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AND TITILOPE F. AMINU

ABSTRACT. In this paper, we have developed a deterministic dynamic model of
malaria transmission governed by a non-linear system of differential equations.
We consider global dynamic of the model by finding the basic reproduction
number (R() using Next Generation Matrix. Direct method of Lyapunov func-
tion is employed to show the global stability analysis of disease-free equilibrium
(Ep) and endemic equilibrium (£7). The results illustrate that malaria would
become extinct in the neighbourhood whenever Ry < 1. Also, malaria would
persist in the neighbourhood whenever R, > 1 regardless of the number of
infectious humans at initial stage of the population as endemic equilibrium is
globally stable.

1. INTRODUCTION

Malaria is a life-threatening disease caused by parasites that are transmitted
to people through the bites of infected female Anopheles mosquitoes. It is pre-
ventable and curable. Malaria still remains one of the most leading mortality
rate after HIV/ AIDS in Africa [1]. In fact, an estimated 405, 000 mortality of
humans in which 272,000 of under aged 5 years children were recorded world-
wide in 2018 according to WHO [2]. Roll-Back Malaria (RBM) programme

Lcorresponding author
2010 Mathematics Subject Classification. 34D23, 93D30.
Key words and phrases. Global Stability, Malaria Transmission, Disease-Free Equilibrium, En-

demic Equilibrium, Lyapunov function.
5305



5306 A. 1. ABIOYE, O. J. PETER, F. A. OGUNTOLU, A. F. ADEBISI, AND T. F. AMINU

was instigated to focus on two important areas namely, prevention and treat-
ment of malaria. Because of this, Roll-Back Malaria Partnership makes public
new strategies to curb malaria globally by 2030 [3]. Ghana and Nigeria are
listed to be among the top 10 countries in Africa that had risen cases in mor-
tality rates in 2018. Many researchers have developed mathematical models
on malaria such as [4-9]. Currently, no study has considered exposed-class,
disease-induced death rates, nonlinear force of infection, and newborn birth
rates with the global stability at the same time. Many researchers developed
epidemiological mathematical models on global stability and considered vari-
ous approaches [10]-[15]. This work focuses on the analysis of the Globally
Asymptotically Stability (GAS) for both disease-free and endemic equilibrium to
the proposed malaria model.

2. MATERIALS AND METHODS

This developed model is an extension of Budhwar and Daniel [15] integrated
with the rate of newborn birth with human infection, the exposed mosquito
population compartment, the disease-induced death rate and the rate of re-
lapse in the human population which comprises the exposed and infected com-
partments. The total population of humans N, (¢) can be defined as Nj(t) =
Sh(t) + En(t) + In(t) + Ry(t) where Sy(t), Exn(t), In(t) and Ry (t) represent sus-
ceptible humans, exposed humans, infectious o humans and recovered humans
respectively. Similarly, the total population of mosquitoes V,,(t) can be defined
as Ny, (t) = Sp(t) + En(t) + L, (t) where S, (), E,,(t) and I,,(t) represent suscep-
tible mosquitoes, exposed mosquitoes and infectious mosquitoes respectively.
Ay is the recruitment rate of the humans, v is the rate of exposed in humans,
w is the recovery rate of humans, v, is the relapse rate of humans (the rate at
which humans with low immunity return from recovered class back to infectious
class), v is the rate of newborn’s birth with infection of humans, 1 is the natural
death rate of humans, ¢, is the disease-induced death rate of humans, ~; is the
loss of immunity rate of humans, A,, is the recruitment rate of mosquitoes, 9,,
is the disease-induced death rate of mosquitoes, [3,, is the rate of interaction
between human and mosquito and f,, is the rate of interaction between human
and mosquito. The flow chart of host-vector (human-mosquito) populations is
shown in figure 1.
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FIGURE 1. Flow chart of the model
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2.1. Assumptions of the Model. Some of the assumptions used in the model
are listed below

(i) Mosquitoes are assumed not to recover from the parasites.

(i) The human population has a low or incomplete immunity to malaria.
(iii) The exposed class can also transmit the disease.
(iv) There is relapse of the infection after treatment.

