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STRONGLY MULTIPLICATIVE LABELING OF BUTTERFLY NETWORK
M. JOICE PUNITHA AND A. JOSEPHINE LISSIE!

ABSTRACT. A graph G = (V(G), E(G)) with p vertices is said to be strongly
multiplicative if the vertices of G can be labeled with p distinct integers
1,2,3,...,p such that the labels induced on the edges by the product of labels
of the end vertices are all distinct [1]. In this paper we prove that the Butterfly
network BF'(n) is strongly multiplicative for all positive integer n = 4.

1. INTRODUCTION

Butterfly networks are interconnection networks which play a vital role in
memory parallel architecture. They have a good symmetric structure and they
are biregular graphs [3].

In this paper, we prove that the Butterfly network BF(n) is strongly multi-
plicative for all positive integer n = 4.

2. STRONGLY MULTIPLICATIVE LABELING OF BUTTERFLY NETWORK

Definition 2.1 (Generalized Butterfly Network BF(n) [2]). The set of nodes V
of an n-dimensional Butterfly BF(n) corresponds to the set of pairs |[w, ], where i
is the dimension or level of a node (0 < i < n) and w is an n-bit binary number
that denotes the row of the node. Two nodes [w,i] and [w',i'] are linked by an edge
if and only if i’ = i + 1 and either
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1) w and w' are identical; or
i1) w and w' differ in precisely the i*" bit.
Theorem 2.1. The Butterfly network BF(n) is strongly multiplicative for n = 4.
Proof. Let the vertex set of the butterfly network be for 1 < i < 2772,
V=Auv;/1<j<12+2° 421+ .. +2"}
and the edge set be ' = £, U Ey, U E3 U E,, where
Er = {e; = (vij, vij41) U (Via, v1) U (vis, v35) /1 <0 < 27721 < j < 8}.
For1 <i<2"2 =4, j-odd and 9 < j < 12, we have
B, - { €i = (Vi Vigay;) U (Ui, Vigagjn) /,1 < j=4 } _
e; = (Vij, Vi221) U (Vij, Vi02441) /,5 < <8
For1 <i < 2" 2 =4, j-even and 13 < j < 20, we have
B = { e; = (Vij, Vit11245-1) U (Vij, Viga 12+j? /i —odd, 1 S»j <8 } '
ei = (Vij, Vi1a4j-1) U (Vij, i 1245) /i —even,1 < j <8
For1 <i<2"2=4and?21 < j < 36, we have
B { ei = (033,04, 9j18) U (033, Vs 9j44) /i — 0dd, 9 < j <12 } |
e; = (Vij, Vasy2j43) U (Vij, Vasyoj4a) /1 — even,9 < j < 12
We claim that BF'(n) is strongly multiplicative for n = 4.

Define the vertex labeling of BF(n) as f : V — N suchthat 1 <; <272 =4

((i—D12+2j -1+ 528 1<j<4
(i —1)12+2(j — )+’21j 2 5<j<8
(i—D124j+4 (}54)]2%,9<j <12
(i—2)12+2j — 1+ (51)]23,13 < j < 16,7 — even
foij) =% (i—2)12+2(j —4) + (H)J23 17 < j <20, — even
(i—2)12+42(3 —4) -1+ (5 )23 21 < j < 24,5 — multiple of 4
(i—2)12+2(j — 8) + (5)]2%,25 < j < 28,7 — multiple of 4
(1—2)1242(j —8) — 1+ ( )23 29 < j < 32,5 — multiple of 4
(i—2)12+ 7+ 338 — j) + (52) 23,33 < j < 36,i — multiple of 4

To prove all the edge labeling in F are distinct.



STRONGLY MULTIPLICATIVE LABELING OF BUTTERFLY NETWORK 5657

v13=25

pra12—24

van—65 6 i . ) Vi3s3 74

112736

To prove that the labelings in edge set F; are distinct:

Define an edge induced function ¢ : £; — N such that for all ¢;; € E},
gleij) = o) f(vijr) , 1 S <2721 <5 <7

If e;; and e, are distinct edges in E; then to prove g(e;;) # g(ep,).

Case 1: Fori #p,i,p<2,i=1and p=2,1<j,¢q<3.
Assume that g(e;;) = g(epq)

9(Vij, Vi j+1) = 9(Vpgs Vp g41)

f(Uij)f(Uz’jH) = f(Vpg) f(Vpgs1)

25 —1)[2j + 1] = [12 4 2g — 1][12 4+ 2¢ + 1], j = 6 + ¢, a contradiction for 1.
Fori # p,i,p>3,1<j,q <3.
Assume that g(e;;) = g(epq)
9(Vij, Vi j+1) = 9(Vpgs Vp g41)

fig) f(ij1) = f(vpg) f(vpgi1)
[(i—1)12+2j — 1+ 8][(i — 1)12+2j + 1 + §|
=[(p—1)12+2¢ -1+ 8][(p — D12+ 2¢ + 1+ 8|
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[12 +2j — 5][12i + 25 — 3] = [12p + 2q — 5][12p + 2¢ — 3]

(x—=5)(x—3)=(y—5)(y—3),x=12i +2j and y = 12p + 2q.

r=8—y=12i =8 — (12p + 2(¢ + j)), a contradiction for i. Hence g(e;;) #
glep), V1 <j,qg<A4

