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PRIESTLEY FUZZY SPACE
K. SUGAPRIYA! AND B. AMUDHAMBIGAI

ABSTRACT. The main purpose of understanding this study is to introduced the
notions of fuzzy upset, fuzzy downset and Priestley fuzzy Spaces. Elaborating
this study further, an equivalent condition of a fuzzy compact Hausdorff space
with a fuzzy quasi order is given together with necessary and sufficient that is
of prime important in the study of Priestly fuzzy space.

1. INTRODUCTION

Zadeh [7] is the founding father of fuzzy mathematics who introduced the
fuzzy concepts like fuzzy set theory and fuzzy logic. In 1968, Chang [3] pro-
posed the concept of fuzzy topological space with the aid of fuzzy concepts. In
1982, Priestly[6] introduced the concept of Priestly Space in topological space.
The main purpose of understanding this study is to introduced the notions of
fuzzy upset, fuzzy downset and Priestley fuzzy Spaces. Elaborating this study
further, an equivalent condition of a fuzzy compact Hausdorff space with a fuzzy
quasi order is given together with necessary and sufficient that is of prime im-
portant in the study of Priestly fuzzy space.
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2. PRELIMINARIES

Definition 2.1. [3] A fuzzy topology on a set X is a collection T of fuzzy sets in X
satisfying:

(D oeTand0 T

(2) If p and -y belongs to T, then does y U v and

(3) If p; belongs to T for each i € J, then so does \V ;.

If T is a fuzzy topology on X, then the pair (X,T) is called a fuzzy topological
space(in short., FTS). The members of T are called fuzzy open sets. Fuzzy sets of
the form (1-u) where 11 is a fuzzy open set, are called fuzzy closed sets.

Definition 2.2. [1] A fuzzy ordered set on which there is given a FTS is called an
ordered FTS. In other words, ordered FTS is a triple X = (X, T, <), where (X,T)
is a fuzzy topological space and < is a fuzzy partial order on X.

Definition 2.3. [5] A topological space (X,T) is a compact Hausdorff if it is com-
pact and Hausdorff.

Definition 2.4. [6] Let X be a compact Hausdorff space and let R be a quasi-order
on X. Then (X, R) is a Priestley space if R satisfies the Priestley separation axiom:
If a,b € X with a X b then the clopen upset U with a € Uand b ¢ U.

Definition 2.5. [1] Let X and Y be nonempty sets. A fuzzy relation R is a fuzzy
subset of X x Y. In other words, R € F(X x Y). If X = Y then we say that R is a
binary fuzzy relation in R. Let R be a binary fuzzy relation on R. Then R(u,v) is
interpreted as the degree of membership of the ordered pair (u,v) in R.

Definition 2.6. [2] Suppose X is a topological space, with topology T. Let cco
denote some abstract point that is not in X and let X be the set X U {oo}. Define a
topology T on X as follows:

(1) Each open set in X is included in T, thatis T C T.

(2) For each compact set C C C, define an element U € T by Uc. = X-0O U
{o0}.

Definition 2.7. [4] Let (X, T) be a topological space. Then (X, T) is a called
locally compact, if every point of X has a compact neighbourhood.
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3. PRIESTLEY FuzZzy SPACE

The properties and the characterization of Priestly fuzzy space are discussed
in this section. Throughout the section X denote the fuzzy relation <.

Definition 3.1. Let (X, T) be a FTS. Any fuzzy set A € I~ is said to be a fuzzy
upset with respect to the fuzzy relation R if for some p, v € IX with n < X and
R v, then v < \. If A is the fuzzy upset, then it is denoted by TA. i.e., TA = { v €
I :if u Ry and R v, then v < A\}. Any X € I is said to be a fuzzy open upset
with respect to the fuzzy relation R if )\ is fuzzy open. The compliment of a fuzzy
open upset is called a fuzzy closed upset.

Definition 3.2. Let (X, T) be a FTS. Any )\ € I¥ is called a fuzzy downset with
respect to R if for some p, v € I* with p < X and v R p, then v < \. If ) is the
fuzzy downset, then it is denoted by [\ ie., (N ={~vcI*:ifyRpuand u <
)\, then v < \}. Any \ € I is said to be a fuzzy open downset with respect to the
fuzzy relation R if ) is fuzzy open. The compliment of a fuzzy open downet is called
a fuzzy closed downset.

Definition 3.3. Let (X, T) be a FTS. The fuzzy closure of a fuzzy upset \ € I*
defined by Fcl(1)\) = U{u € IX : p € T" and X < pu}. The fuzzy closure of a fuzzy
upset \ € IX is denoted by Fcl(t)\) or 1 \.

