UpT—1,u14,va+1,u7)
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(us, v1, 13, Vp1, ug), (ug, va, U1z, Up—2; ug), (ug, v3, U1z, Up—3; ug),
.u7(U8,Ug%l7u137Ug%l7U8)
(U9701>U12,Up71,U9),(Ug,vz,ulz,ﬂpfz,ug),(U97037U12,Up73,ug),
oy (g, U%,UIQ,UL;—I,’U@)
(Ulo,vl,ﬂql,vp—l,lho),(U10,U2,U11,Up—2aulo),(U10,U37U1170p—3,U10%
s (ulo,v%, Uiy, Vgt u10) }

D(Kyap-1) ={(5p, t1,20p, tap-1y, 5p), (5p, t2, 20p, tap-1)-1, 5p),
(5p,t3,20p,t4uqu_275p>,u.,<5p,téggjl,20p,téggjl+1,5p),
(10p, t1, 15p, t4p—1), 10p), (10p, t, 15p, t4p—1)—1, 10p),
(10p, t3, 15p, tagy—1)—2, 10p), ...., (10p, t@, 15p, t@“’ 10p)}

Number of decomposition of Cy in K, = 4(1’;1) =p-—1.
Number of decomposition of C; in Ky, ; = 20(6;1) = 5(p — 1).

Number of decomposition of C; in Ky 1y = 221 = 4(p — 1).

D(K3p1) + D(Kep-1)+D(Kaop-1))
=p—1+5(p—1)+4p—1)=10(p—1)

Clearly decomposition of 3-complete bipartite graph is 10(p — 1) copies of Cj.
Hence the graph of I'(Z;2,) is decomposition into 1- copie of complete graph K
with 4 vertices and 10(p — 1) copies of C,. O

Example of a figure.

Theorem 4.4. If p is any prime number and p > 7, then I'(Zr2,,) is decomposition
of 1-copie of K¢ with 6 vertices and 21(p — 1) copies of Cj.

Proof. Let I'(Z2,,) be the non-zero zero divisor graph. The vertex set of I'(Z2,,)
is

V ={7,14,21,....,7*p — 7, p, 2p, 3p, 4p, 5p, 6p, 8p, Ip, 10p, 11p, 12p, 13p,

15p, 16p, 17p, 18p, 19p, 20p, 22p, 23p, 24p, 25p, 25p, 26p, 27p, 29p, 30p, 31p, 32p, 33p,
34p, 36p, 37p, 38p, 39p, 40p, 41p, 43p, 44p, 45p, 46p, 47p, 48p}.
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FIGURE 3. T'(Z175)

Let vertex subsets are V;, V5, V3, Vy € V where
Vi ={p, 2p, 3p, 4p, 5p, 6p, 8p, 9p, 10p, 11p, 12p, 13p, 15p, 16p, 17p, 18p, 19p, 20p,
22p, 23p, 24p, 25p, 25p, 26p, 27p, 29p, 30p, 31p, 32p, 33p, 34p, 36p, 37p, 38p,
39p, 40p, 41p, 43p, 44p, 45p, 46p, 47p, 48p}
={uy, ug, us, ..., U2 },
Vo ={49,98,147,...,49(p — 1)}
={v1, V2,03, ..., Up_t, UpgL, oo, Up_1},
V3 ={7p, 14p, 21p, 28p, 35p, 42p},
Vi =V \ (i U3 UTA)
={7,14,21,....7*p -7}
—={t1, 12, L3, oo L3y 1) E3(p-1) 11, s Lo(p-1) }-
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If the edges {7pldp, Tp21p, Tp28p, Tp35p, Tp4d2p, 14p21p, 14p28p, 14p35p, 14p42p,
21p28p, 21p35p, 21p42p, 28p35p, 28p42p, 35p42p} are deleted from the graph of
I'(Z7s,) then there exits the 3-complete bipartite graph namely K, 1, K21
and Kgg(p—1)-
D(Kgp-1) ={(Tp, v1,42p, vp_1, ), (Tp, v2,42p, vy—2, Tp), (Tp, v3, 42p, vy_3, TD),
5 (7p, Vet 42p, vps 7p)
(14p, v1, 35p, vp_1, 14p), (14p, ve, 35p, v,—a, 14p), (14p, vs, 35p, v,_3, 14p),
., (14p, Up_1, 35p, Upg1, 14p)
(21p, vy, 28p, vp_1, 21p), (21p, va, 28p, vy_o, 21p), (21p, v3, 28p, v,_3, 21p),
., (21p, Upt, 28p, Upgt, 21p)}

D(K42,p—1) :{(U1, V1, Ug2, Up-1, U1), (Ul, V2, Ug2, Up—2, Ul), (Ul, U3, Ug2, Up-3, Ul),
y (ul,v%,u@,v%l,ul),
(U2, v1, U, Up—1, Uy), (U2, V2, Uy, Up—2, Uy), (U2, V3, Uy, Up—3, Uy),
. (UQ,Uprl,Uzu,UpTH,UQ)
(u3,v1, ug, Up—1, u3), (U3, va, Ugo, Up—2; us), (U3, V3, o, Up—3; us),

X (U3, /U%_l:u407 UT’T‘H7US)

(U21, V1, U22, Up—1, U21)7 (U217 Vg, U22, Up—2, U21), (U21, U3, U22, Up—3, U21),

) (U21, U%, U2, UPTH, Uzl)}

D(Kgp(p-1)) = {(7177 t1,42p, top—1y, 7P), (7D, t2, 42p, te(p—1)-1, D),
(7p7 t37 42p7 t6(p—1)—27 7p)7 cevey (7])7 t3(p—1)7 42p7 t3(p—1)+17 7p)

(14p, t1, 35p, tep—1), 14p), (14p, ta, 35p, tep-1)-1, 14p),
(14p, t3, 35p, to(p—1)—2, 14D), ...., (14p, t3p—1), 35D, t3(p—1)+1, 14D)
(21p, t1, 28p, te(p—1), 21p), (21p, ta, 28p, te(p—1)-1, 21p),
(21p, t3, 28, to(p-1)—2, 21p), ..., (21, t3(p—1), 28D, t3p—1)+1, 21p) }

_ 6(p—1) _ 3(1) 5N

_ a1 _ _ A 0y
4 2

Number of decomposition of C in K¢ 1 =

Number of decomposition of Cy in Ky3, 1 =
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Number of decomposition of Cy in K g(,—1) = =1 _ 9(p—1).

D(Kgp-1) + D(K42,p—l)+D<K6,6(p71))
3(p—1)  21(p-1)

== + 5 +9(p—1)
=12(p—1)+9(p—1)
=21(p—1).

Clearly decomposition of 3 complete bipartite graph is 21(p — 1) copies of Cj.
Hence the graph of I'(Z;2,) is decomposition into 1-complete graph K with 6
vertices and 21(p — 1) copies of C}. O

Theorem 4.5. If p and q are distint prime numbers with p < q, then I'(Z,2,) is

decomposition of 1-copie of K,,_; with p — 1 vertices and w copies of Cj.

Proof. Let I'(Zs2,) be the non-zero zero divisor graph. The vertex set of I'(Z;2,,)
is V.= {p,2p,3p,...,0°q — p,q,2q,3q, ..., (p?> — 1)q}. Using the above theorem
I'(Z,2,) is 1- complete graph and cycle of length 4. Therefore decomposition of
3 complete bipartite graph is w copies of Cy. Hence the graph of I'(Z,2,)
is decomposition into 1-complete graph K,_; with p — 1 vertices and w
copies of C}. O
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