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SOME RESULTS FOR EQUITABLE EDGE COLORING OF SOME CYCLE
AND SILICATE RELATED GRAPHS

K. SIVARAMAN! AND R. VIKRAMA PRASAD

ABSTRACT. A Proper edge coloring of a Graph G is an assignment of colors
to the edges of a graph G such that adjacent edges should receive different
colors. An Equitable Edge Coloring of G is a proper edge coloring of G such
that the number of edges of one color class differs from the number of edges
of any other color class by at most one. In this Paper we are going to state the
Equitable edge coloring of some cycle and silicate related Graphs.

1. INTRODUCTION

Suppose let us consider G to be a finite graph without self-loops and multiple
edges. It is defined as a non-empty set of points V' together with the set of all
unordered pair of points E called edge set. A molecular graph is a graph which
represents the arrangement of atoms in a molecule by the following way: Rep-
resenting the atoms of the molecule by vertices and the covalent bond between
them by edges.

1.1. Prerequisites and Basic Definitions.

Definition 1.1. (Proper Edge Coloring [1]) An Edge Coloring of a graph G is an
assignment of colors to the edges of G. An Edge Coloring of G is called Proper K
edge Coloring if no two adjacent edges have assigned same color.
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Definition 1.2. (Equitable Edge Coloring [7]) A Proper Edge Coloring of G is
called Equitable if |l (s) — I(t)| < 1 where [(s) and [(t) denote the number of edges
in the color class s and t respectively.

Definition 1.3. (Nearly Equitable Edge Coloring [7]) A Proper Edge Coloring
of G is called Nearly Equitable if |I(s) — I(t)| < 2 where [(s) and [(t) denote the
number of edges in the color class s and t respectively.

Definition 1.4. (Molecular Graph [11]) A Molecular graph is a graph G = (V, F)
represents the arrangement of atoms in a molecule, where V' is the set of all non-
hydrogen atoms in particular carbon items and E is the set of all covalent bonds
between them.

Definition 1.5. (Flower Graph F',, [3]) A flower graph denoted by F'l,, is defined
as a graph obtained from the Helm graph by joining each pendant vertex to the
central vertex of the helm.

Example 1. Fi;

Definition 1.6. (Ladder Graph L,, [9]) The ladder graph L,, is a planar undirected
graph with 2n vertices and n + 2(n — 1) edges defined as the Cartesian product of
the two paths graphs P, and Ps.

Example 2. LADDER GRAPH Lg
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Definition 1.7. (Alternate Triangle snake graph A(T,)) An Alternate triangle
snake graph is defined as the undirected planar graph with 3n + 3 vertices and
4n + 3 edges obtained from the path graph P, (n is an even number) by joining
the vertices v9;_1 and vy; with the new vertex u; wherei =1,2,3,...,n.

Example 3. ALTERNATE TRIANGULAR SNAKE GRAPH A(T12)

Definition 1.8. (Gear Graph) The Gear graph represented by G,, is defined as a
planar graph obtained from the wheel graph by inserting a new vertex between the
adjacent vertices of the cycle C,, of the wheel graph.

Theorem 1.1. (VIZING’'S THEOREM [7] and [10]) Every simple undirected graph
G may be Edge colored using a number of colors that is at most one larger than the
highest degree A of the graph G.

Example 4. GEAR GRAPH Gg
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2. MAIN RESULTS

Algorithm 2.1. Construction algorithm for Helm-flower graph.

Step 1: Consider a Cycle C,,n > 3 of length “n” whose vertices be designated as
V1, Vo, . .. Upe

Step 2: Insert a new vertex say vy inside the cycle C,, and n vertices outside the
cycle C,, say uy, usg, . .. Uy,

Step 3: Join the vertex vy with the vertices uy, us, . . . Uy,.

Step 4 : Join the vertex u; with the vertex v;,i = 1,2,3,...n. Thus we get a graph
called Helm-flower Graph designated by H f1,,

Observations 2.1. In the above graph we have number of vertices = |V | = 2n+ 1,
number of edges = |E| = 3n and Sum of the degree of all the vertices of the graph
G = 6n. Degree of the vertices vy, vy, vs, . .. vn are equals to 3. Degree of the central
vertex V; is n. Degree of the vertices uy, us . .. un are equal to 2. So at least A Colors
needed for proper edge coloring of this graph where A = n.

Theorem 2.1. The Helm- flower graph admits Equitable edge coloring and its
equitable edge chromatic number is x.(G) = n.

