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KERNELS IN IDEAL SPACES
R. SATHISHKUMAR! AND V. DHANASEKARAN

ABSTRACT. In this paper, we introduce and investigate three new notions of
locally closed sets and obtain decompositions of x-continuity.

1. INTRODUCTION AND PRELIMINARIES

First, we recall the #-closure of a subset in a topological space. A point z € X
is called a f-cluster point of A if cl(V') N A, ¢ for every open set V containing X.
The set of all f-cluster points of A is called the #-closure of A and is denoted by
cly (A) [5].

Definition 1.1. A subset A of a topological space (X, T) is said to be:
1. o-preopen [4] (resp. O-preopen [6]) if A C int(cls(A)) (resp. A C
int(clg(A))),
2. §-p-open [1] (resp. 0-3-open [6]) if A C cl(int(cls(A))) (resp. A C
cl(int(clg(A)))).

Definition 1.2. ([3]) A subset A of an ideal topological space (X, 7,1) is said to
be Is,,- closed (resp. Ispg-closed, Ips,-closed) if Ax C whenever A C U and U is
d-preopen (resp. 6-[3-open, 6- -open) in (X, T).

Lemma 1.1. ([3]) Let (X, 7,I) be an ideal space and A a subset of X. We have
the following implications:

* — closed = Ipgs; — closed = Isp, — closed = 15,4 — closed.
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2. THREE NEW FORMS OF LOCALLY CLOSED SETS

Definition 2.1. A subset A of an ideal space (X, T, I) is called
1. é-pre-I-locally closed (briefly, o-pre-I-LC) if A=U N V where U is j-preopen
and V is x-closed.
2. §-f-I-locally closed (briefly, 6-3-I-LC) if A= U N V where U is §-5-open and
V is x-closed.
3. 0-(-I-locally closed (briefly, 0-3-I-LC) if A= U N V where U is 0-3-open and
V isx-closed.

Proposition 2.1. Let (X, 7,1) be an ideal space and A a subset of X. Then the
following hold.
1. If Ais -(-open, then A is a )-3-I-LC-set.
2. If A is x-closed, then A is a 6--I-LC-set (resp. a o-pre-I-LC-set, a §-3-I-LC-
set, an Is,,-closed set, an Isg,-closed set, an Iygs-closed set).
If A is 6-preopen, then A is a §-pre-I-LC-set.
If A is 0-5-open, then A is a 0-(-I-LC-set.
If Ais a )--I-LC-set then A is a 0-3-I-LC-set.
If A is a )-pre-I-LC-set, then A is a )-[3-I-LC-set.

o kW

The converses of Proposition 2.1 need not be true as shown by the following
Examples.

Example 1. Let X={a, b, ¢}, 7 = {¢,{a},{a,c}, X} and I = {¢,{a}}. Then {qa,
b} is a )--I-LC-set but not J-3-open.

Example 2. Let X={a, b, c}, 7 = {¢,{a},{c},{a,c}, X} and I = {¢,{a}}. Then
{a, c} is a 6-p-I-LC-set but neither %-closed nor a §-pre-I-LC-set.

Example 3. Let X={a, b, ¢}, 7 = {¢,{a}, X} and I = {¢}. Then {a} is a 6-5-I-
LC-set but not a ¢-3-I-LC-set.

Theorem 2.1. Let (X, 7,I) be an ideal space. If A is a §-p-I-LC-set and B is a
*-closed set, then AN B is a )-[3-I-LC-set.

Proof. Let B be x-closed, then AN B=(U NnV) N B =U N (VN B), where VN B is
*-closed. Hence AN B is a §-3-1-LC-set. O

Remark 2.1. We have the following implications
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0-pre-I-LC-set) = - -I-LC-set) =  0-(-I-LC-set.

Theorem 2.2. A subset of an ideal topological space (X, T, I) is x-closed iff it is

1. §-B-I-LC and Isp,-closed.
2. 0-3-I-LC and I;,,-closed.
3. d-pre-I-LC and Iyps-closed.

Proof.