Definition 3.4. Let (X, T) be a FTS. Any )\ € I, is said to be a fuzzy clopen upset
with respect to the fuzzy relation R if it is both fuzzy open upset and fuzzy closed
upset.

Definition 3.5. Let (X, T) be a fuzzy compact hausdorff topological space and let
R be a fuzzy quasi-order over (X, T). Then (X, T, R) is said to be a Priestley fuzzy
space if R satisfies the Priestley separation axiom: If \, u € I’X with X\ K p, then
the fuzzy clopen upset v € I* with A\ <~ and p nleq 7.
Remark 3.1.
(1) If (X, T) is a fuzzy compact hausdorff space. If A\ € I is a fuzzy upset and
p € IX is any fuzzy set with X K pi, then A\ R | p. Similarly, if A € I is a
fuzzy downset and p € I is any fuzzy set with X K i, then A K 1 .
(2) The complement of a fuzzy upset is a fuzzy downset and vice-versa.

Definition 3.6. Any FTS (X, T) is said to be of fuzzy zero dimensional if for all ),
w € I with X # pu, then there is a fuzzy clopen set v € I* with A <y and ju £ .
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Proposition 3.1. Let (X, T) be a fuzzy compact hausdorff space with a fuzzy quasi
order R on (X, T). Then the following conditions are equivalent:
(1) X € I* is fuzzy closed in the fuzzy product space (X, T) x (X, T).
(2) For each fuzzy closed set j € 1%, 1+ pand | p are fuzzy closed.
) IfpelX, thentp<tpand | p<|
(4) If \, u € I, with \ R p, then there is a fuzzy open upset v € IX with \ <
v and a fuzzy open downset n € I* such that < n with v ¢ 1.

Proof.

(1)=-(2) Suppose that \ € I* is a fuzzy closed setin (X, T) x (X, T). Let 4 €
I*be a fuzzy closed set. Consider two fuzzy projection mappings 7, m : (X, T)
x (X, T) — (X, T). Since (X, T) is a fuzzy compact hausdorff, 7|, =, are fuzzy
closed maps. So that T = m((u x 1x) UN) and | = m ((1xx @) U A), both
are fuzzy closed sets of (X, T).

(2)=(3) Suppose (2) holds. Let iz € I*. Then ji € I is fuzzy closed. By (2),
1 i is also fuzzy closed in (X, T). Since 1y < 1 fi, we have 1y < 1 [i. For fuzzy
downsets the proof is similar.

(3)=(4) Let \, u € IX, with A\ R ;.. By (3), 1 A < 1 A, so 1 \is a fuzzy closed
upset. Similarly, | y is a fuzzy closed downset. Furthermore, T A ¢ | p. Since
(X, T) is a fuzzy compact hausdorff space and hence (X, T) is a fuzzy normal
space. Therefore, for any two fuzzy open sets v, n € I* with v ¢ . We have t
A < ~and | pu <n. Since 7 is fuzzy closed, condition(3) implies | ¥ < |7 and
hence | ¥ = | 5. Therefore, |7 is a fuzzy closed downset. So that | 7 is a fuzzy
open upset. Since | ¥ < 7, we have | 7 < . Since + A K5 and 1 \ is a fuzzy
upset, then T A K | 5. Therefore, T A < | 5, and so | 7 is a fuzzy open upset 1 A
< | ¥ <. By similar argument we can prove | i < 7.

(4)=(1) Let A\, u € I*, with X\ K p, then there is a fuzzy open upset v € X
with A < v and a fuzzy open downset n € [ with ; < 5 such that v ¢ . Then
by the Definitions 3.1 and 3.2, (1) follows. O

Remark 3.2. If (X, T, R) is a Priestley fuzzy space, then Proposition 3.1 holds.

4. PRIESTLEY FUZZY ORDER COMPACTIFICATION

Let (X, T, R) be a FTS. The collection of all fuzzy points in (X, T, R) is
denoted by FP(X).
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Definition 4.1. Let (X, T, R) be a ordered FTS and let X € I be fuzzy open of
(X, T, R). Then for any x;, € FP(X),
(1) X is a fuzzy upset neighbourhood of z, if for a fuzzy open upset y € IX, x,
Sp<A
(2) A\ is a fuzzy downset neighbourhood of x; if for a fuzzy open downset upset
yelX, o, <y <A

Definition 4.2. Let (X, T, R) be a ordered FTS. Then (X, T, R) is said to be fuzzy
order Hausdorff if for A, u € I* with A\ £ u, a fuzzy upset neighbourhood ~ of A
and a fuzzy downset neighbourhood n of p such that ~ ¢ 7.

