
ADV  MATH
SCI  JOURNAL

Advances in Mathematics: Scientific Journal 9 (2020), no.8, 5537–5547
ISSN: 1857-8365 (printed); 1857-8438 (electronic)
https://doi.org/10.37418/amsj.9.8.23

DEVELOPMENTS IN THEORY OF THERMO ELASTICITY

MANDEEP SINGH1 AND SANGEETA KUMARI

ABSTRACT. The Present review article is about the developments in the theory
of thermoelasticity. The main aim of this papaer to go through the Preliminaries
of this theory and various progress made in this area. It includes: a) uncoupled
thermoelasticity (Duhamel, 1837); b) Coupled thermoelasticity (Biot, 1956);
c) Generalized thermoelasticity. There term Generalized thermoelasticity re-
ferred to as hyperbolic thermoelasticity that include L-S model (Lord-Shulman,
1967), G-L model (Green-Lindsay, 1972), G-N model (Green-Lindsay, 1993),
Dual Phase Lag model (Tzou, 1995), H-I model (Hetranski-Ignaczak, 1996),
C-T model (Chandrasekharaiah and Tzou, 1998), Three Phase Lag model (Roy,
2007). The focus is on theoretical significance of these model.

1. INTRODUCTION

Elasticity is one of vital branches of continuum mechanics which deals with
the study of every aspect of response in elastic bodies under the action of exter-
nal forces. These responses are portrayed by strain and stress distributions that
developed in elastic bodies when these are subjected to external forces or dif-
ference in temperature. if forces causing deformation in the body removed and
body returns to its original shape ,then it is called elastic body. Each body has
particular characteristics of its material limitation beyond which deformations
cannot be exceed. There are certain mathematical relationships that associate
forces and deformations in the body that determines the elastic property of the
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body. A linear elastic solid undergoes infinite deformation under the effect of
external forces and obeys linear material law.

The theory of linear elasticity developed by Robert Hook (1678), who stud-
ied the relationship between deformation and applied forces known as Hooke’s
law. This Law states that applied forces(F) is directly proportional to displace-
ment or change in length x. Mathematically it is written as F = kx. Here the
Constant of proportionality not only depends upon dimensions and shape of
material but also on the elastic property of the material. In other words ,it also
give the relationship between stress and strain. The theory proposed by Robert
Hook immensely influence the scientist to solve the problems like beams struc-
ture, column stability, bending and vibrations of plates. This classical theory of
elasticity provides a fine model for indepth study of material property of various
elastic solids that used mechanical and civil engineering design.

In 1821, Navier made first attempt to propose the differential equations for
the displacement’s components inside isotropic elastic solids. Navier Stokes’s
equation in modern notation is:

∂u

∂t
+ u.∇u = −∇P

ρ
+ v∇2u,

where u represents fluid velocity vector, P represents fluid pressure, ρ is density
of fluid, v is kinematic viscosity and ∇2 is Laplacian operator.

With the help of virtual work given by Lagrange’s principle, he developed
equations for its equilibrium position on solid’s surface.

Thermoelasticity: Thermoelasticity is the fusion of theory of elasticity and ther-
mal effects. It deals with influence of thermal disturbances on strain distribution
of an elastic solids and gives rise to association between deformation and ther-
mal fields. Due to heat flow in elastic body, stress and strain are developed in
body. Stress produced by temperature field can be calculated by using theory of
thermoelasticity.

The body shows change in temperature not only thorough external and inter-
nal heat sources but also during the process of deformations.In coupled thermo
elastic equations, equation of motion comprised inertia terms are employed. In
most of elasto-dynamic problems following assumptions have been made:

(a) It is assumed that all elastic properties of materials are identical in all
directions and remain same for most of the time.
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(b) The influence of coupling of temperature and strain fields are considered
in determining temperature field.

(c) The deformation in the body is considered negligible.

The theory of Thermoelasticity has been adopted by various engineering sci-
ences. With the developments of aircraft and machine structures various prob-
lems of thermal stresses have been arised.

During the last Two decades, Various theories on Thermoelasticity have been
formulated and developments of these theories have been discussed in this topic.

Uncoupled Thermoelasticity: In the nineteenth Century, Duhamel and Neu-
mann formulated the theory of uncoupled thermoelasticity which states that
with the change of mechanical state of elastic body, there is no effect on tem-
perature of the body which was not in accordance with with the physical ex-
periments. The major drawback of this theory that the temperature governing
equation is of parabolic form which predicts the thermal signals of infinite speed
and the thermal disturbances can be felt far away from its source.