1. Necessity is trivial. We prove only sufficiency. Let A be both -/3-I-LC-set and
Isp4-closed. Since A is §-3-I-LC, A=UN'V, where U is §-3-open and V is x-closed.
So, we have A = UNV C U. Since Ais Isg,-closed, Ax CU. Also A=UNV CV
and V is x-closed, then Ax C V. Consequently, we have Ax C U NV = A and
hence A is x-closed.

2. This proof is similar to that of (1).

3. This proof is similar to that of (1). O

Theorem 2.3. For a subset A of an ideal topological space (X, 1, 1), the following
are equivalent.

1. A is x-closed.

2. Ais §-pre-I-LC and Is,,-closed.

3. Ais )-pre-I-LC and 103 d-closed.

Theorem 2.4. For a subset A of an ideal topological space (X, 1, 1), the following
are equivalent.

1. A isx-closed.

2. Ais 0-B-I-LC and Ispg-closed.

3. Ais 0--I-LC and I,,-closed.

Theorem 2.5. For a subset A of an ideal topological space (X, 1, 1), the following
are equivalent.

1. A is x-closed.

2. A'is §-pre-I-LC and Isp4-closed.

3. Ais §-pre-I-LC and Iyps-closed.

Remark 2.2.
1. The notions of §-pre-I-LC sets and Is,,-closed sets are independent.
2. The notions of §-3-I-LC sets and I5,,-closed sets are independent.
3. The notions of §--I-LC sets and I5,,-closed sets are independent.
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4. The notions of §-pre-I-LC sets and Isp,-closed sets are independent.
5. The notions of §-pre-I-LC sets and Iygs-closed sets are independent.
6. The notions of 6-3-I-LC sets and Is,4-closed sets are independent.

Example 4. Let X={a, b, ¢}, 7 = {¢,{c},{a, b}, X} and I = {¢,{a}}. Then
1. {b} is I;,,-closed but not ¢-3-I-LC.
2. {b} is Isg,-closed but not §-pre-I-LC.
3. {b} is Is,,-closed but not §-pre-I-LC.
4. {b} is Ips-closed but not §-pre-I-LC.
5. {b} is Isp,-closed but not 6-3-I-LC.
6. {b} is Is,,-closed but not ¢-3-I-LC.

Example 5. Let X = {a, b, ¢}, 7 = {¢, {a},{c},{a,c}, X} and I = {¢,{a}}. Then
1. {a, c} is 6-B-I-LC but not Is,-closed.
2. {a, c} is 6-pre-I-LC but not Iyzs-closed.
3. {a, c} is 0-B-I-LC but not Isg,-closed.

Example 6. Let X={a, b, c}, 7 = {¢,{a},{b},{a,b}, X} and I = {¢,{c}}. Then
1. {a} is -B-I-LC but not I;,,-closed.
2. {a} is §-pre-I-LC but not Is,-closed.
3. {a} is -pre-I-LC but not Is,-closed.

3. ON NEW SUBSETS OF 7*

Definition 3.1. Let A be a subset of a topological space (X, 7). Then the 6- kernel
of the set A, is denoted by 0-3-ker(A), is the intersection of all 0-3-open supersets
of A.

Definition 3.2. A subset A of a topological space (X, 7) is called a A 0--set if A =
0-3-ker(A).

Definition 3.3. A subset A of an ideal topological space (X, 7, 1) is called \-6-3-I-
closed if A=LN F where L is a A 0-(-set and F is x-closed.

Lemma 3.1.
1. Every 6-3-I-LC-set is \-0-(-I-closed.
2. Every %-closed set is \-0-3-I-closed but not conversely.
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Example 7. Let X= {a, b, c}, 7 = {4, {c}, X} and I = {¢}. Then {c} is \-6-f-I-
closed but not x-closed.

Lemma 3.2. For a subset A of an ideal topological space (X, T, I), the following
conditions are equivalent.