(v) Malaria is contracted only from infected mosquitoes.
(vi) Newborn births can be affected by malaria.

The differential equations of the flow chart in figure 1 are

(2.1)

dSc]iLt(t) = Ay = BuSh(D)Ln(t) — pSu(t) + N Ra(t)
dE;t(t) — BnSn () Ln(t) — (v + o+ 64) En(t)
dIn(t) _ VEL() — (w =+ p+ 6, — ) In(t) + Y2 Ru(t)
deLt(t) = wp(t) — (71 + 72 + p) Ba(t)
dS;;(t) = Ay = BinS (O In(t) — 7Sum (1)
dEcZ(t) = B S () — (@ + 1) Em(?)
dIL, (1)

e aF,(t) — (4 0m)Ln(t).
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2.2. Basic Properties of the Model.

2.2.1. Positivity of the Solution. Consider the positivity solution of the state vari-
ables of model (2.1) with non-negative initial conditions.

Theorem 2.1. Let S,,(0), £,(0), 1,(0), Rr(0), S (0), En(0), I,,,(0) be non-negative,
then the solutions (Sy(t), En(t), In(t), Ru(t), Sm(t), Ewm(t), In(t)) of the model (2.1)
are non-negative for all t > 0.

Proof. Let t* = sup{t > 0: Sy(t) > 0, Ex(t) > 0, I,(t) > 0, Ry(t) > 0, S,,(t) > 0,
E,(t) > 0,1,(t) > 0} then t* > 0. From the first equation in the model (2.1),
we say that

dS(;Lt(t) = Ap + 71 Ru(t) = BrSn(t) I (t) — wSn(t) = Ap — [Bulim(t) — p]Sh(t) .

This can be written as

di |:Sh<t) expfot Bhfm(s)ds-‘r,ut] > Ah expfg BnIm (s)ds+put )
t -

Integrating both sides from ¢ = 0 to ¢ = t* and to make Sj(t*) subject of the
formula, we obtain

Sp(t*) > Sk(0) [expffot* ﬁh[’"(s)dswt*} + [expff“t* ﬁhlm(s)dswt*}

t* .
> {/ Ay, eXp—fot Brdm (y)dy-+p da:} >0.
0

As a result, S, (t*) being > 0 the sum of positive terms is positive [19]. By same
argument, it can also be proved that Ej(t) > 0, I,(t) > 0, Ry(t) > 0,S,,(t) >
0, Ep(t) > 0,1,(t) > 0 forall ¢ > 0. O

2.2.2. Boundedness of the Solution. It is very important to show the bounded-
ness solution of the model (2.1).

Theorem 2.2. All solutions (S1,(0), E,(0), I,(0), R,(0), S (0), £,,(0), 1,,(0)) of the
malaria model (2.1) are bounded. Therefore, from (2.1), if

A
lim sup N, (t) < =2
t—o0

Am
n
then Ni,(t) = Sp(t) + En(t) + In(t) + Ri(t) and Ny, (t) = S (t) + En(t) + Ln(t).

lim sup N,,(t) <
t—o0
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Proof With the proof of boundedness, 0 < En(t) <  Nu(t),
0 < In(t) < Np(t), 0 < Ep(t) < Np(t) and 0 < I,,,(t) < Ny, (t). Adding the
human population and the mosquito population from (2.1), we obtain respec-

tively
(:2) AN, (t)

All solutions of model (2.1) are bounded. Hence, equation (2.2) is given by
dN,(t
M e+ 20— ) ) < Dy )

M= (0,080 < P g, 0).

Therefore, this can now be written as

Ap . ,
G20, —g) = dminf Ni(®) < Jlim sup Na(t) < =
Am s . Am
———— < lim inf N,,(f) < lim sup N,,(t) <
(N + Op) — oo o0

2.2.3. Invariant Region. Consider the model (2.1) with non-negative initial con-
ditions, all the state variables must be meaningful mathematically, biologically,
epidemiological and positively invariant in the region (2 , see Olaniyi at al. [4].

