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A COMMON FIXED POINT THEOREM IN NON-ARCHIMEDEAN MENGER
PROBABILITISTIC METRIC SPACE

RIA SHARMA! AND ARUN KUMAR GARG

ABSTRACT. We demonstrated the presence of normal fixed point hypotheses
in Non-Archimedean Menger Probabilistic Metric Space utilizing the R-weakly
commuting maps. The presented theorem extends some already known results
of literature [1, 2].

1. INTRODUCTION

In 1942 Menger [3] presented the idea ofprobabilistic metric spaces (quickly,
PM-spaces) as a generalization of a metric space which prompts the examina-
tion of physical quantities and probabilistic functions. Istratescu and Crivat [4]
had characterized the Non-Archimedean (quickly, N.A) PM-space and clarified
essential topological basics of N.A Menger PM-space in [4]. Istratescu et al.
demonstrated the presence of fixed point of contractive maps in N.A Menger
PM-space in [4, 5] which was the generalization of the existing. In 1994, Pant
[6] presented the idea of R-weakly commuting maps in metric spaces. Vasuki [7]
explained some common fixed point theorems for R-weakly commuting maps in
fuzzy metric spaces. The motive of the presented paper is to prove the existence
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of common fixed point theorem in N.A Menger PM-spaces Space utilizing the R-
weakly commuting maps. We generalized the result of K.P.R. Sastry, G.A. Naidu,
I. Laxmi Gayatri and S.S.A. Sastri [2] to prove our result.

2. PRELIMINARIES

The succeed classifications and consequences will be used subsequently.

Definition 2.1. ([8]) Let X be any non-empty set and the arrangement of all left
continuous distribution functions be indicated as D. A pair (X, 0) is characterized
to be the N.A.PM-space, if () is a mapping from X x X — D fulfil the accompanying
conditions:

(@ 0, (1;) =1V7T > 0ifand only if x = y;

(D) B,y (7) = Oy (7);

(ii)) 0,,(0) = 0;

W) If 0, (1) =0, (12) =1, then 0, ., (max {1, 2})) = L.

Definition 2.2. ([8,9])) If 0,, . (max {11, 72}) > Oy, (11) 00, . (T2) YV, y,2 € X, 71,72 >
0. Then, PM-space (X, 6, 9) is known as N.A.

Definition 2.3. A PM-space (X, 0,4) is Archimedean iff 3z,y,z € X, 713 > 0 such
that 99072 (Tl) < 93372/ (Tij) 5(9%2 (Tz) .

Definition 2.4. An arrangement {z,,} in a N.A Menger PM-space (X, 6, ) coincides
to x iff each € > 0, A > 03IM (e, \) where g (0 (v, z,€)) < g(1 — X\)¥n,m > M.

Definition 2.5. An arrangement {x,,} in a N.A Menger PM-space (X, 6, 0) coincides
to x iff each ¢ > 0 A\ > 03 an integer M (z,\) where g (0 (zp,Zpip,€)) < g(1 —
AMVnand n > M and p > 1.

Definition 2.6. Two maps G and H of a N.A Menger PM-space (X,0,§) into it-
self is said to be R weakly commuting of type A, if for x € X and R > 0
9(0(GHz,HHz,7)) < g (6 (Gz,Hz, %)) .

Definition 2.7. Two maps G and H of a N.A Menger PM-space(X, 0,6 ) into it-
self is said to be R weakly commuting of type Ar if for x € X and R > 0
9(0(GHz, HHz,7)) < g (0 (Gz,Hz, %)) .
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Example 1. Let (X, d) be a metric space with d defined as d(x,y) = X lfx —Y

Lifz # y}
and 6 be any 7 -norm. then (X,6,0) is a N.A Menger PM-space iff 0., (T) =
WVT > 0.

Theorem 2.1. ([1]) Let G and H be two continuous self-maps of a complete N.A
Menger space (X, 0,0 ), where ¢ is continuous and firmly expanding T -norm. Let
A be self map of X fulfilling:
(1) {A2G}and {A, H} are point wise R-weakly commuting and A(X) C G(X)N
H(X);
(i1) 9 (Bas1y(7)) <
pmax{g (0ca,my(7)) ;9 (0z,40(7)) , 9 (Oca,y(T)) , 9 (Orry,ay(7))}] for all
z,y € X, and ¢ : [0,00) — [0,00) is upper semi-continuous from the
right.