1. Ais \-0-(3-I-closed.

2. A=LN cl*(A) where L is a N 6-(3-set.

3. A= 0-B-ker(A)N cl*(A).

Lemma 3.3. Asubset A C (X, 1, 1) is Isy,-closed if and only if cl*(A) C 0-(-ker(A).

Theorem 3.1. For a subset A of an ideal topological space (X, 1, 1), the following
conditions are equivalent.

1. A is x-closed.

2. Ais Isy,-closed and 6-/3-I-LC.

3. A is I5,4-closed and \-0-3-I-closed.

Proof. (1) = (2) = (3) Obvious.

(3) = (1) Since A is I;,,-closed, so by Lemma 3.3, cl*(A)C 0-5-ker(A). Since A
is A-0-p-I-closed, so by Lemma 3.2, A=6-3-ker(A)N cl*(A)=cl*(A). Hence A is
*-closed.

The following two Examples show that the concepts of /;,,-closed sets and \-6-
p-I-closed sets are independent. O

Example 8. Let X ={a, b, c}, 7 = {¢, {a},{c},{a,c}, X} and I = {¢,{a}}. Then
{a, ¢} is \-0--I-closed but not I5,,-closed.

Example 9. Let X = {a, b, c}, 7 = {¢,{c},{a, b}, X} and I = {¢,{a}}. Then {b}
is Is,4-closed but not \-6-3-I-closed.

Definition 3.4. Let A be a subset of a topological space (X, 7). Then

1. The 6-pre-kernel of the set A, denoted by §-pre-ker(A), is the intersection of
all 6-preopen supersets of A.

2. The 6-(-kernel of the set A, denoted by 0-[3-ker(A), is the intersection of all
0-[3-open supersets of A.

Definition 3.5. A subset A of a topological space (X, 7) is called
1. a A o-pre-set if A = 6-pre-ker(A).
2. a A 6-B-set if A = 6-p-ker(A).
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Definition 3.6. A subset A of an ideal topological space (X, 7, ) is called
1. \-6-pre-I-closed if A=LN F where L is a A )-pre-set and F is x-closed.
2. \-6-B-I-closed if A=LN F where L is a A 0-3-set and F is x-closed.

Lemma 3.4.
1. Every %-closed set is \-6-pre-I-closed.
2. Every 6--I-LC-set is \-6-3-I-closed.
3. Every %-closed set is \-0-/3-I-closed.
4. Every 6-pre-I-LC-set is \-0-pre-I-closed.

Example 10. Let X = {a, b, c}, 7 = {¢,{a},{b},{a,b}, X} and I = {¢,{c}}.
Then

1. {a} is A\-6-pre-I-closed but not x-closed.

2. {a} is \-0-(-I-closed but not x-closed.

Lemma 3.5. For a subset A of an ideal topological space (X, T, I), the following
are equivalent.
1. (a) Ais A\-6-pre-I-closed.
(b) A=LN cl*(A) where L is aA 6-pre-set.
(c) A=¢-pre-ker(A)N cl*(A).
2. (a) Ais \-6-5-I-closed.
(b) A=LN cl*(A) where L is aA §-3-set.
(c) A=0--ker(A)N cl*(A).

Lemma 3.6. A subset A C (X, 7,1) is Isp,-closed if and only if c[*(A) C 6--ker(A).
A subset A C (X, 1,1I) s Iygs-closed if and only if cl*(A) C o-pre-ker(A).

Theorem 3.2. For a subset A of an ideal topological space (X, , 1), the following
are equivalent.
1. (a) A is x-closed.
(b) Ais I53,-closed and §-3-I-LC.
(c) Ais I5p4-closed and A-9-3-I-closed.
2. (a) A is x-closed.
(b) A is Iyps-closed and §-pre-I-LC.
(c) Ais Iyps-closed and \-d-pre-I-closed.
By Examples 3.11, 3.12 and 3.13 we realize that the following concepts are inde-
pendent.
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1. \-0-B-I-closed sets and 153,-closed sets.
2. \-d-pre-I-closed sets and Iyps-closed sets.