Theorem 2.3. The region Q) = Q;, U Q,, C R4 x R? is positively invariant for
the model (2.1) with non-negative initial conditions Rl-

Proof. Let ), represent feasible region of human population and §2,, represent
feasible region of mosquito population of the model (2.1). Therefore, the feasi-
ble region of the model (2.1) can be written as

Q:QhUQmCRi X Ri
with

A
Qp :{(Sh,Eh,Ih,Rh) € Ri : Sh+Eh+Ih+Rh < Fh}

A
0050 B ) €854 B 22
n
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To reaffirm the positive invariance of (2, the following steps are considered for
the solution in Q2 V ¢t > 0. Model (2.1) is the rate of change of human and
mosquito populations and this follows that

AN, (1)
< A, — uN,
e R n(t)
AN, (1)
< A,, —nN,,(t).

Therefore, by the standard comparison theorem by Lakshmikantham et al. [16],
we obtain

A

Niu(t) < Np(0)e™ 4+ =2 (1 — )
W

A

Non(t) < Nou(0)e ™ +

(1 — e_"t) .

A A A A
In particular, N, (t) < = if N,(0) < —* and N,,(¢) < == if N,,,(0) < —=. Hence
1

the region (2 is positive invariant. It sufficient to consider the dynamics of the
flow formulated by model (2.1) in €. O

2.2.4. Existence of Equilibrium Point of the Model. It is very important to exam-
ine the model (2.1) quantitatively to study the condition of existence of equi-
librium points as well as to know what will finally occur to the disease as time
goes on. These questions may arise thus:

(i) will the disease (malaria) become extinct? Or
(ii) will this disease be found in the population and turn out to be endemic?

To answer the above questions, it is necessary to consider the long-term be-
haviour of the solutions. This behaviour could be determined mainly on the
equilibrium points. For equilibrium point, setting the derivatives on the right
hand side of model (2.1) to be zero, then to show that disease free equilibrium
exists, let £, = I}, = E,, = I,,, = 0 to obtain

A A,
(2.3) Ey = (=2,0,0,0,=2,0,0)
[t 1

Therefore, equation (2.3) shows that disease free equilibrium exists.



GLOBAL STABILITY OF SEIR — SEI MODEL OF MALARIA TRANSMISSION 5311

2.2.5. Basic Reproduction Number (R,). We derive R, of the disease free equi-
librium (DFE) by using next generation matrix method. Therefore, if matrix F
stands for new infection terms and V stands for the remaining transfer terms of
the DFE, then FV ! is called "Next Generation" Matrix.

A
o o o P
i
0 0 0 0
F =
mAm
0 g 0 0
n
0 0 0 0
and
U+ 1+ 0y 0 0 0
vV —v W+ 0, — 0 0
B 0 0 a+n 0
0 0 —a N+,

Multiplying F with the inverse matrix of V and since, the basic reproduction
number (R,) is the dominant or largest eigenvalue corresponding to the Spec-
tral radius of matrix (FV~!). According to Anderson and May [17] , the basic
reproduction number can be expressed as Ry = p(FV ') where p is the Spectral
radius. Therefore, the basic reproduction number is given by

R — vBR AR ABmlm
TN po+ )W+ 0h— ) e+ )+ Gm)

3. GLOBAL STABILITY ANALYSIS

3.1. Global Stability of the Disease-Free Equilibrium (DFE).

Theorem 3.1. If Ry < 1 then the disease free equilibrium E, given by equation
(2.3) is globally asymptotically stable. Otherwise, it is unstable.

Proof. Olaniyi et al. [18], consider the formed Lyapunov function of the type

S§ = a1 By + aoly + asbEy, + aqly,

where Y L Ry
a; = , Gy = , a3 =
Popotpt o)W p o —19) 7 (wHpto—9) 7 Buhn
_nla+nRe . .
and ay, = —————. It is clearly shown that a;, as, a3 and a4 are all positive.

