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VARIOUS CONTRACTION CONDITIONS IN DIGITAL METRIC SPACES

KANIKA RANA1 AND ARUN KUMAR GARG

ABSTRACT. Digital Contractions are the application of digital metric fixed point
theory that are useful to study the properties of digital images.The aim of this
paper is to prove the existence of fixed point theorems for Hardy-Roger’s and
Zamfirescu contraction in setting of digital metric Space.

1. INTRODUCTION

Fixed point theory is a very complex and beautiful subject to study the con-
tinuation of fixed points f(t) = t. The knowledge of fixed points and its prop-
erties plays a very important role in many branches such as computer applica-
tions,biology, analysis and topology. Besides, it has some applications in com-
puter graphics and image processing. There are many physical problems that
can also be resolved using the perception of fixed points. The theory of fixed
points begins with the celebration of Banach Contraction Principle which was
introduced by S. Banach in 1922 [1] which states that “Let T be a mapping from
a complete metric space (X, d) into itself satisfying ; d(px, qy) ≤ αd(x, y)” . Till
now, several developments have been done. Fixed point theory continues to
develop with the new computations and comes out with the new and improved
results.
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Digital Topology is an important tool to study the properties and features of
2-D and 3-D digital images using topological properties of the objects. This
interesting topic has been studied by many researchers such as Rosenfeld, Han,
and many more. The main aim is not only to study the similarity between Digital
topology and fixed points but also to study the difference between topology
and digital images. Digital topology has an emphasis on grinding topological
properties of n-D digital images [2, 3], which comprises some fields of computer
science [4, 5, 6]. To be definite, the origin of digital continuity was established
by Rosenfeld [7] for revising 2-D and 3-D digital-images. Then this perception
was stretched into the study of n-D digital images [3]. Till date now, a number of
digital continuities have been settled [8,9,5] for grinding digital-images from the
perspective of digital topology. Based on this approach, [10] firstly studied the
property of digital-images.Contraction conditions of digital-images was recently
studied in [11].

2. PRELIMINARIES

Definition 2.1. ([3]): Let B be a subset of Zn for integer n ≥ 0 where Zn in the
Euclidean space of dimension n is the set of lattice points and ϑ stands for adjacent
relation for the members of B . An ordered pair (B, ϑ) is a digital-image.

Definition 2.2. ([3]): Two distinct points u, v ∈ Zn are ϑ- adjacent for nD digital-
images if they satisfy the below conditions

For a natural number l, 1 ≤ l ≤ n, two distinct points ;u = (u1, u2, u2, . . . un),
v = (v1, v2, v3, . . . . . . , vn) ∈ Zn, and ϑ - adjacent if atmest 1 of the co-ordinates
differ by ±1 and all other points coincide. Therefore, the ϑ - adjacency relations of
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Zn as follows:

(2.1) ϑ := ϑ(l, n) =
n−1∑
i=n−l

2n−iCn
i .

Definition 2.3. ([12]) Let (B, ϑ0) ⊂ Zn0 and (C, ϑ1) ⊂ Zn1 be digital-images and
a function f : B → C. Then f is digitally continuous at b0 ∈ B iff for every ε ≥ 1

there is δ ≥ 1 such that b ∈ B and ek0 (b0, b) ≤ δ implies eϑ1 (b1, b) ≤ ε.

Definition 2.4. ([13]) Let p, q ∈ Zn with p ≤ q, then the set

dp, qe7 = {z ∈ Z | p ≤ z ≤ q}.

is called 2-adjacency digital interval. Using the ϑ -adjacency relations of Zn of (2.1),

a digital neighbourhood of u in Zn is the set [16]Nk(u) = {v | v is adjacent to u}.
Furthermore, using the notation of [13]

N∗d (u) = Nϑ(u) ∪ {u}.