Proof. Let G be a Helm-Flower graph. By Theorem 1.1 [10] we need at least A
colors for proper edge coloring of this graph. Now color the edges of G by the
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mapping [ : E(G) — C where C' = {1,2,3,...,2n} such that
(
i foru=wv;andv=wv;11, 1=1,2,3,....,n—1
n foru=wv, and v = v,

fluww) =<i foru=wvoand u;, i =1,2,3,...,n

t+1 foru=v;andv=u;, 1=1,2,3...,n—1

klforu:vncmdv:un

Through this mapping we get |I(s) — I(t)| < 1, where I(s) and [(¢) denotes the
number of edges in the color classes s and ¢ respectively.Thus the graph G admits
equitable edge coloring. Also its equitable edge chromatic number is x,(G) =
n. U

Algorithm 2.2. Construction algorithm for Triangle-related ladder Graph
Step 1: Draw two paths of length n — 1 say P, and P, where the vertices of P, and
P be vy, v, ..., v, and uy, uy, . . . , u, respectively.

Step 2: Join the vertices u; and v;i = 1,2,3,n — 1.

Step 3: Add a new vertex called central vertex v.

Step 4: Join the vertices u; and v, with vo. Thus we get a graph called Triangle-
related ladder graph.

Observations 2.2. In the Triangle-related ladder graph we have number of vertices
= |V| = 2n + 1, number of edges = |E| = 2n + 1 and Sum of the degree of all the
vertices of the graph G = 4n — 4. Degree of the vertices v;,u;,i = 1,2,3...,n— 1
are equal to 3. Degree of the vertices u,, and v,, are 2. So at least A Color needed
for proper edge coloring of this graph where A = 3.

Theorem 2.2. The Triangle-related Ladder graph G admits equitable edge coloring
with equitable edge chromatic number is x.(G) = 3.

Proof. Let GG be a Triangle-related Ladder graph. By Theorem 1.1 we need at
least A colors to coloring of the edges of GG properly where A = 3. . So we need
3 colours.



5708 K. SIVARAMAN' AND R. VIKRAMA PRASAD

Now color the edges of G by the function f : E(G) — C where C' = {1,2,3,...,2n}

such that

flforuzvoandvzvl

1 for u=wy and v = v9i41,1=1,2,3,...,|n/2]
1 foru=wu2i—1andv=uy,i=1,2,3...,|n/2]
fluwv) = Q2 for u=vyand v =u,

2 foru=wy_1andv=uvy,i=1,2,3...,|n/2]

2 for u = ug and v = ugiy1,1=1,2,3...,|n/2]

Bifu=viandv=u;1=1,2,3...,n

Thus from this mapping we get |l (s) — [(t)| < 1 where [(s) and [(¢) denote the
number of edges in the color class s and t respectively and this proves that
the Triangle-related Ladder graph admits the equitable edge coloring and its
equitable edge chromatic number is \,(G) = 3. 0

Algorithm 2.3. Construction Algorithm for Gear-Silicate Graph GS,,

Step 1: Consider a Cycle C,,n > 3 of length “n” whose vertices be designated as
V1, Va2, ..y Up

Step 2: Insert a new vertex say v inside the cyclic graph C,, and join all the vertices
of the cyclic graph C,, to the vertex vy graph to form the wheel graph W,,.

Step 3: Insert a new vertex u;,i = 1,2,3,...,n for each triangular face of the wheel
graph. Then join the newly added vertex u; to all the vertices in that particular face
of the wheel graph. This is repeated for all the faces of the wheel graph w,,. So we
get a cyclic Silicate graph.

Step 4: Insert new vertices w;i = 1,2,3,...,n between the two adjacent vertices
on the cycle of the cyclic-silicate graph such that the vertex w; is adjacent to v; and
viy1,1=1,i=1,2,3,...,n— 1 and the vertex w, is adjacent to the vertices v, and
V1.

Hence we get a graph called Gear-silicate Graph denoted by GS,,.

Observations 2.3. In the above graph we have number of vertices = |V | = 3n+ 1,
number of edges = |E| = 5n and Sum of the degree of all the vertices of the graph
G = 10n. Degree of the vertices vy, v, vs,...,v, are equals to 5. Degree of the
central vertex V, is 2n. Degree of the vertices wi,ws ..., w, are equal to 2 and
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degree of the vertices u;,i = 1,2,3,...,n are equal to 3. So at least A = 2n(By
theorem 1.1) Colors needed for proper edge coloring of this graph.

Theorem 2.3. The Gear-silicate Graph admits Equitable edge coloring. Also its
equitable edge chromatic number is x', = 2n.

Proof. Let us consider G to be a Gear- Silicate graph. Now color the edges of by
the function
[ E(G) — C where C'={1,2,3,...,2n} such that

(
2i foru=v;andv=w;,1=1,2,3,...,n

2t — 1 foru=vgandv =v;,1=1,2,3....,n

2] =1 foru=ujandv =v;11,1,5 =1,2,3,...,n
27+ 1 foru=ujandv=1v,j=1,2,3,...,n
fluw) =<1 for u=u, and v = v,

2j foru=voandv=wu;,j=1,2,3...,n—1

2t =2 foru=w;and v =v,411=2,34,...,n—1

2n — 2 for u = w, andv = vy

\2n foru=wy; and v = vy

Therefore through this mapping we have |l (s) — [(¢)| < 1 where I(s) and [(¢)
denote the number of edges in the color class s and ¢ respectively and this proves
that the Gear-silicate graph admits the equitable edge coloring and its equitable
edge chromatic number is x,(G) = 2n. O

Algorithm 2.4. Construction Algorithm for Odd-Alternate triangle snake
graph

Step 1: Draw a path of odd length with n vertices vy, vy, ..., v,,.