Then there exists a unique common fixed point A, G and H in X.

Theorem 2.2. ([1]) Let G and H be two continuous self-maps of a complete N.A
Menger space (X, 0,0 ), where 0 is least T-norm. Let A be self map of X fulfilling:
(D {A,G} and {A, H} are point wise R -weakly commuting and A(X) C G(X) N
H(X).

9 (040,6:(7)) + 9 (0a2,64(7)) 5 9 (Oaz,11y(7)) ,
(i) g (Oaz,ay(7)) < @ [max § g (Oayce(7)) g (Oaycy(7)) 9 (Oaymy(7))

9 (Ocz.cy(7)) 9 (Ocz,my(T)) . 9 (Ocy,y(T))
forall z,y € X, 7 > 0, for some g € Q and ¢ € ¢.

Then A, G and H have a unique common fixed point in X.

3. MAIN RESULTS

The following theorem is an extension of Theorem 2.1 with ¢ € ¢.

Theorem 3.1. Let S,T and P be three continuous self-maps of a complete N. A
Menger space (X, F,§) where 0 is a continuous t-norm. Let A be self map of X
satisfying:

(D {A,S},{A, T} and {A,P} are point wise R-weakty commuting and A(X) C
S(X) N T(X) N P(X).

(i) g (Faz,ay(t) <
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FAI Ty(t)) 79 (FAI,Py(t)) )
Fayry(t)) 9 (Fay,py(l))

9 (Faz,s2(t), 9 (Fazsy(t)), 9 (
t)) ). 9(
qEFSy Ty@)) 9 (FSyﬁPy(t))

g
@ |max < g (Fayss(t)),9(Faysy(t)),g
g

9 (Fsary(t)), 9 (Fsapy(t))
forall x,y € X,t > 0, for some g € Qand ¢ €

Let zy € X. Define a sequence {x,} and {y,} by y, = Az, = Sxpi1 = Txpi0 =
P,y forall =0,1,2... Suppose lim,_,o Fy, 4., (t) = 1Vt > 0.
Then {y,} is a Cauchy Sequence in X.

Proof. Suppose {y,} is not a Cauchy sequence in X. Then there exist ¢y €
(0,1),ty > 0 and two sequences {m;},{n;} of positive integers such that m; >
n;+1 and n; — oo as ¢ — oo; and Fym ym, (to) <1—¢eoand F,,, . (to) > 1—¢g
fori=1,2,3.... By taking v = z,,,, and y = y,,,, in condition (ii), we get,

9\ Fawy, Avn,, (75)) <

[ 9 (Faensn )29 (Facn,s0na ) 9 (Fan, e, (0) )
9 (oo ) 39 (Faa s, ) 19 (Faany 50, 0)

g < Ay, s Tng, (t)> ( Aziy 5 Png, (t)> g (stml Tan,,, (t)> ;

g (FSxml Prn;,, (1)) ( Sng s Ton; o () ) 5 ( Sy Pn, s (ﬂ)

¢ | max

L \ Vs

g (‘F.;'mi.,ynl.ﬂ (t)) =

(Brmes ) (Brngsnes ©) (B ®) - (B, )
elg@ing (B, e @) (B omes®©) (B3 ©) (B, ). |

(B ®): (B0, ©) (B om @) (B, ®)

since, X is N. We have, 1 —¢q > F,, ,, (1) > Fy,. 4.,  (£)0F,, 4. (1) It follows
that

L. limy, o (Fyml Yo, (t)) — (1 - <)
IL limy o0 (Fy, o, (8) = (1 — o)
ML T o (B, (8)) = (1= 0)
IV. limy, o0 (Fyy o Yim, 1 (1)) = (1 — €0)
V. im0 (B0 = 1,90, (t)) = (1 — o)
On letting i — oo, by using the results I, II, III, IV, V, VI and continuity of g, the
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inequality becomes,
9(1 —g0) < plg(min[l, (1 — &), (1 —&o), (1 — o), (1 —&0), 1,1, 1,
(1 - 50)7 (1 - €0>7 L, 1]]
gl —e0) <plg(l—co)] <g(l—eo)
which is a contradiction. Therefore, {y,} is a Cauchy sequence in X. d

Lemma 3.1. If § is a min t-norm and «, 3, € |0, 1] be such that a5 < v, oy <
a,véa < B then a > [ implies § = .

