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A NEW SUBCLASS OF ANALYTIC FUNCTIONS
DEFINED BY OPOOLA DIFFERENTIAL OPERATOR

TIMILEHIN G. SHABA1, ABDULLAHI A. IBRAHIM, AND MATHEW F. OYEDOTUN

ABSTRACT. The main aim of this present research is to introduce a new class
Gmt,n(γ, µ, β, λ) defined by Opoola differential operator involving function = ∈
An and important results are indicated.

1. INTRODUCTION AND PRELIMINARIES

Let Dn indicate the subclass of the class of function An which is of the form

(1.1) =(z) = z +
∞∑

ς=n+1

aςz
ς ,

consisting of function which are holomorphic in the unit disk U = {z ∈ C :

|z| < 1} and H(U) the space of analytic function in U, n ∈ N = {1, 2, 3, · · · }.
We indicate by S∗n(γ), Rn(γ) and Kn(γ) the class of function with the class of
starlike functions, bounded turning and the class of convex functions, respec-
tively, where

S∗n(γ) =

{
= ∈ An : <

(
z=′(z)
=(z)

)
> γ

}
,

Rn(γ) = {= ∈ An : <{=′(z)} > γ}
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and

Kn(γ) =

{
= ∈ An : <

(
z=′′(z)
=′(z)

+ 1

)
> γ

}
,

for some 0 ≤ γ < 1 and where z ∈ U.
For a function =(z) ∈ An, we define the Opoola differential operator [6] Dm,µ

β,λ

as follows

D0,µ
β,λ=(z) = =(z)

(1.2) D1,µ
β,λ=(z) = (1 + (β − µ− 1)λ)=(z)− z(µ− β)λ+ zλ=′(z) = Dµ

β,λ=(z),

D2,µ
β,λ=(z) = Dµ

β,λ(D
1,µ
β,λ=(z)),

(1.3) Dm,µ
β,λ =(z) = Dµ

β,λ(D
m−1,µ
β,λ =(z)) m ∈ N,

suppose =(z) is given by (1.1), then by (1.2) and (1.3), we get

(1.4) Dm,µ
β,λ =(z) = z +

∞∑
ς=n+1

(1 + (ς + β − µ− 1)λ)maςz
ς

where 0 ≤ µ ≤ β, λ ≥ 0 and m ∈ N0 = {0, 1, 2, 3 · · · }.

Remark 1.1. We have the following remarks:

(1) When µ = β = 1 and λ = n = 1, Dm=(z) is the Salegean differential
operator [7].

(2) When µ = β = n = 1, Dm
λ =(z) is the Al-Oboudi differential operator [1].

Remark 1.2. It follows from the (1.4) that

Dm+1,µ
β,λ =(z) = (1 + (β − µ− 1)λ)Dm,µ

β,λ =(z)− z(µ− β)λ+ zλ(Dm,µ
β,λ =(z))

′

for m ∈ N0 and z ∈ U.

We’ll need the following lemma to prove our principal theorem.

Lemma 1.1. [5] Let s(z) be holomorphic in U with s(0) = 1 and if that

<
(
1 +

zs′(z)

s(z)

)
>

3γ − 1

2γ
, z ∈ U.

Then <(s(z)) > γ in U and 1
2
≤ γ < 1.
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2. MAIN RESULT

Definition 2.1. A function =(z) ∈ An is in the class Gmt,n(γ, µ, β, λ) if∣∣∣∣∣D
m+1,µ
β,λ =(z)

z

(
z

Dm,µ
β,λ =(z)

)t

− 1

∣∣∣∣∣ < 1− γ (z ∈ U),

where 0 ≤ µ ≤ β, t ≥ 0, λ ≥ 0, m ∈ N0 = {0, 1, 2, 3 · · · } and 0 ≤ γ < 1.

Remark 2.1. The family Gmt,n(γ, µ, β, λ) is a new general class of holomorphic
functions which includes several new classes of holormorphic univalent functions
along with some important ones. For examples,

(1) For m = 0 and t = 1, we have the class

G01,n(γ, µ, β, λ) ≡ S∗n(γ).

(2) For m = 0, µ = β = 1 and t = 1, we have the class

G11,n(γ, 1, 1, 1) ≡ Kn(γ).

(3) For m = 0 and t = 0, we have the class

G00,n(γ, µ, β, λ) ≡ Rn(γ).