Case 2: Fori #p,i,p<2,i=1landp=2,5<j,¢<T.
Assume that g(e;;) = g(epq)
9(Vij, Vi j+1) = 9(Vpg, Vp g41)
f(ig) f (Vi 1) = f(vpg) f(Vp gt1)
20 = D20 = 3)] = [12+ 2(¢ — 4)][12 + 2(¢q — 3)]
= j = 1 — ¢, a contradiction for i.
Fori #p,i,p>3,5<j,¢q<T.
Assume that g(e;;) = g(epq)
9(Vij, Vi j+1) = 9(Upg, Vp g+1)
f(ig) f(ij1) = f(vpg) f(Vp gi1)
[(i—1D1242(j —4) +8][(i — )12+ 2(j — 3) + §]
— [(p—1)12+2(q—4) +8][(p— 1)12+2(q — 3) +§
[12i + 25 — 12][12i + 25 — 10] = [12p + 2¢ — 12][12p + 2¢ — 10]
(x —12)(x — 10) = (y — 12)(y — 10), 2 = 12i + 2j and y = 12p + 2q.
=22 —y=12i=22— (12p+2(q + §)),
a contradiction for i. Hence g(e;;) # g(epq), V5 < j,q <T.

Case3: Fori#p,i,p>3,1<;<35<qg<T.
Assume that g(e;;) = g(epq)

9(vij, Vi j41) = 9(Vpg, Up g41)

fig) f (Vi 1) = f(0pg) f(p g11)
[12i + 25 — 5][12i + 25 — 3] = [12p + 2¢ — 12][12p + 2¢ — 10]
(x —=5)(x —3) = (y — 10)(y — 12), 2 = 12i + 25 and y = 12p + 2q.
r=y—T7=12i =12p+ 2(q — j) — 7, a contradiction for i.
Hence g(e;;) # glepg), V1 < j < 4.
Hence all the edge labeling in F; are distinct.
To prove that the labelings in edge set E5 are distinct:
Define an edge induced function g : £, — N such that foralle;; € E5, 1 <1 <
22 forall j —oddand 1 < j < 7.

gleij) = f(vig) f(viji23) ) f(0ij) [ (Vijyos41) ;1 < J < 4
glei;) = [(vig) f(Vij22) [ f(vij) [ (Vijyo2 1) ;5 <G < T
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If e;; and e, are distinct edges in E, then to prove g(e;;) # g(epq)-

Case 1: Fori # p,i,p > 3,1 < j,q < 4, where j,q — odd.
when g(e;;) = f(viy) f(viji23) 1 < j <4
Assume that g(e;;) = g(ep,) Wwhen j =1,¢ =3
9(ijs Vi j423) = G(Upg, Up g22)
fig) f(vi j4o) = [(Upg) f(0p g122)
(i —1)124 25 — 1+ 8][(i = )12+ 23 + 5+ 8] = [(p — 1)12+2¢ — 1 + §][(p —
)12+ 2% 4+ g+ §]
[12i 4+ 25 — 5][12i + j + 4] = [12p + 2q — 5][12p + q + 4]
(x—=3)(x+4)=(y+1)(y+7),z=12¢ and y = 12p.
r=—-1+/(y+42+7=12i=-1+/(12p+4)2+7,
a contradiction for i.
when g(ei;) = f(vig) f(vijyo341) , 1 < J < 4
Assume that g(e;;) = g(epq)

9(ij, Vi jr2341) = 9(Upg, Vp g2941)
fig) f (Ui jro311) = Fvpg) f(vp gr2341)
[((—1)1242 —1+8][(i—1)12+ 2+ 1+j+8] =[(p—1)12+2¢— 1+ 8][(p—
112423 +1+ ¢+ 8]
(126 + 25 — 5][12 + j + 5] = [12p + 2¢ — 5][12p + ¢ + 3]
(x=3)(z+6)=(y+1)(y+8),j=1,¢g=3,z=12i and y = 12p.
r==3+ g+ 32 +8=12i= -3 +,/(12p+ 32 +5,
a contradiction for i. Hence g(e;;) # g(epg), V1 < j,q < 4.

Case 2: Fori # p,i1,p > 3,5<45,¢ <7, j,q — odd.
Assume that g(e;;) = g(epy),when j =5and ¢ =7
9(vij, Vi j422) = 9(Upg, Up g+22)

fig) f(vi j402) = [(Upg) f(0p g122)
[((—1)12+2(j —4)+8][(i —1)12+4+j+ 8] =
[(p—1D12+2(qg—4) +8][(p—1)12+ 4+ ¢+ 8]
[12¢ + 25 — 12][12i + j] = [12p + 2q — 12][12p + (]
(x—=2)(z+5)=(W+2)(y+7),j=5q=72=12iand y = 12p.
=12i = -3+ \/(12p + 2)2 — 4, a contradiction for 1.
Assume that g(e;;) = g(ep,),when j =5and ¢ =7

9(%‘7 Uz‘j+22+1) = g(qu, Up q+22+1)

f(%‘j)f(%‘j%) = f(qu)f(Up q+5)
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[(G—1)12+2( —4) +8][(i — 1)12+ 5+ j +8] =
[(p—1)12+2(q—4) +8][(p — )12+ 54 ¢ + 8]

[12i +2j — 12][12i +j + 1] = [12p + 2g — 12][12p + ¢ + 1]
(z—2)(z+6)=(y+2)(y+8),j=5,q="7,0=12 and y = 12p.
= 12i = =2+ /(12p + 5)2 + 7, a contradiction for i.

Hence g(e;;) # g(epq), V5 <j,q < 7.