Theorem 3.2. Let S,I andP be three continuous self-maps of a completeN. A
Menger space (X, F,§) whered is a minimum t-norm. Let A be self map of X
satisfying:
() {A,S},{A, T} and {A, P} are point wise R-weakly commuting and A(X) C
S(X) N T(X) N P(X);
(i) g (Fax,ay(t)) < @ [max{g (Fay,sy(t)), g (Fayry(1)),
9 (Faypy(t), 9 (Fsary(t)) 9 (Fsapy(t), 9 (Fsyry(t)), }]

forall x,y € X,t > 0, for some g € Q and ¢ € ¢.

Then A, S, T and P have a unique common fixed point in X.

In fact for any xy € X, the sequence {y,} defined as y, = Ax, = Sx,.1 =
Tz 2 = Prysforn=0,1,2..., then {y,} converges to the unique common fixed
point of A, S, T and P in X.

Proof. Firstly, we show that lim,, ., (F, (t)) = 1Vt > 0 By taking = = z,

Yn+1,Yn+2
and y = x,,1 in condition (ii). We get,

g9 (FAxmi,Axn.+2 (t)) <

[ 9 Faenstn®) 9 (Faenson s ®)) 20 (Fazs, e, (8)
9 (e poney ) 29 (Fav s ) 9 (Faany 50, 1)
9( Ay sy Ty (ﬂ) ( Ati;, o Pan,, (ﬂ) g <FS% Tny,, (t)>,

g ( Sl"m, Pmnl+2 ) < S:EIL1+2 TTVL1+2( ) 79 (FS$1LL+2 Pxn1+2 (t)

¢ | max

/

g (Fyn+1'yn+2 <t>) <y [g (mln {( ynyn+1(t>) ) (Fyn+1yn+2 (t)) )

(Fonnea () })]

Case-I: Suppose for some 'n’, F,, ,,..,(t) = 1. Then from (3.1) we can write,

g (Fyn+27yn+8 (t)) < [9 (mln {( Yn41,Yn+2 <t>) ) (Fyn+2,yn+3 (t)) ) (Fyn+1,yn+3 (t)) })} .

3.1
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Next,

(3.2) o= Fyn+2'7/n+2 (t)v B = Fyn+2,yn+3 (t)v Y= Fyn+2,yn+s (t)

Then, since X is N.A and « = 1, equation (3.2) satisfies the hypothesis Lemma
3.2, we get, g(5) < ¢(9(B)) < g(B) > 0, a contradiction. Hence () = 0, so that
9 (Fy,0ymss(t)) = 0. Consequently, F,, ., . (t) =1Vt > 0.

(t) = 1 for m > n. Therefore,

(t)) = 1Vt > 0.

Hence by induction; F, . .,

lim (F

00 Ym+2,Ym—+2
Case-II: Suppose F, ., ., ..(t) < 1Vn. Write

a=F (t),8="Fy i yns(t),y = Fypyyo(t). If @ > min{c, 8,7}, then from

— L Yn,Yn+1
Lemma 3.2 we get, 5 = v = min{«, 3,~}. Then from inequality (3.1), we have,

9(8) < ¢(9(P)) < 9(B) >0,

which is a contradiction. Therefore @« = min{a, #,v}. This implies g(5) <
¢v(g()). Hence,

g (Fyn+1yn+2(t)) < 2 [g (Fyn,yn+1 (t>)] <--- < Spn [g (Fyo,yl (t))] — 00 as i — 0.

Therefore, from both the cases I and II, we obtain,

lim (F, (t)) =1Vt > 0.

M0 Ym+1,Ym+2

Hence, {y,} is a Cauchy sequence in X. Since (X;F, J) is complete, the sequence
{yn }converges to a point z,say in X. Now by definition of the sequence of {y,},
we have