Bmal,
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Therefore, the derivative of § can be written as

3 = GlEh + a2jh + G3Em + Cl4jm

. v
§ T (0 A o) (@t it o — ) (BnSilim = (v 4 4+ On) En)
1
) +<w+u+5h_w)(UEh—(WJFMﬂL(Sh—ID)Ih-F’Yth)
’ R
5o (Bl = (0 1))
+n)R
% (@B — (0 4 6) L) -
From the equations (3.1), we obtain
5= ( VB Sh _ (et n)(n+ 5m)R0) I
(U + p+ o) (w + p + 0 — 1) BmAma "
nROSm _ 72
i ( Am 1) bt ((w+u+6h—w)> fon
{ VB AR ~nla+n)(n+ 5m)730] I
(v + p+0p) (W + p 4 0n — ) BmAma "
+ (Ro — 1) [h

B Amp(v + p+ 0p)(w+ p+ 6, — V) (Ro—1) .

(\/ VB AR (a4 1)(1 + 6m) ) I, + I

The above result, § < 0 provided Ry < 1 as well as ot§ = 0 provided that
Ro = 1lor I, = 0and [,, = 0. This means that the highest invariance set
in {(Sh,Eh, In, Ry, S, B, Iy) € RY 5= O} is the singleton DFE (E,) and by
LaSalle’s Invariance Prnciple according to LaSalle [19], DFE (E,) is globally
asymptotically stable in R”.. Epidemiologically, the prove of theorem 3.1 shows
that malaria would become extinct in the neighbourhood whenever R, < 1
regardless of the number of humans in model (2.1) at initial stage of the popu-
lation. O

3.2. Global stability analysis of endemic equilibrium.

Theorem 3.2. If Ry > 1 then model (2.1) has a unique endemic equilibrium (E})
whenever Ry > 1 and no endemic equilibrium otherwise.
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Proof. For equilibrium point, setting the derivatives on the right hand side of
model (2.1) to be zero and let S, = S;,E, = E;, I, = I},R, = R;,S,, =
St E, = Ef and I, = I’ to establish the existence of endemic equilibrium
points as Ey = (S}, E;. I, R;, Sy, EX ., 1)) Therefore, the model (2.1) becomes

. A t+mR; « Bnly,Sh * vE} + 7R
Sh =) Eh =, Ih =
p+ Brlf, (U4 p+ ) wHp+ o, —
I; A, A S"
@2 R . g A g OeliSn
Y1+ n+ Bl (a+n)
. _ b

For convenience, let x; = (v+ pu+0p), vo = (W+ p+ 9, — ) and x5 = (1 + 72 +
1). By substitution method and making /;, subject of formula, equation (3.2)
becomes

(3.3) AL + B =0

where A = (290 (vyw + T17w — 12973) R 4+ vAR B (wye — z273)) and
B = vApn(waz3(R3 — 1)+ wye). Hence, equation (3.3) can be defined as

Ij = _7 < 0if B> 0at Ry < 1, and endemic equilibrium does not exist.

B
Moreover, [} = — > 0if B < 0 at Ry > 1. Therefore, there exists the endemic
equilibrium only at Ry > 1. This shows that model (2.1) has a unique endemic
that is positive equilibrium whenever R, > 1. g

Theorem 3.3. If Ry > 1 then the endemic equilibrium of model (2.1) given by
E, = (S, B I Ry, Sk EY LY ) is globally asymptotically stable in the interior of
the region R”.

Proof. Following Olaniyi et al. [18], and Shuai and Van Den Driessche [20], the
equation below is made of the following Goh-Volterra type Lyapunov function:

S E
T=5,—8 -8 In=t+E,—E — EfIn—
Sh Ly
* * Ih * * Sm
(3.4) +k1(1h—fh—IhlnF)Jrkz(Sm—Sm—SmlnS—*)
h m

E, I,
k(B — Bf = Epyn 22) k(L — I, = I In 72

m m

)
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SkI* S* I+ BSiIL,

equation (3.4) with respect to time and If R, — R; as tlme,mt — o0 in equation
(3.2) and model (2.1) then using substitution method as well as simplifying to
obtain
T =uS; (2 - g—h ~ S—) 1 5;3{ (2— gm ? ) + BrS; I,
( S LE, SiluEp S, ILE. SthE;;) <0
Sn  IE.  SiINE, Sn InE:y S:I'E,) =