Example 11. Let X ={a, b, ¢}, 7 = {¢, {a}, {c}, {a,c}, X} and I = {¢,{a}}. Then
{a, ¢} is X\-9-f-I-closed but not I;3,-closed.

Example 12. Let X ={a, b, c}, 7 = {¢, {c}, {a, b}, X} and I = {¢,{a}}. Then
1. {b} is I5p4-closed but not \-6-(-I-closed.
2. {b} is Ips-closed but not \-6-pre-I-closed.

Example 13. Let X ={a, b, c}, 7 = {¢,{a},{b},{a,b}, X} and I = {¢,{c}}. Then
{a} is A-d-pre-I-closed but not Iyz;s-closed.

4. DECOMPOSITIONS OF x-CONTINUITY

Definition 4.1. A function f : (X,7,1) — (Y,0) is said to be x-continuous [2]
(resp. Isp,-continuous, Iyps-continuous, Is,,-continuous, 0-3-I-LC-continuous, - /-
I-LC- continuous, d-pre-I-LC-continuous, \-6-(-I-continuous, \-d-pre-I-continuous,
\-6-B-I-continuous) if f~'(A) is x-closed (resp. Iss,-closed, Iygs-closed, Is,,-closed,
0-B-I-LC, 6-5-I-LC, §-pre-I-LC, \-0-(3-I-closed, \--pre-I-closed, \-9-(-I-closed) in
(X, 1, 1) for every closed set A of (Y, o).

Theorem 4.1. A function f : (X, 7,1) — (Y, 0) is x-continuous if and only if it is
1. #-B-I-LC-continuous and I5,,-continuous.
2. 0-B-I-LC-continuous and Is,4-continuous.
3. o-pre-I-LC-continuous and Izs-continuous.

Proof. It is an immediate consequence of Theorem 2.2. O

Theorem 4.2. For a function f : (X, 7,1) — (Y, 0), the following are equivalent.
1. f is x-continuous.
2. fis é-pre-I-LC-continuous and Is,,-continuous.
3. fis d-pre-I-LC-continuous and Izs-continuous.

Proof. It is an immediate consequence of Theorem 2.3 O

Theorem 4.3. For a function f : (X, 1,1) — (Y, 0), the following are equivalent.
1. f is x-continuous.
2. fis 6--I-LC-continuous and I5,,-continuous.
3. fis 0-B-I-LC-continuous and I5,,-continuous.
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Proof. It is an immediate consequence of Theorem 2.4. O

Theorem 4.4. For a function f : (X, 7,1) — (Y, 0), the following are equivalent.
1. fis x-continuous.
2. fis 6-pre-I-LC-continuous and Isp,-continuous.
3. fis 6-pre-I-LC-continuous and Iygs-continuous.

Proof. It is an immediate consequence of Theorem 2.4. O

Theorem 4.5. For a function f : (X, 1,1) — (Y, 0), the following are equivalent.
1. fis x-continuous.
2. fis Ispg-continuous and 6-(-I-LC-continuous.
3. fis I,,-continuous and A-6- 5-I-continuous.

Proof. It is an immediate consequence of Theorem 3.1. O

Theorem 4.6. For a function f : (X, 1,1) — (Y, 0), the following are equivalent.
1. (a) fis x-continuous.
(b) fis Isps-continuous and 6-(-I-LC-continuous.
(o) fis Isp,-continuous and A-0-(-I-continuous.
2. (a) fis x-continuous.
(b) fis Iyps-continuous and o-pre-I-LC-continuous.
(c) fis Iyps-continuous and A-0-pre-I-continuous.

Proof. It is an immediate consequence of Theorem 3.2. O

5. CONCLUSION

The notions of sets and functions in topological spaces, ideal topological
spaces, minimal spaces and ideal minimal spaces are extensively developed and
used in many engineering problems, information systems, particle physics, com-
putational topology and mathematical sciences. By researching generalizations
of closed sets in various fields in general topology, some new separation axioms
have been founded and they turn out to be useful in the study of digital topol-
ogy. Therefore, all functions defined in this paper will have many possibilities of
applications in digital topology and computer graphics.
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