Yn — 2, Az, — 2, Tx, = 2, Pr,, — zasn — oo

= Sy, — Sz, Ty, - Tz, Py, — Pz
and
SAx, — Sz, TAx, — Tz, PAzx, — Pz,
since {A2S}, {A, T} and {A, P} are point wise R-weakly commuting.
Hence,

t
FA\xn,saxn (t) Z FA:rn,smn <_

t
R>0,Fare 1742, (t) > Fap 72 | = |, R>0
7)) R0 Fira (0 2 Fae )

and

t
(33) FAPJ:",TA:L’n (t) Z FAJ:n,Pa:n <§> aR > 0.
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From (3.3), we can write

lim FASa:n,SA:cn(t) = lim FAyn,syn(t) = lim FAyn,52 (t)

n—o0 n—oo n—oo
> lim Fay, e, (t) = lim F, ,(t) =1
n—oo n—oo

and Ay, — Sz asn — oo.
Similarly, lim,, , ,  Farg, 14z, (t) > 1. Now

1> lim Fay,,7(t) > 1= lm Fay, 1.(t) =1 = Ay, - Tz
n—00 n—00

asn — oo and lim,, oo Fapz, pas, (t) > 1.
Now
1> lm Fay,p.(t) >1
n—o0
implies
lim Fy,, p.(t) =1= Ay, - Pz asn — oo

n—oo

From the above analysis, we get, Sz =Tz = Pz.

Now by taking, x = Sx,, and y = z in condition (ii), we get, Sz = Az. Hence,
Az=85z=Tz = Pz.
By taking + = x,,; and y = z in condition (ii), we get, = = Az. Hence,
z2=Az=52=Tz= Pz.
Therefore z is a common fixed point of A, S,T and P.
Let x be a common fixed point of A, S, T'and P. From condition (ii), we have,
9(Fax,az(t))
g (FAx.Sx (t)) g (FAx,Sz (t)) g (FAx,TZ (r)) g (FAx,Pz(t)) g (FAZ,Sx(t)) .
< ¢|max{ g (Fazs2(0). 9 (Fazzz(®©) 9 (Fazpz(®). 8 (Foxzz(®)) g (Fsxra() . 8 (Fszza©)).
9 (Fsz:(®))

9(Eex(®),9 (Eez(®) .9 (Fer(®), 9 (Fez(®) 9 (B2 (®).
9(Fe2 (D) < o|max{ g (F.. (1), 0 (E2(0). 9 (E:0). 0 (Ez(®). g (Fa(®), g (E2).
9(E.®)

9(Fp. (1) < plmax {0, (F,. (1))}
g(F. () =0Vt>0
F,..t)=1
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=T =2z

Therefore, ~ has a unique common fixed point of A, S, T" and P. g

REFERENCES

[1] M. ALAMGIR KHAN, SUMITRA: A common fixed point theorem in non Archimedian Menger
PM space, Nov. Sad. J. Math. 39 (2009), 81- 87.

[2] K.P.R. SASTRY, G.A. NAIDU, I. LAXMI GAYATRI, S.S.A. SASTRI: A Common Fixed Point
Theorem in Non- Archimedean Menger Probabilistic Metric Spaces Using R-Weakly Commuting
Maps, Int. Journal of Math. Analysis, 5(16) (2011), 765-778.

[3] K. MENGER: Statistical Metrics, Pro. Nat. Acad. Sci. USA 28(3) (1942), 535-537.

[4] V.I. ISTRATESCU, N. CRIVAT: On some classes of non-Archimedean probabilistic metric
spaces, Seminar de spattii metrice probabiliste, Universitatea Timisoara, Nr., 12, 1974.

[5] DR. R. KRISHNAKUMAR, N.P. SANATAMMAPPA: Study on two Non-Archimedian Menger
Probability metric space, International Journal of Statistics and Applied Mathematics, 1(3)
(2016), 1-4.

[6] R.P. PANT: , Common fixed points of non- commuting mappings, J. Math.Anal. Appl., 188(2)
(1994), 436-440.

[7]1 R. VASUKI: Common fixed points for R-weakly commuting maps in Fuzzy metric spaces, In-
dian. J. Pure and Applied Math. 30, 1999, 419- 423.

[8] S.S. CHANG: On Some fixed point theorems for generalized Meir-Keeler type mappings, J.
Sichoun Univ., Natural Sci. Edition, (1983), 17-20.

[9] S.S. CHANG: On some fixed point theorems in probabilistic metric space and its application,
Z. Wahr, Verv, Gebiete, 63 (1983), 463-474.

DEPARTMENT OF MATHEMATICS,
CHANDIGARH UNIVERSITY,
PUNJAB,

INDIA.

DEPARTMENT OF MATHEMATICS,
CHANDIGARH UNIVERSITY,
PUNJAB,

INDIA.