. Differentiating

Therefore, since arithmetic mean is greater than the geometric mean, then the
following inequalities hold:

S* Sh S* S
2____< 9 m _ T L d
S, S* 0 S S 0 an

St LiEn _ SuluBp  Sh  LEn  SuhiBn\
Sn  ILE.  SiINE, Spn  InE:n  SiIE, )~
O

For that reason, 7 < 0 for Ry > 1. Since all the parameters are non-negative
with 7 = 0 provided that, S, = S, E, = E;, I, = I}, Sy, = S%,, E,, = E*, and
I, = I,. Meanwhile R, — R; as time, ¢ — oo and so by LaSalle’s invariance
principle (LaSalle [19]) the endemic equilibrium FE; is globally asymptotically
stable whenever Ry > 1. Epidemiologically, Theorem 3.3 means that malaria
will persist in the neighbourhood whenever R, > 1 regardless of the number of
infectious humans at initial stage of the population.

4., CONCLUSION AND FUTURE WORK

A deterministic mathematical model was developed for the transmission dy-
namics of malaria. Basic properties of the model were analyzed. The basic
reproduction number (R, ) of the model showed that the disease free equilib-
rium is stable whenever R, < 1 or globally asymptotically stable. Otherwise
unstable. Therefore, the outcomes revealed that eradication in the neighbour-
hood was contingent largely on the basic reproduction number (R, ) of the
autonomous model. Meanwhile, the numerical simulation aspect was not con-
sidered in this work, this gives space for further research. Lastly, the study of
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global stability for both disease-free and infectious equilibriums reveals that the
epidemic will become extinct and will turn out to be present respectively.

[1]

[2]

[3]

[4]

[5]

(6]

[7]

(8]

[9]

[10]

[11]

REFERENCES

CENTERS FOR DISEASE CONTROL AND PREVENTION: Center for Global Health, Division
of Parasitic Diseases and Malaria, 1600 Clifton Road, N.E., Mailstop A-06, Atlanta, Georgia
30329-4027, USA. Accessed on December 13, 2016 from: www.cdc.gov/malaria.
WORLD HEALTH ORGANIZATION: World Malaria Report 2019.; Accessed on December 4,
2019 from https://www.who.int/news-room/feature-stories/detail/world-malaria-report-
2019.

ROLL BACK MALARIA PARTNERSHIP: World Malaria Report 2019.; Accessed on February
20th, 2020 from https://malariaworld.org/blog/roll-back-malaria-partnership-releases-
new-strategies-guide-global-efforts-toward-malaria.

S. OLANIYI, O. S. OLABIYI: Mathematical Model for Malaria Transmission Dynamics in
Human and Mosquito Populations with Nonlinear Forces of Infection, Int. J. Pure Appl. Math.,
88(2013), 125-156. doi:10.12732/ijpam.v88i1.10

A. 1. ABIOYE, I. M. OLANREWAJU, P. O. JAMES, S. AMADIEGWU, F. A. OGUNTOLU:
Differential Transform Method for Solving Mathematical Model of SEIR and SEI Spread
of Malaria, International Journal of Sciences: Basic and Applied Research (IJSBAR), 40
(2018), 197-219.

S. MANDAL, R. R. SARKAR, S. SINHA: Mathematical models of malaria: A review, Malar
J, 10 (2011), 1-19. doi:10.1186/1475-2875-10-202

S. M. AGARWAL, A. S. BHADAURIA: A stage structured model of malaria transmission
and efficacy of mosquito larvicides in its control, Int J Model Simul Sci Comput, 5 (2014),
1450023-1-1450023-26. doi:10.1142/51793962314500238

O. KouTou, B. TRAORE, B. SANGARE: Mathematical model of malaria transmission
dynamics with distributed delay and a wide class of nonlinear incidence rates,Cogent Mathe-
matics and Statistics, 5 (2018), 1-25. doi:10.1080/25742558.2018.1564531