Case 3: Fori #p,i,p>3,1<;53<45<¢q<T.
Assume that g(e;;) = g(epq)
9(ijs Vi j123) = G(Upg, Up g2241)

fig) f(vi jyo3) = [(Upg) f(Up gra241)
[12i + 25 — 5][12i + j + 4] = [12p + 2¢ — 12][12p + q + 1]
(z+1D)(z+7)=(@y—-2)(y+6),j=3,¢q=>5x=12 and y = 12p
r=—4+/(y+2?2—T=>12i=—4+/(12p+2)?2 -7,
a contradiction for 7.
similarly other cases can be proved when
lj=landp=72.j=1landp=5and 3. j=3and p = 7.
Hence all the edge labeling in F, are distinct.
To prove that the labelings in edge set Fs are distinct:
Define an edge induced function g : £5 — N such that for all ¢;; € Ej,
1<i<2"2 j—evenl<j<0.
g(ei) = f(vig) f(Vis11245-1)/ f(vij) f (Vit1 1245),When i — odd.
g(eij) = fvij) f(virzrj—1)/ f(vi) f(vi124;),when i — even.
If e;; and e, are distinct edges in E5 then to prove g(e;;) # g(ep).

Case 1: For i # p,i,p > 3 and odd, 1 < j,q < 4 and j,q — even.
Assume that g(e;;) = g(epq)
Q(Uij, Vit1,12+ j—l) = Q(qu, Up+1,12+q—1)

Fig) f(visa145) = [ (0pg) f (Vps1214 4)
(= 112+8+ (2 — D[ +1—2)12+ 8+ (2(j + 11) — 1)] =
[(p— 112484+ (2¢ — D][(p — D124+ 8+ (2(q + 11) — 1)]
[12i + 25 — 5][12i + 2j + 17] = [12p + 2 — 5][12p + 2q + 17]
(x=5)(z+17) = (y —5)(y+ 17),z = 120 + 25 and y = 12p + 2q.
r=—y—12=12i = —[12+ 2(j + q) + 12p|, a contradiction for 1.
Hence g(e;;) # glepg), V1 < j,qg <4
For i # p,i,p > 3 and odd,5 < j,q < 8 and j, ¢ — even.
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Assume that g(e;;) = g(epq)
g(Uij> Vit1,12+ j—1) = Q(qua Up+1,12+q—1)

Fig) f(visa145) = [ (0pg) f (Vpr1214 4)
[(—D124+8+2(j —4)][(i+1—-2)12+8+2(j +11 —4)] =
[(p—1)12+8+2(q—4)][(p— )12+ 8+ 2(g + 11 — 4)]
[12i + 25 — 12][12i + 2j + 10] = [12p + 2q — 12][12p + 2¢ + 10]
(x —12)(x +10) = (y — 12)(y + 10),x = 12i + 2j and y = 12p + 2q.
r=2—y=12i =2[1 — (j+ q) — 6p|, a contradiction for 1.
Hence g(ei;) # glepg), V5 < j,q < 8.

Case 2: Fori # p,i,p > 3 and even,1 < j,q < 4 and j, ¢ — even.
Assume that g(e;;) = g(epq)
9(%@ Vi 12+ j—l) = Q(qu, Up,12+q—1)
Fig) f(viang ) = F(Upg) [ (Vp11+4 )
(1 —11248+ (2 —1)][(t —2)12+8+2(j+11) - 1)] =
[(p— 1248+ (2¢ — V)][(p — 2)12 + 8 + 2(q + 11) — 1)]
[12i + 25 — 5][12i + 25 + 5] = [12p + 2¢ — 5][12p + 2¢ + 5]
(x—5)(xz+5)=(y—5)(y+5),x=12i+2j and y = 12p + 2¢.
r =y = 12i = [2(j + ¢q) + 12p], a contradiction for i.
Hence g(ei;) # glepg), V1 < joqg < 4.
For i # p,i,p > 3 and even,5 < j,q < 8 and j, ¢ — even.
Assume that g(e;;) = g(epq)
g(vija Vi 124 j—l) = Q(quy Up,12+q—1)
f i) f(vinig 5) = fvpg) f(vp114 )
[(i—1)124842(j — D)][(i — 2)12+ 8+ 2((j + 11) —4)] =
[(p—1)12+8+2(q—4)][(p— 2)12 + 8+ 2(q + 11 — 4)]
[12i + 2j — 12][12i + 25 — 2] = [12p + 2q — 12][12p + 2¢ — 2]
(x —12)(z —2) = (y — 12)(y — 2),z = 12i + 2j and y = 12p + 2q.
r=14—y=12i =14 — [2(j + q) + 12p], a contradiction for i.
Hence g(e;;) # g(epq), V5 < j,q < 8.

Case3: For1 <j<4,5<¢<8,i#p>3,1—oddand p— even.
Assume that g(e;;) = g(epq),

Q(Uz’j, Vit1,124 j—l) = g(qu, ’Up712+q—1)

fig) f(isi11+ 5) = f(vpg) F(Up11+44)
[(I—D1248+ (25— D][(i+1—-2)12+8+ (2(j +11) = 1)] =
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[(p—1)12+8+2(q — D][(p — 2)12 + 8 + 2(q + 11 — 4)]

[12i + 25 — 12][12i + 25 — 2] = [12p + 2¢ — 12][12p + 2¢ — 2]
(x—=5)(x+17) = (y — 12)(y — 2),x = 12 + 2j and y = 12p + 2¢.
T+6=1/(y—T7)2+96=12i = —6 — 2j + /(12p + 2¢ — 7)% + 96,
a contradiction for i. Hence g(e;;) # g(eyy), V1 < j <8.

similar proof holds g(e;;) # g(e,,),when j —even 1 < j <9

g(eij) = f(vij) f(Vig1124),When i — odd, 1 < i < 2772,

g(ei;) = f(vij) f(vi124),when i — even,1 < i < 2"2.

Therefore all the edge labeling in E5 are distinct.