Definition 2.5. ([14]) A digital-image B ⊂ Zn is θ -connected iff each pair of
altered points u, v ∈ B there is a sequence {ui} where i ∈ (0, l) of points of a
digital-image B such that u = up and v ≡ v1 with ui and ui+1 are θ -neighbors.
There is a simple θ path with l elements, length of whose elements is the number l
denoted by lo(u, v). For a digital image (B, θ) as a generalization of Nk the digital
ϑ -neighbourhood of uo ∈ B with radius ε is defined in B to be the following subset
of B

Nθ (u0, ε) = {u ∈ B | lθ (u0, u) ≤ ε} ∪ {u0} ,
where lk (u0, u) is the length of a shortest simple ϑ-path from u0 to u and ε ∈ N.
Concretely, for B ⊂ Zn we obtain

Nθ(u, 1) = N∗θ (u) ∩B.

Proposition 2.1. ([3]) Let (B, θ0) and (C, θ1) be digital-images in Zn0 and Zn1

respectively. A function f1 (B, θ0) → (C, θ1) is digitally (k0, k1)-continuous if and
only if for every

u ∈ B, f (Noo(u, 1)) ⊂ f (Nθ1(f(u), 1) .

According to Proposition 2.1, the points v ∈ Nθ0(u, 1) is mapped into the points
f(v) ∈ Nθ1(f(u), 1) which signifies that for the points u, v which are ϑ0-adjacent
a (θ0, θ1)-continuous map f has the property:

f(u) = f(v) or f(v) ∈ Nθ1(f(u)) ∩ Y.
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Definition 2.6. ([4, 2]) Let (B, θ0) and (C, ϑ1) be digital-images in Zn0 and Zn1

respectively. Then a map g : B → C is called a (θ0, θ1) -isomorphism if g is a digital
(θ0, θ1)-continuous, bijective and further g−1 is (k0, k1) continuous which can be
denoted by X̄ ∼= (K0, K1)Y .

3. COMPLETE DIGITAL METRIC SPACE

Definition 3.1. ([6]) let (B, θ) be a digital-image set. Let θ be a function from
(B, θ) × (B, θ) → Zn satisfying all the properties of metric space. The triplet
(B, θ, θ) is called digital metric space.

Definition 3.2. ([6]) A pair (B, θ, θ), together is a digital-metric space with θ-
adjacency relation. Definition 3.2 [6] sequence {un} of points of a digital metric
space (B, θ, θ) is known to be a cauchy sequence if for all ε > 0 there exists N ∈ N

such that for all n,m > N , then

θ (un, um) < ε.

Han [2] recognized the distance among two different points u, v ∈ B in Eu-
clidean space is greater than or equal to 1 as follows:

Proposition 3.1. ([2]) Consider two points ui, uj in a sequence {un} of B in a
digital metric space (B, θ, θ) such that they are θ-adjacent is ui ∈ Nθ (uj, 1) or
ui ∈ Nθ (uj, 1) and ui 6= uj. Then they have the Euclidean distance d (ui, uj) ∈{√

t | τ ∈ [1, l]z
}

.

Proposition 3.2 (2). A sequence {un} of points of a digital metric space (B, θ, θ)

is a Cauchy sequence if and only if there is N ∈ N such that for all n,m > N we
have

θ (un, um) < 1 and u = um

for all n,m > N .

By using the Proposition 3.1, the convergence of a sequence of a digital metric
space (B, θ, θ) is defined as follows:

Definition 3.3. ([2]) {un} sequence of points in a digital metric space (B, θ, ϑ)

assemble to a limit L ∈ X, if there is N ∈ N in such a way that for all n > N we
have,

un = L, t, eun = un+1 = un+2 = · · · = L.
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Definition 3.4. ([2]) A digital metric space (B, θ, θ) is a complete digital metric
space if any Cauchy sequence {un} of points of (B, θ, θ) converges to a point L ∈ B.

Definition 3.5. ([6]) let (A, θ, θ) be any digital metric space. A self -map f on a
digital metric space is said to be a digital contraction if there exists a ∈ [0, 1); such
that for all, y ∈ B, θ(f(u), f(v)) ≤ λθ(u, v).