Coupled Thermoelasticity: To overcome the drawbacks of uncoupled thermo
elasticity. In 1956, Biot [1, 2] formulated the theory of coupled thermoelasticity
with coupling equations of elasticity and heat conduction. It includes the theory
of heat conduction, thermal strain and stress arises due to heat flow in elas-
tic body and deformation causes the reverse effect of temperature distribution
that results in thermoelastic dissipation. it also introduces the concept of ther-
moelastic potential which represents the elastic and thermostatic properties of
the medium.In this theory concept of thermal force is introduced in which gen-
eralized force is considered as the product of temperature and virtual entropy
displacement. In spite of formulation of coupled thermoelasticity, this theory
shares the drawback of infinite speed of thermals disturbances felt at infinite
distance from the source that already exist in uncoupled thermoelasticity. In Bo-
ley [3] studied the mechanical and thermal disturbances by solving the boundry
value problems in half space using coupled thermoelasticity. The problems in-
clude the variations in step time strain and stress is uniformly distributed over
the free surface.other Contributions in this theory are attributed to Nowacki [4].
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Generalized Thermoelasticity: The major drawback thermal signals of infinite
speed was removed in non-classical theories. These theories employed the mod-
ified form of Fourier law of heat conduction and in result hyperbolic type heat
transport equations are obtained that emit thermal signals of finite speed. All
these non-classical theories are termed as Generalized theories.

1. Lord-Shulman(L-S) model of Thermoelasticity: Lord-Shulman (L-S) [5]
model is the extension of coupled thermoelasticity which used coupling of tempe-
raturestrain rate and heat conduction Fourier law is taken over by law of Maxwell-
Catteneo that uses the generalised form of Fourier law with the induction of
single relaxation time.

Linear form of governing equations: Consider a elastic solid is having thermal
conduction is subjected to negligible strain and small change in temperature.
Therefore the energy equation given as

σij(eij) + ρT Ṡ = ρė (1)
−qi,i = ρT Ṡ (2)

Here σij represents stress tensor, eij represents strain tensor,ρ represents mass
density,e represents internal energy density, T is the absolute temperature, S
represents entropy density, qi represents heat flux vector if τ0 be the relaxation
time or time lag that represents the time needed to accelerate the heat flow, the
relationship between qi and T,i is obtained as follows

qi + τ0q̇i = −kT,i. (3)
it represents the modified form of heat conduction law. The Constitutive equa-
tion taken of the form:

σij = λekkδij + 2µeij − (3λ+ 2µ)α(T − T0)δij. (4)
Assuming the specific heat cE

kT,ii = ρcE(Ṫ + τ0T̈ ) + (3λ+ 2µ)αT0(ekk + τ0ëkk). (5)
The equation of motion of linear elastic continuum

ρüi = (λ+ µ)ui,ij + µui,ij − (3λ+ 2µ)αT,i (6)
Here ui is the displacement vector.

2. Green-Lindsay(G-L) model of Thermoelasticity: In Green -Lindsay[6] for-
mulated a new theory thermoelasticity with the introduction of concept of en-
tropy production inequality (as proposed by Green and Laws[7]) in the constitu-
tive relations. The theory provides the theoretical proof of uniqueness theorem.
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The expressions for stress tensor, heat conduction vector and entropy in the
context of two scalar function is obtained.

As Green and Laws suggest the entropy production inequality
d
dt

∫
ρ0ηdV +

∫
(QA

∅ + λA)NAdA−
∫

(ρ0r∅ − µ)dV ≥ 0 (7)
for all volume P in the reference configuration. Here η is specific entropy, ∅ is
scalar function, µ and λA scalar and vector function subject to the condition
with the help of entropy inequality in

ρ0r −Qk,k − ρ0ε+ ṠAB ėAB) = 0 (8)
we can obtain

−ρ0(ψ + ηϕ) + ϕ(µ+ λA,A) + sABeAB − QA∅,A
∅ ≥ 0. (9)

where ψ = ε − ηϕ, ρ0 represent reference mass density, Qk,k heat flux vector
per unit of ek-plane,r is the external supplied specific heat,ε is specific internal
energy.