To prove that the labelings in edge set E, are distinct:

Define an edge induced function ¢ : E; — N such that for all

e; € Byl <i<2m29<j<12.

g(eij) = f(vij) f(vazjes)/ f(vij) f(va2j1a), When i — odd.

g(eij) = f(vij) f(vast2j43)/ f(vi) f(Va812j44) When i — even.

If e;; and e, are distinct edges in E, then to prove g(e;;) # g(epq)-

Case 1: For i # p,i,p > 3 and odd,9 < j,q < 10.
Assume that g(e;;) = g(ep,) and j = 9 and ¢ = 10.
9(Vij; va2j13) = 9(Vpg; Va24+3)
fig) f(vag jis) = fvpg) f(vazgss)
[(—D12+j+8][(4—2)12+2(2j +3—4) —1+8] =
[(p— 112+ q+8][212+2(2¢ +3 —4) — 1 4§
[12i + j — 4][24 + 4 + 5] = [12p + ¢ — 4][24 + 4q + 5]
(x4+5)65=(y+6)69,7 =9, ¢=10.x = 12 and y = 12p.
= 12i = 2(12p + 6) — 5, a contradiction for i.
Hence g(e;;) # g(ep), V9 < j < 10.
Fori # p,i,p > 3 and odd, 11 < j,q < 12.
Assume that g(e;;) = g(e,,) and j = 11 and ¢ = 12.
Q(Uij, U4,2j+3) = Q(Upzp U4,2q+3)
f('Uij>f<U4,2 j+3) = f(qu)f(v472q+3)
[(i—1)124 5+ 8][(4—2)124+2(2j +3 —8) + 8] =
[(p— 1124 ¢+ 8][2.12 + 2(2¢ + 3 — 8) + §]
[12i + j — 4][47 + 22] = [12p + q — 4][4q + 22]
(x +7)66 = (y+8)70,j = 11,p = 12,2 = 12 and y = 12p.
= 12i = 23(12p + 8) — 7, a contradiction for i.
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Hence g(e;;) # g(epq), V11 < j < 12.

Case 2: For i # p,i,p > 3 and even, 9 < j,¢q < 10.
Assume that g(e;;) = g(ep,) and j = 9 and ¢ = 10.
Q(Uij, v4,8+2j+3) = Q(qu, U4,8+2q+3)
fig) f(va2 j111) = f(Upg) f(Va2g411)
[(i—1)12+j +8][2.124+2(2j + 11 —8) — 1 + 8] =
[(p—1)124 ¢+ 8][212+2(2¢ + 11 — 8) — 1 + §]
[12i + j — 4][37 + 45] = [12p + q — 4][37 + 4¢]
(x4+5)713=(y+6)77,7=9,¢= 10,z = 12i and y = 12p.
= 12i = ZI(12p + 6) — 5, a contradiction for 1.
Hence g(e;;) # g(epy), V9 < j < 10.
Fori # p,i,p > 3 and even, 11 < j,¢q < 12.
Assume that g(e;;) = g(e,,) and j = 11 and ¢ = 12.
9(Vij, Vagy2i43) = 9(Vpg, Vagt2g+3)
fig) f(vag jr1) = f(vpg) f(Va2411)
[(i— 1)12+ j + 8][2.12 + 25 + 11+ 3(36 — (2j + 11) + 2) + 8] =
[(p— 1124 ¢+ 8][2.12 4 2¢ + 11 4 3(36 — (2¢ + 11) + 2) + §]

[12i + 5 — 4][43 + 25 + 3(27 — 25)] = [12p + q — 4][43 + 2¢ + 3(27 — 2q)]

[12i + 7]80 = [12p + 8]76,when j = 11,¢ = 12
= 12i = Z(12p + 8) — 7, a contradiction for i.
Hence g(e;;) # g(epg), V11 < j, g < 12

Case 3: For i # p,i,p > 3,i — odd and p — even.
Assume that g(e;;) = g(epg),9 < j < 10,11 < ¢ < 12.
Q(Uij, U4,2j+3) = Q(qu, U4,8+2q+3)
fig) f(vag jis) = f(vpg) f(va2g411)
(1 —1)12+j+8][2124+2(2j+3—-4) —1+8] =
[(p— )12+ ¢+ 8][2.12 4 2¢ + 11 + 3(36 — (2¢ + 11) + 2) + §|
[12i +j — 4][29 + 4j] = [12p + ¢ — 4]74,j = 9 and ¢ = 12
[12i + 5]65 = [12p + 8]76
= 12i = £2(12p + 8) — 5, a contradiction for i.
Hence g(e;;) # g(epy), V9 < j < 10,11 < ¢ < 12.
Similar proof holds to show g(e;;) # g(epq)s
g(ei;) = f(vij) f(va2j+4),When i — odd.
g(ei) = [(vij) f(Vas12544),When i — even.

5663
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Therefore all the edge labeling in E, are distinct.

To prove that the labelings in edge set E, and E, are distinct:

If e;; € Ey and e,, € E, are distinct edges, then to prove g(e;;) # g(e,,) and
assuming i,p > 3.

Fori#p,i<3,1<i,p<2v2% 1<jq<8andq— odd.