Proposition 3.3. ([6]) every digital contraction map f : (B, θ, θ) → (B, θ, θ) is
digitally continuous.

4. MAIN RESULT

Below, we validate fixed point theorems using contractions in digital metric
space (DMS).

Theorem 4.1 (Zamfirescu Contraction). Let (B, θ, θ) be a complete digital metric
space and T : B → B be an injective mapping satisfying the condition:

1. θ(Tu, Tv) ≤ αθ(u, v)

2. θ(Tu, Tv) ≤ β[θ(u, Tu) + θ(v, Tv)]

3. θ(Tu, Tv) ≤ γ[θ(u, Tv) + θ(v, Tv)]

θ(Tu, Tv) < ϕMax

{
d(u, v),

d(u, Tu) + d(v, Tv)

2
,
d(u, Tv) + d(v, Tu)

2

}
(4.1)

for all θ ∈ [0, 1);α, β, γ > 0;u, v ∈ B and u 6= v, have a fixed point if α+β+γ < 1

and moreover a unique point if α + γ < 1.

Proof. Let {un} be a sequence in B defined as u0 ∈ B, and consider the iterate
Tun = un+1. If for some n Tun = un,3, then xn is a fixed point. Let Tun 6= un,.
Then using the condition (4.1), we have

θ (un+1, un+2) = θ (Tun, Tun+1)

≤ ϕMax

{
θ (un, un+1) ,

(
θ (un, Tun) + θ (un+1, Tun+1)

2

)
·
(
θ (un, Tun+1) + θ (un+1, Tun)

2

)}
θ (un+1, u) ≤ ϕMax

{
θ (un, un+1) ,

(
θ (un, un+1) + θ (un+1, un+2)

2

)
·
(
θ (un, un+2) + θ (un+1, un+1)

2

)}
.
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It follows

θ (un+1, un+2) ≤ ϕMaxθ (un, un+1) .

Successive iteration shows that

d (un+1, un+2) ≤ ϕθ (un, un+1) ≤ ϕ2θ (un−1, un) . . . ≤ ϕnθ (u0, u1)

θ (un+1, un+2) ≤ ϕnθ (u0, u1)
.

As we know, if {un}n→∞ is a sequence in digital metric space (B, θ, θ) such that

θ (un+1, un+2) ≤ ϕnθ (u0, u1, θ)

for all k ∈ [0, 1) and n = 1, 2, 3, . . .. Then {un}n→∞ is a Cauchy sequence in
(B, θ, θ). Since (B, θ, θ) is a complete digital metric space; {un}n→∞ converses.
Let u ∈ B, then limn→∞ un → u∗. Again T is continuous, and therefore

Tu∗ = T
(

lim
n→∞

un

)
= lim

n→∞
Tun = u∗ ⇒ Tu∗ = u∗.

This implies T has a fixed point Tu∗ = u∗ in B.
Now we will show that u∗ is unique. for that suppose v∗ is another fixed point

therefore Tv∗ = v∗. Therefore by inequality (4.1) we have

θ (Tu∗, T v∗) ≤ ϕMax

{
θ (u∗, v∗) ,

(
θ (u∗, T v∗) + θ (v∗, T v∗)

2

)
·
(
θ (u∗, T v∗) + θ (v∗, Tu∗)

2

)}
θ (u∗, v∗) ≤ ϕθ (u∗, v∗) .

This implies (1 − ϕ)d (u∗, v∗) ≤ 0, and further d (u∗, v∗) = 0. Since ϕ > 1, we
have u∗ = v∗ and u, v∗ are not two different point but are same.