If xi represent the point in reference configuration of the body, xi is set as
xi = Xi+ui at the temperature θ0+θ where θ0 is constant. Then eij = 1

2
(ui,j+uj,i)

representor the stress tensor and has zer heat flux, we have represent stress
tensor and has zero flux. we have

σ = σ0 − aθ − bθ̇ − 1
2
dθ2 − eθ̇θ − 1

2
f θ̇2 + aiθ,i + αbiθ̇θ,i + aijejkθjk (10)

+aikeikθ + bikeikθ + 1
2
αkrjθ,rθ,j + 1

2
kikrjeikerj. (11)

All the constants in above equation have symmetries in the tensor indices and
non-isotropic body have constants

tik = Kikrjerj + aikθ + bikθ̇ + aikrθ,r (12)
qi = −θ0

α
[aiθ + αbiθ̇ + arsers + αKijθ,j] (13)

tik represent stress at heat flux components denote by qi measured per unit area
of coordinate plane in reference body.

ρ0η = 1
α

[b+ (e− bβ
α

)θ + (f − bγ
α

)θ̇ − αbiθji − bijeij]. (14)
Using the entropy inequality, then the coefficients can be obtained as follows:

ai = 0, aijk = 0 (15)
b = αa, bij = αaij, e− aβ = dα, (dα− h)θ̇2 + 2biθ̇θ,j +Kijθ,iθij ≥ 0. (16)

Here hα = f − bγ
α

.

3. Green Nagadhi (G-N) Theory of Thermoelasticity: Green-Nagadhi formu-
lated three theories of thermoelasticity known as GN-I,GN-II,GN-III theory of
thermoelasticity.
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Green-Nagadhi-I(GN-I) : GN-I [8] theory refers to classical theory of thermoe-
lasticity in its linearised version.In this theory the basic postulates and governing
equations of thermomechanics are re-examined and procedure of developing the
main postulates in the context of heat flow in solid is studied thoroughly.

Green-Nagadhi-II(GN-II): GN-II [9] theory is commonly known as GN model
of thermoelasticity without energy dissipation. In this theory fourier law in heat
conduction is replaced by the relation

q̇ = −K∗1∇T , (17)
where q and T represent heat flux vector and temperature change fields respec-
tively and K∗1 represent the positive definite tensor having dimension [K∗1 ] =

[K1T
−1
0 ] and T0 is unit of time and K1 as heat conduction.

Therefore thermoelastic wave propagating in G-N model may be defined in
terms of (V,T) satisfy the conditions:

∇.C[∇V ]− ρ(V +∇.(T̈M) = −b) on U × [0,∞) (18)
∇.(K∗1∇T )− CET̈ + T0M.∇V =̈− ṙ on U × [0,∞). (19)

Satisfying the initial conditions as:
V (., 0) = V0 and V̇ (., 0) = V̇0 and T (., 0) = T0 and Ṫ (., 0) = Ṫ0 on U. (20)

The boundary conditions are
V = V

′ and T = T
′ on ∂U × [0,∞) . (21)

Here V represents displacement vector and U as elastic heat flow vector.
Equation (19) represent the undamped thermoelastic waves as it does not

contain change of temperature component. Therefore it is known as GN theory
without energy dissipation. Green-Nagadhi-III(GN-III): (GN-III) [10] theory is
commonly known as GN model of thermoelasticity with energy dissipation.

4. Dual Phase Lag of Thermo elasticity: In 1995, D.Y. Tzou [11] formulated
Dual phase lag concept in heat transfer using delay in heat flux and temperature
gradient that involves small scale response in space.In this theory, microstruc-
tural influence into time delayed response in microscopic formulation lag arises
due to phonon-electron intractions at microscopic level. Due to such interac-
tions two phase lag like heat flux vector (τq) and temperature gradient (τT ) is
considered as delayed response.

Consider the equation that shows lagging behaviour in heat transfer. This
equation represent

q(P, t+ τq) = −K∇T (P, t+ τT ). (22)
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The temperature gradient (τT ) is generated across volume located at a point P
at the particular time t + τT result in the heat flow at particular instant of time t
+ τq where both the lags are positive by expanding the equation (22) as Taylor
series with respect to t. The equation can be transformed to

q(P, t) + τq
∂q
∂t

(P, t) = −K[∇T (P, t) + τT
∂
∂t

(∇T (P, t))]. (23)
The equation (23) can be combined with energy equation

−∇.q(P, t) = Cp
∂T

∂t(P,t)
. (24)

By eliminating the heat flux vector from equation (23) combining with (24)
∇2T + τT

∂
∂t

(∇2T ) = 1
α
∂T
∂t

+ τq
α
∂2T
∂t2
. (25)

By eliminating the temperature, results in the following equation:
∇(∇.q) + τT

∂
∂t

(∇(∇.q)) = 1
alpha

∂q
∂t

+ τq
α
∂2q
∂t2
. (26)

At the condition τT = 0 both the equations (25)and (26) represents the thermal
wave equation. In case of τq = τT = 0 equation (22) reduce to fourier law
in heat conduction and diffusion equation shown by (25). Microscopic influ-
ence becomes vital when the response time reduce to zero. The dual phase lag
provide simple transition from macroscopic analysis to microscopic analysis.