Definition 4.3. Let (X, T, R) and (Y, S, Q) be ordered FTS. Then (Y, S, Q)
is a fuzzy order compactification of (X, T, R) if (Y, S, Q)is compact fuzzy order
Hausdorff and (X, T, R) is fuzzy order homeomorphic to a dense fuzzy subspace of
Y, S, Q.

Definition 4.4. Let (X, T, R) and (Y, S, Q) be any two ordered FTSs. Then (Y,
S, Q) is said to be a Priestley fuzzy order compactification of (X, T, R) if (Y, S, Q)
is a Priestley fuzzy space which is a fuzzy order compactification of (X, T, R).

Definition 4.5. Let (X, T, R) be a FTS. Let x; be a fuzzy point such that x,; notin
mathbbF P(X) and X = X U {x,}. Define a fuzzy topology T on X is as follows:
(1) Each fuzzy set in T is a fuzzy set in T. (2) For each fuzzy compact set \ € IX
define . € IX such that = (1x-\) U {z;}. Then (X, T, R) is the fuzzy one-point
compactification of (X, T, R).

Remark 4.1. A ordered FTS has a Priestley fuzzy order compactification iff it is of
fuzzy order zero dimensional.

Proposition 4.1. Let (X, T, R) be a locally compact fuzzy order Hausdorff space,
and let (X, T, R) be a fuzzy one point compactification of (X, T, R). Then (X, T,
R) is a Priestley fuzzy space iff (X, T, R) is a fuzzy order zero dimensional.

Proof. If (X, T, R) is a Priestley fuzzy space, then (X, T, R) has a Priestley fuzzy
order-compactification. Thus, by Remark 4.1, (X, T, R) is of fuzzy order zero
dimensional. Conversely, suppose that (X, T, R) is a fuzzy order zero dimen-
sional. We need to show that (X, T, R) satisfies the Priestley fuzzy separation
axiom. Let \, p € I with X nleg . Since (X, T, R) is fuzzy compact and fuzzy
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order Hausdorff, there is a fuzzy open upset §' € I* and a fuzzy open downset
v € I¥ sothat A < 4§, y <~ and §' ¢ 4. First suppose that A = z;. Then 15 -
§' is a fuzzy compact downset of (X, T, R) such that 13 - § > y'. Therefore, v
= f; <lg- § is a fuzzy compact subset of (X, T, R). Moreover, since (X, T, R)
satisfies the Priestley fuzzy separation axiom, so does ~. Thus, + is a Priestley
fuzzy space and ~' is a fuzzy open downset of (X, T, R). Therefore, 4 = Vv,
~i, Where ~; denotes the fuzzy clopen downsets of 7. Let 9 be a fuzzy clopen
downset of v such that i < ¢ < ~'. Since 7' is a fuzzy open downset of X and ¥
< v/, then ¥ is a fuzzy compact open downset of (X, T, R). Let § = 13 - ¥. Then
¢ is a fuzzy clopen upset of (X, T, R) for 2, < ¢ and p £ 6. A similar argument
shows that if ;1 = x,, then there is a fuzzy clopen upset § of (X, T, R) such that
A < ¢ and x; £ 6. Finally, suppose \, u € (X, T, R). Because A « p, we have
A £ u, and since (X, T, R) satisfies the Priestley fuzzy separation axiom, there
is a fuzzy clopen upset A" of (X, T, R) such that A < A" and p £ \". From )
%_ w it follows that either A % Xy O Iy %_ (. Suppose %_ z;. Since (X, T, R) is
fuzzy compact and fuzzy order Hausdorff, then there is a fuzzy open upset 9,
and a fuzzy open downset v, of (X, T, R) such that A\ < §;, z; < v, and &, q
v1. Therefore, 14- v, is a fuzzy compact subset of (X, T, R). Thus, ¢’ Ud, < 1g-
v, is a fuzzy compact subset of (X, T, R), and since ¢’ U 4, satisfies the Priestley
fuzzy separation axiom, & U4, is a Priestley fuzzy space. Moreover, §' U d; is
a fuzzy open upset of &' U d;. Therefore, there exists a fuzzy clopen upset ¢ of
6" Ud, such that A < § < & U ;. But then ¢ is a fuzzy clopen upset of (X, T,
R) with A < § and p % 6. The case when x, %  is similar. Thus, (X, T, R) is a
Priestley fuzzy space. O
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