Case 1: For 1 < j, ¢ < 4,Assume that g(e;;) = g(epq) -
9(ij; vijr1) = 9(Vpgs Vpgi22)
f(ig) f (Vi 1) = fvpg) f(vp,2544)
(= D12+ (2 — 1) +8][(i —1)12+2j + 1+ 8] =
[(p—1)12+ (2 — 1) +8][(p — )12+ ¢ + 23 + §]
[12i + 25 — 5][12i + 25 — 3] = [12p + 2¢ — 5][12p + ¢ + 4]
(x—5)(x—3)=(y—3)(y+5),where g =1, x = 12i +2j,y = 12p
r=4+/(y+1)2—1512i =4 —2j ++/(12p + 1)2 — 15,
a contradiction to i.
Assume that g(e;;) = g(epq) -
9(ij, Vijjr1) = G(Upgs Vp,g+23+1)
Fig) f(vi, j41) = Fvpg) f(vp234441)
[(1—1)124+ (25— 1)+ 8][(i —1)12+2j + 1+ 8] =
[(p—1)12+ (2¢ — 1) +8][(p — )12+ ¢+ 2° + 9]
[12i + 2j — 5][12i + 25 — 3] = [12p + 2¢ — 5][12p + ¢ + 5]
(x—5)(x—3)=(y—3)(y+6),where g =1, z = 12i + 2j,y = 12p
T =442 +3y—19=12i =4 —2j +/y2 + 3y — 19,
a contradiction to i.Similar proof holds when ¢ = 3.
Hence g(e;;) # glepg), V1 <j,g <4

Case 2: For 5 < j,q < 8,q — odd.
Assume that g(e;;) = g(epq)-

9(Vij, Vij+1) = 9(Vpgs Vp,g+22)

J(ig) (i j1) = f(vpg) [ (vp,2244)
(i —1)12+2(j—4)+8][(i —1)12+2(j — 3) + 8] =
[(p—1)12+2(q — 4) + 8][(p — )12+ ¢ + 22 + §]
(120 42§ — 12)(12i + 2§ — 10) = (12p + 2q — 12)(12p + q)
(x—12)(z —10) = (y — 2)(y +5),¢ = 5,2 = 12i + 25 and y = 12p.
z=114/y> +3y—9,= 12i = —2j + 11+ /5> + 3y — 9,

a contradiction for i.similar proof holds when ¢ = 7.
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Assume that g(e;;) = g(epq)-

9(Vij, Vij+1) = G(Upgs Vpgr2211)

f (i) f(vij1) = f(Upg) f(vp224411)
[(1—1)124+2(5j—4)+8|[(i —1)124+2(j — 3) + 8] =
[(p—1)12+2(q — 4) +8][(p — )12+ ¢ + 22 + 9
(12i+2j —12)(120 +25 — 10) = (12p +2¢ — 12)(12p + ¢ + 1)
(z—12)(z —10) = (y — 2)(y + 6),q = 5,2 = 12i + 2j and y = 12p.

r=114+/y2+4y — 13,= 12i = =25 + 11 + /42 + 3y — 13,

a contradiction for i.similar proof holds when ¢ = 7.

Case 3: For5 < ¢ <8, g—oddand 1< j <4.
Assume that g(e;;) = g(epq)-

F(ig) f(vi j1) = f(pg) f(Vp2244)
[(i—112+25—1+8][(i—1)124+2j+1+8] =
[(p—1)12+2(q — 4) + 8][(p — )12+ ¢ + 22 + §]

[12i + 25 — 5][12i + 25 — 3] = [12p + 2¢ — 12][12p + (]
(x=5)(x—3)=(y—2)(y+5),z =12 +2j,y =12pand ¢ = 5.
T=4+ /P +3y—9=12 = —2j + 4+ /12 + 3y — 9,

a contradiction to i. Hence g(e;;) # g(ep,), V1 < j < 4.

Thus all the edge labeling in £ and F, are distinct.

To prove that the labelings in edge set E; and Ej3 are distinct:

If e;; € E» and e,, € E3 are distinct edges, then to prove g(e;;) # g(epq)-
Fori#p,1<i,p<2"2 1<j,¢<8andq— odd.

Case 1: For 1 < j,q <4,7,p — odd and ¢ — even the following cases
Assume that ¢(vij,vi2515) = 9(Vpgs Upt11249-1)

J(ig) f(vi j42) = [(pg) f(Upt11249-1)
[((—1)124+25—1+8][i —1)12+ 23+ j+ 8] =
(p—1)12+2¢—1+8][(p— D12+ 2(11 4 ¢q) — 1 + §]

[12¢ + 25 — 5][12i + j + 4] = [12p + 2¢ — 5][12p + 2q + 17]
( D(x+7) =y—5)(y+17),r =12,y = 12p + 2¢ and j = 3.
=—4+/(y+6)2—112=12i = -4 + /(12p + 2¢ + 6)2 — 112,
a contradiction to i.
Assume that g(vi;, v;234++1) =  9(Upg, Upt1 1249-1)
f i) f(vi, j2311) = f(0pg) f (Vp+1,1249-1)
[((—1)12425—1+8][( —1)124+23+j+ 1+ 8] =
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[(p—1)1242¢g—1+8][(p— 112+ 2(11 +q) — 1+ §]

[12i + 25 — 5][12i + j + 5] = [12p + 2¢q — 5][12p + 2q + 17]
(x+1)(z+8)=(y—5)(y+17),x =121,y = 12p+2¢ and j = 3.
y=—6+vV22+9x+ 129 = 12p = —2¢ — 6 + V22 + 9z + 129,

a contradiction to p.
Assume that g(vij, vi934;) = G(Vpgs Vpt11244)
fig) f (Ui ja23) = f(pg) f(Vpr1,1244)
[((—1)1242j—1+8][(i —1)12+ 25+ j + 8] =
(p—1)12+2¢—1+8][(p— 1)1242(12 4 ¢) — 1 + 8]
[12i + 25 — 5][12i + 7 + 4] = [12p + 2¢ — 5][12p + 2q + 19]
( D(z+7) = (y—>5)(y+19),z =12i,y = 12p + 2¢q and j = 3.
=44+ /(y+7)2—135 = 12i = —4 + ++/(y + 7)2 — 135,
a contradiction to 7.
Assume that g(vi;, vi234j41) =  9(Vpgs Vpt11244)
fig) f (Vi ja2311) = f(vpg) f (Vpr1,124)
[((—1D12+257—1+8)[t—1)12+2°+j+1+8] =
(p—1)12+2¢—1+8][(p—1)1242(12 4 ¢) — 1 + 8]
[12i 4+ 25 — 5][12i + j + 5] = [12p + 2q — 5][12p + 2q + 19]
( )(z+8)=(y—>5)(y+19),z = 12i,y = 12p + 2¢q and j = 3.
= T+ V22+ 9z +152,12p = =7 — 2¢ + V22 + 9z + 152,

a contradiction to p. Hence g(e;;) # g(epy), V1 < j < 4,when p— odd.