5. H-I thermoelastic model at low temperature: In 1996, Hetnarski and
Ignaczak [12-14] proposed a thermoelastic model for soliton like thermoelastic
waves at low temperature. The main feature of this model is that heat flux
vector and free energy depends upon absolute temperature, strain tensor and
heat flow in elastic medium satisfying evolution equation.

Consider thermoelastic wave flows in homogenous isotropic body satisfied by
the (T,V,U) on Ū × [0,∞) and satify the field equations in non dimensional form
on U × [0,∞):

∇2T − Ṫ + U.∇T
T
−∇.U − T∇.V̇ = −R (27)

∇(∇.V )− k1(∇× (∇× V ))− r2V̈ − ε∗∇T = −F (28)
ωU̇ + nablaT

T
= 0 (29)

with the initial condition
T (., 0) = T0, U(., 0) = U0, V (., 0) = V0 and V (., 0) = (V0) on U;

and the boundry condition
V = V̇ on ∂U1 × (0,∞)

[2k1(∇̂V ) + (1− 2k1)(∇.V )1− ε∗(T − 1)1]N = Ŝ on ∂U2 × (0,∞)

T = T̂ on ∂U3 × (0,∞)

(−∇T + U).N̂ = Q̂ on ∂U4 × (0,∞).
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Here T, V, U represent absoute temperature, displacement vector and elastic
heat flow vector respectively. ω, ε∗ and r represent parameter at low tempera-
ture (ω « 1). Here coupling constant in terms poisson ratio (v1) is defined as
k1 = 1−2v1

1+2v1
; ∇̂ represent the symmetric gradient and N̂ is unit vector normal to

the surface ∂U at 1 as the unit tensor, R,F, T0, U0, V0, V̇0, V̂ , Ŝ, T̂ and Q̂ are the
function.

In case of absence of body force and heat supply fields (27) can be converted
into dimensionless equation

[∂
2∅
∂t2
− ∂3∅

∂x2∂t
+ ω ∂2∅

∂x∂t
]e(−ω ∂∅

∂t − ∂∅
∂x

∂2∅
∂x∂t
− ω−1 ∂2∅

∂x2
− ω−1 ∂2u

∂x∂t
e(ω ∂∅

∂t
) = 0 (30)

ω−1[∂
2u
∂x2
− r2 ∂2u

∂t2
] + ε∗ ∂

2∅
∂x∂t

e(−ω ∂∅
∂t

) = 0. (31)
∅ and u denote heat flow potential and displacement repectively in x-direction
at time t.

T = e(−ω ∂∅
∂t

) (32)
q = ∂∅

∂x
+ ω ∂2∅

∂x∂t
(33)

σ = ∂u
∂x
− ε∗(T − 1) (34)

Here T, q, σ represent the absolute temperature,total heat flux and stress re-
spectively.

The equations (30) and (31) represent energy flow in balance form and equa-
tion of motion repectively. The value of T is adjusted in such a way that it satisfy
(29). Equation (34) represent modified fourier law. Eqs(30)-(34) represent non
rigid conductor at low temperature at the condition u=0 at ε∗ = 0.

6. C-T Model of thermoelasticity: In 1998, Chandrasekharaiah and Tzou
[11,15-16] formulated the theory by modifiction of Classical thermoelastic model
in which fourier law is used in its modify form as: q(x, t+τq) = −K∇T (x, t+τT )

for every point (x, t) belongs to Ū × [0,∞). Here Ū is the heat flow vector where
τq represent phase-lag of heat flux, τT represent phase-lag of temperature gradi-
ent. This model propagates the wave in thermoelastic medium if above equation
is approximated as Taylor series:

q + τq
∂q
∂t

= −K∇(T + τT
∂T
∂t

here 0 ≤ τT ≤ τq (35)
or by

q + τq
∂q
∂t

+ 1
2
τ 2
q
∂2q
∂t2

= −K∇(T + τT
∂T
∂t

) here τT > 0, τq > 0. (36)
Equation (35) represent energy balance equation of a rigid heat conductor that
leads to heat conduction in Hyperbolic form.