(4) For µ = β = 1 and n = 1, we have the class

Gmt,n(γ, 1, 1, λ) ≡ Gmt (γ, λ).

introduced by Catas and Lupas [3].
(5) For µ = β = 1 and λ = 1, we have the class

Gmt,n(γ, 1, 1, 1) ≡ Gmt,n(γ).

introduced by Catas and Lupas [2].
(6) For m = 0 and n = 1, the class

B(t, γ) =

{
= ∈ A :

∣∣∣∣∣=′(z)
(

z

=(z)

)t
− 1

∣∣∣∣∣ < 1− γ; t ≥ 0, 0 ≤ γ < 1, z ∈ U

}
intoduced by Frasin and Jahangiri [5].

(7) For m = 0, n = 1 and t = 2, the class

B(γ) =
{
= ∈ A :

∣∣∣∣zz=′(z)=2(z)
− 1

∣∣∣∣ < 1− γ; 0 ≤ γ < 1, z ∈ U
}

introduced by Frasin and Darus [4].
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Theorem 2.1. If for the function =(z) ∈ An, ≤ µ ≤ β, t ≥ 0, λ ≥ 0, m ∈ N0 =

{0, 1, 2, 3 · · · } and 1
2
≤ γ < 1, we have

<

(
1

λ

Dm+2,µ
β,λ =(z)

Dm+1,µ
β,λ =(z)

− t

λ

Dm+1,µ
β,λ =(z)
Dm,µ
β,λ =(z)

+
(µ− β)

Dm+1,µ
β,λ =(z)

− t(µ− β)
Dm,µ
β,λ =(z)

− (1− t)(1 + λβ − λµ)
λ

+ 1

)
>

3γ − 1

2γ
,

then =(z) ∈ Gmt,n(γ, µ, β, λ).

Proof. Consider

s(z) =
Dm+1,µ
β,λ =(z)

z

(
z

Dm,µ
β,λ =(z)

)t

,

then s(z) is holomorphic in U with s(0) = 1, by simplification we have

ln(s(z)) = ln(Dm+1,µ
β,λ =(z))− ln(z) + t ln(z)− t ln(Dm,µ

β,λ =(z)).

A simple differentiation yields

zs′(z)

s(z)
=

1

λ

Dm+2,µ
β,λ =(z)

Dm+1,µ
β,λ =(z)

− t

λ

Dm+1,µ
β,λ =(z)
Dm,µ
β,λ =(z)

+
(µ− β)

Dm+1,µ
β,λ =(z)

− t(µ− β)
Dm,µ
β,λ =(z)

− (1− t)(1 + λβ − λµ)
λ

.

By the hypothesis of the Theorem 2.1, we get

<
(
1 +

zs′(z)

s(z)

)
>

3γ − 1

2γ
.

Hence, by Lemma 1.1, we have

<

(
Dm+1,µ
β,λ =(z)

z

(
z

Dm,µ
β,λ =(z)

)t)
> γ

therefore, =(z) ∈ Gmt,n(γ, µ, β, λ) by Definition 2.1. �

We have the following corollaries as consequences of the above theorem.
Choosing m = 1, t = 1, γ = 1

2
and β = λ = µ = 1, we have:

Corollary 2.1. Suppose =(z) ∈ An and

<
(
2z=′′(z) + z2=′′′(z)
z=′′(z) + =′(z)

− z=′′(z)
=′(z)

)
> −1

2
, z ∈ U.
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Then

<
(
1 +

z=′′(z)
=′(z)

)
>

1

2
.

That is =(z) is convex of order 1
2
.

Choosing m = 0, t = 0, γ = 1
2

and β = λ = µ = 1, we have:

Corollary 2.2. Suppose =(z) ∈ An and

<
(
1 +

z=′′(z)
=′(z)

)
>

1

2
, z ∈ U.

Then

< [=′(z)] > 1

2
.

Also, if the function = is convex of order 1
2

then = ∈ G00,n(γ, 1, 1, 1) ≡ Rn(
1
2
).

Choosing m = 0, t = 1, γ = 1
2

and β = λ = µ = 1, we have:

Corollary 2.3. Suppose =(z) ∈ An and

<
(
z=′′(z)
=′(z)

− z=′(z)
=(z)

)
> −3

2
, z ∈ U.

Then

<
[
z=′(z)
=(z)

]
>

1

2
.

That is =(z) is starlike of order 1
2
.

Choosing m = 1, t = 0, γ = 1
2

and β = λ = µ = 1, we have:

Corollary 2.4. Suppose =(z) ∈ An and

<
(
2z=′′(z) + z3=′′′(z)
z2=′′(z) + z=′(z)

)
> −1

2
, z ∈ U.

Then

< [z=′′(z) + =′(z)] > 1

2
.



5348 T. G. SHABA, A. A. IBRAHIM, AND M. F. OYEDOTUN

3. CONCLUSIONS

In this research, we describe new subclass of holomorphic functions applying
Opoola differential operator, and some of its properties were created. The
obtained results include the properties of certain subclasses of holomorphic
functions.
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