Step 2: Add m = n/2 new vertices uy, U, . . . , Up.

Step 3: Join the vertex u; with the vertices vy;_1 and vy;, i = 1,2,3,...,m

Step 4: Hence we get a graph called Odd-path Alternate triangular snake graph
and it is denoted by O AT,

Observations 2.4. In this graph we have total number of vertices = |V| = 3n,
total number of edges = |E| = 4n — 1. Degree of the vertices uy,us, ..., u,, are
equal to 2, degree of the vertices vy, v, are equal to 2 and degree of the vertices
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U9, V3. ..,U,_1 are equal to 3.Total degree of all the vertices = 8n — 2. So at least
A = 4 colors needed for proper edge coloring of this graph.

Theorem 2.4. The Odd Alternate triangular snake graph admits the equitable edge
coloring with x.(OAT,.) = 4.

Proof. Let G be a Odd-Alternate triangular snake graph .By Theorem 1.1 here
we need at least A = 3 colors for proper edge coloring of this graph.
Let us coloring this graph by define a mapping f : £(G) — {1,2,3} as
(1 foru=wv; and v =wv;y1 iis odd and i < n/2
2 for u=v; and v = v;y1, 1 is even and i < n/2

f(uv) =

3 foru=wv; and v =wuy, iis odd and i < n/2

\4 foru=wv;andv =y, iis even and i < n/2

Hence from this mapping we see that |l (s) — I(¢)| < 1 where [(s) and [(¢) denote
the number of edges in the color class s and ¢ respectively and this proves that
the Odd-Alternate Triangular Snake graph admits the equitable edge coloring
and its equitable edge chromatic number is x,(G) = 3. O

3. CONCLUSION

Hence in this work, we have stated the algorithms for cycle and silicate related
graphs and also stated their equitable edge coloring.

REFERENCES

[1] J. ABONDY, U.S.R. MURTHY: Graph Theory with Applications, New York, The Macmillan
Press Ltd, (1976).

[2] G. CHARTRAND, L. LESNIAK: Graphs & Digraphs, New York Chapman & Hall/CRC First
CRC press reprint, 2000.

[3] E. MPHAKO-BANDA: Some polynomials of Flower graphs, International Mathematical Fo-
rum, 2(51) (2007), 2511-2518.

[4] F. HARARY: Graph Theory Macmillan Press Ltd, (1964).

[5] J. GALLAIN: A Dynamic Survey of Graph Labeling, The Electronic Journal of Combinatorics
22nd Edition December, 15 (2019).

[6] H. SONG, J. WU, G. L1U: The Equitable Edge Coloring of Series-Parallel Graphs, Springer,
(2007), 457-460.



EQUITABLE EDGE COLORING OF SOME CYCLE AND SILICATE RELATED GRAPHS 5711

[7]1 A.J.W. HILTON, D. DE. WERRA: A sufficient condition for equitable edge Coloring of
simple graphs, Discrete Mathematics, 28 (1994), 179-201.
[8] K.J. MA, C.J. FENG: On the Gracefulness of Gear Graphs, Math Practice Theory, 4 (1984),
72-73.
[9]1 M. MAHEO: Strongly Graceful Graphs, Discrete Mathematics, 29 (1980), 39-46.
[10] W. MEYER: Equitable Coloring, American Mathematical Monthly, 80 (1973), 920-922.
[11] V. SHIGEHALLI, R. KANABUR: New version of degree-based topological indices of certain
nanotube, J. Math. Nano Science, 6(1) (2016), 29-42.
[12] S. N. SUSANTH CHANDOOR, J. KOK: A Note on the Rainbow Neighbourhood Number of
Certain Graph Classes, National Academy Science Letters 42, Springer, (2019), 135-138.
[13] S.K. VAIDYA, N.B. VYAS: Product Cordial Labeling for Alternate snake graphs, Malaya J.
Mat. 2(3) (2014) 188-196.
[14] V. GANESAN, I. RAJASINGH: Strong Chromatic index of certain nanosheets,Journal of
Mathematical Nano Science, 7(1) (2017), 29-38.

RESEARCH SCHOLAR,
DEPARTMENT OF MATHEMATICS,
PERIYAR UNIVERSITY SALEM - 636011 TAMILNADU

DEPARTMENT OF MATHEMATICS,
GOVERNMENT ARTS COLLEGE (AUTONOMOUS), SALEM - 636007