DEVELOPMENTS IN THEORY OF THERMO ELASTICITY 5545

7. Three Phase Lag model of thermoelasticity: In 2007, Roy [17-19] pro-
posed a thermoelastic model that involves the phase lag of thermal displace-
ment gradient,heat flux and temperature gradient. As the energy equation for
homogenous isotropic thermoelastic medium is given as:

−∇.~q + ρQ1 = ρCv
∂T
∂t

+ γT0
∂∆
∂t

, (37)
where Q1 is source of heat per mass per unit time, Cv denotes specific heat, ρ
denotes the density of the medium. The parameter γ = (3λ + 2µ)α(t), λ, µ are
lame constants and α(t) is the coefficient of linear form thermal expansion, and
∆ is the dilation term.

Taking the divergence on the both sides to the equation
~q + τq

∂~q
∂t

= −[τ ∗v∇T +KτT
∂∇T
∂t

+K∗∇V ], (38)
here τ ∗v = K + K∗τv, K represent thermal conductivity of the material and K∗

represent material constant characteristic, we obtain
∇.~q + τq

∂
∂t

(∇.~q) = −[τ ∗v∇2T +KτT
∂∇2T
∂t

+K∗∇2V ]. (39)
Take the time differential to this equation and use ∂V

∂t
= T . We have

∇.∂~q
∂t

+ τq
∂2(∇.~q)
∂t2

= −[τ ∗v∇2 ∂T
∂t

+KτT
∂2∇2T
∂t2

+K∗∇2T ]. (41)
Differentiating the energy equation with respect to t and eliminate ∇.∂~q

∂t
,

therefore the above equation becomes
(1 + τq

∂
∂t

(ρCv
∂2T
∂t2

+ γT0
∂2∆
∂t2
− ρ∂Q1

∂t
= τ ∗v∇2 ∂T

∂t
+KτT∇2 ∂2T

∂t2
+K∗∇2T. (42)

As the displacement equation of motion in thermoelastic medium
µ∇2~u+ (λ+ µ)~∇(~∇.~u)− γ~∇T + ρ~F = ρ∂

2~u
∂t2
. (43)

Both the equations in cupling form formulated the thermoelastic theory for
three phase lag model in isotropic material.

If K is quite large as compared to K∗ or set K∗ = 0, then the above equation
is reduced to dual phase lag model of thermoelasticity.

Furthermore if K << K∗,then modified fourier law reduces to original as
~q = −K∗∇~V
and, (1 + τq

∂
∂t

(ρCv
∂2T
∂t2

+ γT0
∂2∆
∂t2
− ρ∂Q1

∂t
) = K∗(1 + τv

∂
∂t
∇2T. (44)

In case of τq = τv = τT = 0, the above equation reduces to Green Nagadhi
model of thermoelasticity without energy dissipation.

2. CONCLUDING REMAKS

The main emphasis of this review article to look into various models in ther-
moelasticity that contribute immensly in the development of theory of thermoe-
lasticity. It has been observed that at the initial stage of this theory, uncoupled
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and coupled thermoelasticity plays an important role. The results of various
models in generalized thermoelasticity has been discussed. The main contribu-
tor in this thermoelasticity are Lord-Shulman (L-S) model, Green-Lindsay (G-L)
model, Green-Nagadhi(G-N)model, Dual Phase Lag(DPL model), H-I model,C-T
model and Three Phase Lag (TPL) model.

1. L-S model and G-L models is applicable to the propagation of undamped
thermoelastic waves,this results gives the motivation to Green-Nagadhi (G-N)
model to formulate the thermoelastic model without energy dissipation.

2. C-T model and DPL model is the extension of L-S model that taken into ac-
count of phase lag of heat flux and phase lag temperature gradient that depends
upon Taylor series approximation of modified fourier law of heat conduction.

3. H-I model is strongly non-linear which is applicable for soliton like ther-
moelastic waves only at low temperature and this model gives the motivation
to other reasearchers in developing a new model that propagates classical ther-
moelastic waves.

4. TPL model is extension of DPL model as proposed by Tzou. TPL model
consider the phase lag of heat flux, temperature gradient and thermal displace-
ment gradient. In the absence of all these phase lag, this model reduces to G-N
model without energy dissipation.

The results in this review article should be quite helpful for the reseachers
working in the area in the development of theory of thermoelasticity and differ-
ent fields like material science, design of materials.
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