A. 1. ABIOYE, O. J. PETER, A. A. AYOADE, O. A. UWAHEREN, M. O. IBRAHIM:
Application of Adomian Decomposition Method on a Mathematical Model of Malaria, Adv.
Math. Sci. Journal, 9(2020), 417-435. doi:10.37418/amsj.9.1.33

H. F. Huo, Q. M. QUI: Stability of a Mathematical Model of Malaria Transmission with
Relapse, Hindawi Publishing Corporation: Abstr. Appl. Anal., 2014 (2014), Article ID
289349, 1-9. do0i:10.1155/2014/289349

O. J. PETER, A. F. ADEBISI, M. O. AJISOPE, F. O. AJIBADE, A. I. ABIOYE, F. A.
OGUNTOLU: Global Stability Analysis of Typhoid Fever Model, Adv Syst Sci Appl, 20 (2020),
20-31. doi:10.25728/assa.2020.20.2.792



5316

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

A. 1. ABIOYE, O. J. PETER, F. A. OGUNTOLU, A. F. ADEBISI, AND T. F. AMINU

S. BALA, B. GIMBA: Global Sensitivity Analysis to Study the Impacts of Bed-Nets, Drug
Treatment, and Their Efficacies on a Two-Strain Malaria Model, Math. Comput. Appl., 24
(2019), 1-28. d0i:10.3390/mca24010032

R. SURESH, N. NAGADEVI BALA: Stability Analysis of a Novel Mathematical Model of
Plasmodium Life Cycle in Mosquito Midgut, International Journal of Innovative Technology
and Exploring Engineering, 8 (2019), 1811-1813. doi:.35940/ijitee.18972.078919

A. A. GEBREMESKEL: Global Stability of Malaria Transmission Dynamics Model with Lo-
gistic Growth, Hindawi Discrete Dynamics in Nature and Society, 2018 (2018), 1-12.
doi:10.1155/2018/5759834

N. BUDHWAR, S. DANIEL: Stability Analysis of a Human-Mosquito Model of Malaria with
Infective Immigrants, International Journal of Mathematical and Computational Sciences,
11 (2017), 85-89.

V. LAKSHMIKANTHAM, S. LEELA, A. A. MARTYNYUK: Stability Analysis of Nonlinear
Systems, Marcel Dekker, Inc., New York and Basel, 1989. doi:10.1007/978-3-319-27200-9
R. M. ANDERSON, R. M. MAY: Infectious Diseases of Humans, Oxford University Press,
New York, 1991.

S. OLANIYI, K. O. OKOSUN, S. O. ADESANYA, E. A. AREO: Global Stability and Op-
timal Control Analysis of Malaria Dynamics in the Presence of Human Travelers, The Open
Infectious Diseases Journal, 10(2018), 166-186. d0i:10.2174/1874279301810010166

J. P. LASALLE: The Stability of Dynamical Systems, SIAM, Philadelphia, Pa, USA, 1976.
doi:10.1137/1.9781611970432

Z. SHUAI, P. VAN DEN DRIESSCHE: Global Stability of Infectious Disease Models Using
Lyapunov Functions, SIAM J. Appl. Math., 73 (2013), 1513-1532. d0i:10.1137/120876642



GLOBAL STABILITY OF SEIR — SEI MODEL OF MALARIA TRANSMISSION

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF ILORIN, ILORIN, NIGERIA
E-mail address: abioyeadesoye@gmail.com

DEPARTMENT OF MATHEMATICS
UNIVERSITY OF ILORIN, ILORIN, NIGERIA
E-mail address: peterjames4real@gmail.com

DEPARTMENT OF MATHEMATICS
FEDERAL UNIVERSITY OF TECHNOLOGY, MINNA, NIGERIA
E-mail address: festus.tolu@futminna.edu.ng

DEPARTMENT OF MATHEMATICS
OSUN STATE UNIVERSITY, OSHOGHO, OSUN STATE, NIGERIA

E-mail address: fola.adebisi@uniosun.edu.ng

DEPARTMENT OF MATHEMATICS AND STATISTICS
FEDERAL POLYTECHNIC, OFFA, KWARA STATE, NIGERIA
E-mail address: tetty4life@yahoo.co.uk

5317