Case 2: For 1 <i<2"21<j,q<4,j—odd,p— even and q — even.
Assume that g(vij, vioss;) =  9(Upg, Vp1249-1)

J(ig) f (i j23) = f(0pg) [ (vp1246-1)
((—1D12+27—1+8|[(1 —1)12+ 23+ j+ 8] =
(p—1)12+2¢—1+8][(p—2)1242(11 4+ ¢) — 1 + 8]

[12i + 25 — 5][12i + j + 4] = [12p + 2q — 5][12p + 2q + 5]
(z+1)(z+7) =(y—5)(y+5),z=12,y=12p+2gand j = 3.
y=+/(x+4)2+16=12p = —2¢ + /(12i + 4)? + 16,

a contradiction to p.

Assume that g(vi;, vi234j41) = G(Vpgs Up1249-1)

Fig) F(vi, jra341) = fvpg) f(Up1244-1)
((—1)12+2j—1+8][(i—1)12+ 2%+ j+1+8] =
(p—1)12+2¢—1+8][(p—2)1242(11 4+ ¢) — 1 + 8]
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[12i + 2§ — 5][12i + j + 5] = [12p + 2q — 5][12p + 2¢ + 5]
(x+1)(x+8)=(y—5)(y+5),x=12i,y = 12p+2¢ and j = 3.
y=+22+ 97 +33 = 12p = —2¢ + /72 + 9z + 33,

a contradiction to p.

Assume that g(v;;, vi934;) =  9(Vpg, Up 1244)

fig) f(vi j23) = f(Upg) f(Up1244)
[((—1)124+27—1+8][i —1)12+ 23+ j+ 8] =
(p—1)12+2¢—1+8][(p—2)12+2(12+ ¢) — 1 + 8]

[12i 4+ 25 — 5][12i + j + 4] = [12p + 2q — 5][12p + 2q + 7]

(x+1)(z+7)=(y—-5)(y+7),r=12i,y =12p+2¢and j = 3.
r=—4+/(y+1)2—21=12i = —4+/(y + 1)2 — 27,

a contradiction to .

Assume that g(vij, v;934j41) =  9(Vpgs Vp1244)

Fi)f (0 g12001) = () (W 2s)
((—1)12+2j—1+8][(1—1)12+25+j+1+8 =
[(p—1)12+29—1+8][(p— 2)12+2(12 +¢) — 1 + §]

[12¢ + 25 — 5][12i + j + 5] = [12p + 2¢ — 5][12p + 2q + 7]

( Dx+8) =(wy—5)(y+7),zr=12i,y =12p+2g and j = 3.
= —14+V22+ 9z +44,12p = —1 + 2q + V22 + 9z + 44,

a contradiction to p.

Hence g(e;;) # g(epy), V1 < j < 4,when p — even.

Case 3: For 5 < j,q < 8,7,p — odd and g — even.
Assume that g(vij, vio24;) =  9(Upg, Vpt1124¢-1)

fig) f(vi jro2) = f(vpg) f(Vpt1124-1)
[((—1D12+2(j —4)+8][(i — 112+ 22+ + 8] =
[(p—1)12+2(q—4) +8][(p — )12+ 2(12 + ¢ — 4) + §]
[12¢ + 25 — 12][12i + j] = [12p + 2¢ — 12][12p + 2q + 12]
(z —

2)(z +5) = (y —12)(y + 12),7 = 12i,y = 12p + 2¢ and j = 3.

y=—-1+vVe2+3x+ 134 = 12p = —1 — 2¢ + V22 + 3z + 134,
a contradiction to p.
Assume that g(vij, vi224;) = G(Vpgs Vps1,1244)
F(ig) F(3 j122) = [(Upg) f(Vpr1,1244)
((—11242(j —4) +8)[(i —1)12+ 2+ j + 8] =
[(p—1)12+2(q—4) +8][(p — )12+ 2(12 + ¢ — 4) + §]

5667
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[12i + 25 — 12][12i + 5] = [12p + 2¢ — 12][12p + 2¢ + 12]
(x—=2)(x+5)=(y—12)(y + 12),2 = 124,y = 12p+ 2g and j = 5.
y=vV12+ 3z + 134 = 12p = —2¢ + V22 + 3z + 134,

a contradiction to p.

Assume that g(e;;) = g(epq)

Q(Uz'j, Ui,22+j+1) = g(quvvp—i-l 12+q—1)

J(ig) (i jro211) = f(Upg) f(Vps1,1244-1)
[((—1D12+2(j —4)+8][(i — D12+ 22 +j+ 1+ 8] =
[(p—1)12+2(q—4) +8][(p— )12+ 2(12 4+ ¢ — 1 — 4) + §]

[12i +2j — 12][12i + j + 1] = [12p + 2¢ — 12][12p + 2¢ + 10]
(x—2)(z+6) = (y —12)(y + 10),7 = 12i,y = 12p + 2¢ and j = 5.
y=1+vVaZ+4r+109 = 12p =1 — 2¢ + vz2 + 3z + 109,

a contradiction to p.