Hence T has a unique point. �

Theorem 4.2 (Hardy And Rogers contraction). Let (B, θ, θ) be a complete digital
metric space and T+B → B be an injective mapping satisfying the condition

(Tu, Tv) ≤ α1θ(u, v) + α2θ(u, Tu) + α3θ(v, Tv)

+α4θ(u, Tv) + α3θ(v, Tu)ω (4.2)

for all θ ∈ [0, 1);α1, α2, α3, α4, α5 > 0;u, v ∈ B and u 6= v have a fixed point if
α1 + α2 + α3 + 2α4 < 1 and moreover a unique point if a1 + α4 + a5 < 1.

Proof. Let {un} be a sequence in B defined as x0 ∈ X, and consider the iterate
Tun = un+1. If for some n, Tun = un,3, then un is a fixed point. Let Tun 6= un,.
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Then using the condition (4.2), we have

θ (un+1, un+2) = θ (Tun, Tun+1)

≤ α1θ (un, un+1) + a2θ (un, Tun) + a3θ (un+1, Tun+1)

+ α4θ (un, Tun+1) + α5θ (un+1, Tun)

≤ α1θ (un, un+1) + a2θ (un, un+1) + a3θ (un+1, un+2)

+ α4θ (un, un+2) + α5θ (un+1, un+1)

≤ α1θ (un, un+1) + a2θ (un, un+1) + a3θ (un+1, un+2) + α4 [θ (un, un+1)

+θ (un+1, un+2)]

(1− a3 − a4) θ (un+1, un+2) ≤ (α1 + a2 + α4) θ (un, un+1)

θ (un+1, un+2) ≤
(a1 + α2 + α4)

(1− a3 − α4)
θ (un, un+1)

θ (un+1, un+2) ≤ ϕθ (un, un+1) ,

where ϕ = (a1+a2+a4)
(1−a3−a4) < 1⇒ α1 + a2 + α3 + 2α4 < 1. Continuing iterations up to

n times we receive

θ (un+1, un+2) ≤ ϕnθ (u0, u1) .

As we know, if {un}n→∞ is a sequence in digital metric space (B, θ, θ) such that
θ (un+1, un+2) ≤ ϕnθ (u0, u1) for all θ ∈ [0, 1) and n = 1, 2, 3, . . ., then {un}n→∞ is
a Cauchy sequence in (B, θ, θ). Since (B, θ, θ) is a complete digital metric space,
{un}n→∞ converses. Let u∗ ∈ B. Then limn→∞ un → u∗. Again, T is continuous,
and therefore

Tu∗ = T (ltmn−∞un) = limn→∞Tun = u∗ ⇒ Tu∗ = u∗

implies Tp has a fixed point Tu∗ = u∗ in B.
Now we will show that u∗ is unique. For that suppose v∗ is another fixed point

therefore Tpv∗ = v∗. Therefore by inequality (4.1) we have

θ (Tu∗, T v∗) ≤ α1θ (u∗, v∗) + α2θ (u∗Tv∗) + α3θ (v∗, T v∗)

+ α4θ (u∗, T v∗) + α5θ (v∗, Tu∗)

θ (u∗, v∗) ≤ α1θ (u∗, v∗) + α2θ (u∗, u∗) + α3θ (v∗, v∗) + α4θ (u∗, v∗)

+ α5θ (v∗, u∗)
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θ (u∗, v∗) ≤ α1θ (u∗, v∗) + α4θ (u∗, v∗) + α3θ (u∗, v∗)

θ (u∗, v∗) ≤ (a1 + a4 + a3) θ (u∗, v∗)

(1− α1 − α4 − a3)θ (x∗, y∗, θ) ≤ 0,

which implies u∗ = v∗ since α1 +α4 +α5 < 1, and also implies that u∗ and v∗ are
not different point but are same.

Hence u∗ is unique. �

5. CONCLUSION

We have revised the background of digital images and studied the complete-
ness of digital metric space . Further, we proved the digital version of fixed point
theorems using different contraction condition in digital metric space. We hope
that the above results are helpful to understand the connection between digital
images and fixed point theory and the results are applicable in image processing
technique.
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