Assume that g(e;;) = g(epq)

9(Vij, vig2pji1) = G(Upgs Upt1 1244)

fig) f(vi jao211) = Fvpg) f(pr1,1244)
[((—1)1242(j —4) +8][i — 112 +22+j+1+8] =
[(p—1)12+2(q —4) +8][(p — 1)12+2(12 + ¢ — 4) + §]

[12i + 25 — 12][12i + j + 1] = [12p + 2¢ — 12][12p + 2¢ + 12]

(x —2)(z+6) = (y —12)(y + 12),2 = 12i,y = 12p + 2g and j = 5.

y=+Vr2+4r+132 = 12p = —2¢ + V22 + 4z + 132,

a contradiction to p.

Hence g(e;;) # g(ep,), V5 < j < 8when p — odd.

Similarly we can prove the case when 1 < < 2" 25 < j,¢ < 8,5 — odd,p —
even and ¢ — even.

Hence g(e;;) # g(epy), V1 < j <8 and p — even.

Therefore all the edge labeling in E, and F;5 are distinct.

To prove that the labelings in edge set E'5 and E, are distinct:

If e;; € E5 and e, € E, are distinct edges, then to prove g(e;;) # g(epq)-

Case 1: Fori # p,i,p—odd,1 < j <8,7 —evenand 9 < ¢q < 12.
For1 <j<4and 9 <q<10.
Assume that g(vi;, vig1,1245-1) =  9(Vpgs V4, 2¢43)
fig) f(viga, j+11) = fvpg) f (vazge3)
[((—D12+42j —14+8][(i —1)124+2(11+j) — 1+ 8] =
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[(p—1)12+q+8][(4—2)12+2((2¢ +3) —4) — 1 + §]
[12i 4+ 25 4+ 17][12i 4+ 25 — 5] = [12p + q — 4][4q + 29]
(x —5)(z +17) = (32 + q)(4q + 29),x = 12i + 2j and p = 3.
x = —6+ \/4¢% + 157q + 1049 = 12i = —6 — 2j + \/4¢2 + 157¢ + 1049,
a contradiction to <.
Forl1 <j<4and 11 <q¢g <12
Assume that g(vij, vit1,1245-1) =  9(Vpgs V4 2443)

f (i) f (i1, jr11) = f(vpg) f(Vazgrs)
(i —1)124+2j —1+8)[(i — 1)124+2(11 +j) — 1+ 8] =
[(p—1)12+ g+ 8][(4 — 2)12+ 2((2¢ + 3) — 8) + §]
[12i +2j + 17][12i + 25 — 5] = [12p + ¢ — 4][4q + 22)]
(z —5)(x +17) = (32 + ¢)(4q + 22),x = 12i +2j and p = 3.
x = —6+ \/4¢% + 150q + 825 = 12i = —6 — 2j + /42 + 150q + 825,
a contradiction to .
For 5 < j<8and9 < ¢ < 10.
Assume that g(v;j, Vit112+j-1) = 9(Vpg, Va24+3)

fig) f iz, jr11) = f(vpg) f(vazgs3)
(i—1)124+2( —4) +8][(i — )12+ 2(11 + j — 4) + 8] =
(p—1)12+q+8][(4—2)12+2((2¢+3) —4) — 1 + 8]
12 + 25 — 12][12i + 25 + 10] = [12p + q — 4][4q + 29]
(z — 12)(z + 10) = (32 + q)(4q + 29),z = 12i + 2j and p = 3.
=14 +/4¢% + 157q + 1049 = 12i = 1 — 2j + \/4¢2 + 157q + 1049,
a contradiction to «.
For5<j<8and 11 <g¢ < 12.
Assume that ¢(vij, Viy1124+j-1) =  9(Upg, V4, 29+3)

f(vij)f(vi+1,j+11) = f(qu)f(U4,2q+3)

[(i—11242(j —4) +8)[(i —1)12+2(11 +j —4) + 8] =
[(p—1)12+ g+ 8][(4 — 2)12+ 2((2¢ + 3) — 8) + §
[12i 4+ 25 — 12][12i + 25 + 10] = [12p + q — 4][4q + 22]
(z —12)(z + 10) = (324 q)(4g + 22),2 = 12i +2j and p = 3.
z =1+ /4¢% + 150q + 825 = 12i = 1 — 2j + \/4¢> + 150q + 825,
a contradiction to i. Hence g(e;;) # g(ep,), V1 < j <8.

[
[
[

Case 2: For i # p,i,p—odd,1 < j <8,j —evenand 9 < ¢ < 12.
For1 <j<4and 9 <q <10.
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Assume that g(v;j, vit11945) =  G(Upg, Vs, 2g+4)

S (i) f(Vig1 j12) = f(Vpg) [ (Va,2q+4)
[(i—112+2j — 148][(i — )12+ 2(12+ j) — 1 + 8] =
(p—1)12+q+8][(4 —2)12+2((2g+4) —4) — 1 + 8]

[12i 4+ 25 — 5][12i + 25 + 19] = [12p + q — 4][4q + 31]
(z —5)(z +19) = (324 q)(4q + 31),z = 12i + 2j and p = 3.
T =—T+ /4% + 159q + 1136 = 12i = —7 — 2j + \/4¢> + 157q + 1136,
a contradiction to 3.
Forl1 <j<4and 11 <g¢ <12
Assume that ¢(vi;, vit11245) = 9(Vpg, Va 29+4)
J(ig) f(Viga, j412) = f(Vpg) f(Va2g44)
(i —1)1242j —1+8)[(i — 1)12+2(12+j) — 1+ 8] =
[(p—1)12+ g+ 8][(4 — 2)12+ 2((2¢ + 4) — 8) + §]
(12 + 25 — 5][12i + 25 4 19] = [12p + ¢ — 4][4q + 24]
(v —5)(x +19) = (32 + ) (4q + 24), v = 12i + 2j and p = 3.
T = =T+ /4> + 152q + 912 = 12i = —7 — 2j + \/4¢% + 152¢ + 912,
a contradiction to .
For 5 < j<8and 9 < ¢ < 10.
Assume that ¢(vij, vit119+5) =  9(Upgs Va2g44)

Fig) f (Vi j+12) = f(pg) f(Va2g14)
[(1—1)124+2(j —4)+8][(i —1)12+2(12+j —4) + 8] =
[(p—1)12+ ¢+ 8][(4—2)12+2((2¢ +4) — 4) — 1 + 8]

[12i + 25 — 12][12i + 25 4 12] = [12p + q — 4][4q + 31]

(z —12)(z + 12) = (32 4 q)(4q + 31),2 = 12i + 2j and p = 3.
x = \/4¢% + 159¢ + 1136 = 12i = —2j + \/4¢% + 159¢ + 1136,
a contradiction to i.

For5<j<8and 1l <q<12.

Assume that ¢(vij, vit112+5) = G(Vpg, V4, 2944)

f(ig) f(iga, j112) = f(Upg) f(Va,214)
[(i—1)1242(j —4)+8][(i — 1)12+2(12+j —4) + 8] =
[(p—1)12+q+8][(4—2)12+2((2¢ + 4) — 8) + §]

[12i + 25 — 12][12i + 25 + 12] = [12p + q — 4][4q + 24]

(x —12)(x + 12) = (32 4 ¢)(4q + 24),2 = 12i + 2j and p = 3.
x = \/4¢2 + 152¢ + 912 = 12i = —2j + /4¢% + 152q + 912,
a contradiction to i.
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Case 3: For i # p,i,p—odd,1 < j<8,j —evenand 9 < ¢ < 12.
For1 <j<4and9<q<10.
Assume that g(v;j, vit112+j-1) =  §(Upg, V4, 2+4)
S (i) f(viga, jr11) = f(vpg) f(Va2g14)
(1= 112425 —1+8][(i — 1)12+2(11 +j) — 1+ 8] =
(p—1)12+q+8][(4—2)12+2((2g+4) —4) — 1 + 8]
[12i 425 4+ 17][12i 4+ 25 — 5] = [12p + q — 4][4q + 31]
(. —5)(x+17) = (32 + q)(4qg + 31),2 = 12i + 2j and p = 3.
= —6+ /4¢% + 159¢ + 1113 = 12i = —2j — 6 + /4¢> + 159¢ + 1113,
a contradiction to i.
Forl1 <j<4and 1l <g<12.
Assume that g(v;j, Vit1124+j-1) =  9(Vpg, V4, 24+4)
fig) f(vita, j+11) = f(vpg) f(Va,214)
[(i—1)12+2j —1+8][(i — )12+ 2(11 + j) — 1 + 8] =
[(p—1)12+ g+ 8][(4 — 2)12 4+ 2((2¢ + 4) — 8) + §]
[12i + 25 + 17)[12i + 25 — 5] = [12p + ¢ — 4][4q + 24]
(z+17)(z —5) = (32 4 q)(4q + 24),z = 12i + 2j and p = 3.
x = —6+ \/4¢% + 152¢ + 889 = 12i = —2j — 6 + /42 + 152¢ + 889,
a contradiction to i.
For 5 < j<8and 9 < ¢ < 10.
Assume that g(vi;, vit1,124j-1) =  9(Upgs Va2g44)
S i) f(vita, j+11) = f(vpg) f(Va2g44)
[(i—1)124+2(j —4)+8][(i —1)12+2(11+j —4) + 8] =
[(p— D124+ q+8|[(4—2)12+2((2¢+4) —4) — 1+ §]
[12i + 25 — 12][12i + 25 + 10] = [12p + q — 4][4q + 31]
(x +12)(x 4+ 10) = (324 ¢)(4g + 31),x = 12i + 2j and p = 3.
=1+ /4¢% + 159¢ + 1113 = 12i = —2j + 1 + /4¢2 + 159¢ + 1113,
a contradiction to i.
For5<j<8and 11 <g¢ < 12.
Assume that g(vi;, Vit1,1245-1) =  9(Upgs V4, 2g44)
J(Wig) f(Vig1, j411) = f(Vpg) f(Va244)
[(i—11242(j —4)+8)[(i — D12+ 2(11+j —4) + 8] =
[(p— 1)12+ ¢+ 8][(4 — 2)12 + 2((2¢ + 4) — 8) + §]
[12i 4+ 25 — 12][12i 4 25 4 10] = [12p + q — 4][4q + 24]
(z —12)(x + 10) = (32 + ¢q)(4q + 24),2 = 12i + 2j and p = 3.
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=14 +/4¢% + 152q + 889 = 12i = —2j + 1 + 1/4¢> + 152q + 889,

a contradiction to i. Hence g(e;;) # g(ep,), V5 < j < 8.

Hence g(e;;) # g(ep), V1 < j <8andi,p— odd.

Similar proof holds when i and p even and i— odd and p— even.

Therefore all the edge labeling in E5 and F, are distinct.

Thus all edge labeling in F1, Es, Es3, E4, Ey and F,, E; and E3,andFE5 and Ey
are distinct. Hence Butterfly network BF'(n = 4)is strongly multiplicative. [

3. CONCLUSION

In this paper we have proved that the Butterfly graph BF'(n = 4) is strongly
multiplicative.Finding strongly multiplicative labeling for other interconnection
networks is quite challenging.
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